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PREFACE. 

The object of this book is to provide an, easy introduction to 
the Calculus for those students who have to use it in their 
practical work, to make them familiar with its ideas and 
methods within a limited range. 

A good working knowledge of elementary Algebra and 
Trigonometry is assumed, and in tlie latter part of the book it 
is supposed that the student will have acquired some know- 
ledge of the methods of coordinate geometry. 

Stress is laid at the outset on the graphic representation of 
functions, as by this means a vividness and reality is given to 
the processes of the Calculus which is not easily obtained 
without such ocular assistance. In this way the theory of 
maxima and minima becomes very simple aiid convincing. 

It is toped that the chapter on the graphic solution of 
equations will be found helpful and interesting. 

The idea of integration (as the reverse of differentiation) is 
introduced into the chapter on successive differentiation. 

Partial fractions have been treated somewhat fully, as the 
author feels that the acquirement of facility in the various 
methods of obtaining such fractions is of great educational 
value, besides being highly interesting. 

The chapter on curvature is short, but will, it is believed, 
be found sufficient for ordinary practical purposes. 

Indeterminate forms have been treated more fully than 
usual, and have been made to lead up to what appears to be 
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vi PREFACE. 

the most powerful method of finding asymptotes to plane 
curves. In the chapter on tracing curves given by cartesian 
equations this method has been used for finding both linear and 
curvilinear asymptotes. Polar coordinates are dealt with in 
the last chapter, but some acquaintance with IJiem is assumed 
in the latter part of the chapter on partial differentiation. 

I have adopted the method of differentials at the commence- 
ment, and made it the basis of the whole work, having found 
that this method is most useful and helpfiil to the student of 
Physics and Mechanics. 

It is hoped that matters of primary importance in a first 
book on the Calculus have been sufficiently dealt with, but it 
has been difficult in some cases to decide what ought or ought 
not to be omitted. 

Numerous illustrative examples will be found throughout 
the book, some of which are of intrinsic importance, while 
some are intended to prepare the student for further develop- 
ments. 

I have derived much help from Professor Perry's Cakultis 
for Engineers, particularly in dealing with exponential functions. 
I desire to express my thanks to my brother, Sir Oliver Lodge, 
for his valuable introduction, which indicates the great range 
of subjects that are open to the student who has a fair working 
acquaintance with the Calculus, I cannot express too strongly 
my deep obligations to Mr. P, J. Heawood, Lecturer in 
Mathematics in the University of Durham, who has kindly 
revised all the proof sheets with scrupulous care, and has 
given many valuable eriticisma and suggestions. 

Coopers Hill, June, 1902. 

PREFACE TO THE SECOND EDITION. 

I have to acknowledge with thanks the receipt of several 
valuable suggestions and corrections, most of whieh are 
incorporated in the present edition. 

Charterhousb, Api-il, 1905, 
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INTRODUCTION 

BY SIE OLIVER LODGE, F.R.S. 

The branch of Mathematics called the Differential Calculus 
was originally invented by Sir Isaac Newton, and later 
independently by Leibnitz, for the purpose of dealing with 
variable quantities; that is to aay, with any quantity which 
does not remain constant, of which kind of quantity the 
whole of Physics and Engineering and daily life is full. 
For in so tar as things remain constant they are stagnant; 
every kind of activity involves variable quantities, and 
therefore to every kind of activity the differential calculus 
is applicable. It is called the differential calculus because it 
attends not so much to the quantities themselves as to their 
variations, their increases or differentials : it is the calculus 
which deals with differentials, especiaUy with the ratio of two 
differentials to each other. For by a differential is understood 
an infinitesimal difference or increase or increment (or, for 
the matter of that, decrease or decrement), and whenever one 
quantity changes there is always some other quantity which 
changes too, the two quantities being called connected 
variables; or either of them is called a function of the other. 
Although it is customary to attend to very minute increments, 
and to consider each differential as infinitesimal, yet the ratio 
of two such microscopic differentials will in general be finite, 
and may be large. Thus, if a thing advances -jj^j part of an 
inch in the millionth part of a second, it is then going at the 
rate of 10,000 inches per second, much faster than an express 
train, and nearly as fast as a bullet. Or if a slope descends the 
thousandth of a mUlimetre for each hundredth of a millimetre 
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sviii DIFFERENTIAL CALCULUS. 

along, it has a gradient of 1 in 10, and is too steep for a 
railway without cogs. 

Or, if a rod expands the millionth part of its length for 
one-tenth of a degree rise in temperature, it has about the 
expansibility of iron. In this last example the two connected 
variables are the temperature and the length of the rod. 

It may be asked, why deal with infinitesimal quantities at 
all? Why not attend to appreciable changes of magnitude 
and take their ratio ! If we could depend on quantities 
varying uniformly, or if they always bore to one another the 
relation of simple proportion, this would be the natural and 
sufficient thing to do. But in practice it is only a few quanti- 
ties which are thus simply connected, and if we were con- 
strained to attend always to.iinite differences their ratio would 
■ e us a mere average result, not an actual result 



3 travelled a mOe in 
does not tell us with what speed it left the muzzle ; and 
instruments adapted to ascertain this or any other actual 
velocity must be chronographic instruments able to record 
extremely small increments of time and the coiTesponding 
moderately small distance travelled. 

In the laboratory it is to be observed that we are bound to 
deal with finite changes, and thus are limited to a kind of 
average result : we may make the observed intervals smaJl, 
but we cannot make them infinitesimal. But in theory we are 
not so limited, and the theoretical treatment of infinitesimal 
changes is decidedly simpler and easier than the treatment 
of finite changes ; except when the observed quantities are 
varying at a steady or a proportional rate. In that ease the 
finite difference becomes as easy to deal with as the differential. 

It will be observed that these diiferentials or infinitesimal 
differences, though simple in theory to deal with, and though 
they are the quantities primarily considered in the fealculus, 
are not individually important except indeed in connection 
with approximate calculations. It is the ratio of one differen- 
tial to another that is for many purposes the important thing : 
the ratio of the distance travelled to the time taken, or the 
ratio of ascent to horizontal distance as we climb a hill, or 
the ratio of the expansion of a body to the rise of temperature 
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which causes or accompanies that expansion ; in such cases 
it is the comparison or relation between the changes of 
the connected variables, to which attention is directed, rather 
than the changes themselves; and in the limit when the 
changes are infinitesimal or evanescent, the above ratios 
denote, respectively, the speed of travel at a given instant, the 
slope or gradient of the hill at a given /point, and the expan- 
sibiUtj' of the body at a given temperature. 

Newton called the rate of variation of a flowing or variable 
quaatity its "fluxion"; now-a-daye it is commonly called its 
"differential coefficient," which is a long and inconvenient 
term, but is intended to be and (o sound more general and 
inclusive than any of it« special i cases, such as "speed," or 
"slope," or "expansibility": differential coefficient is in fact 
the most general version of thesfe terms, and is denoted by 
some such symbol as -J- or -M, where dy, dx, and df denote 

infinitely small changes of any connected vai-iables ^ and x, or 
y and t. 

One of the objects of the present book is to explain the 
methods by which the ratio between the differentials of con- 
nected variables can be obtained, whatever may bo the mathe- 
matical equation by which they are connected with each other, 
and to give some illustrations of the use of such ratio when 
obtained. 

Itdegral Galcuhis. 

Often it is not the rate of change of a quantity that has to 
be attended to, but the change itself; not an infinitely small 
change, but a change of some magnitude. Such finite change 
is built up of a succession of differential changes. Although 
each differential is infinitesimal, the sum of a sufficient number 
of them will become finite. 

Thus the total expansion of a body for the rise of a good 
many degrees may be obviously an important quantity ; the 
total height of a hill may be considerable ; and so also may 
the actual distance travelled in a finite time. The connection 
between these quantities and the rates at which they grow is 
an important thing to investigate. These whole quantities 
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are called integrals, and the mode of obtaining thorn from the 
given slope or expansibility or speed, by adding the differen- 
tials from moment to moment, or from degree to degree, or 
from step to step, is called integration ; ana the investigation 
of the methods by which integration is performed in various 
cases is the subject of the Integral Calculus. 

Integration is therefore a kind of addition, and the idea of 
it is even simpler than the idea of the ratio involved in slopes 
or expansibilities or speeds. 

But the actual process of integration is not found in practice 
to be so simple. It is much easier to differentiate than it is 
to integrate, just as it is rather easier to multiply than to 
divide, or to raise to a power than to extract a root. The 
work of integration is not done by actual addition, but by a 
kind of backward process, which here can be best explained 
by an example. 

Thus : If we are given an expression for the height of a 
falling body at any instant, we should be able, by means 
of the differential calculus, to calculate an expression for its 
qieed at any instant. In lact, the expression for the speed is 
the differential coefficient of the expression for the height. 

If, on the other hand, we are given the expression for the 
speed, we should be able, by means of the integral calculus, to 
obtain the expression for the height at any time. We should, 
in fact, have to find or recognize the expression whose 
differential coefficient is given. It is, therefore, a backward 
process. Some methods of performing this process will be 
given in this book, but for more general methods the student 
must wait till he can read a book on the integral calculus. 

Another way of finding an expression for the finite increase 
of a variable ranetion, dependent also on the expression for an 
infinitesimal increase, will be given in this book in the chapter 
on Taylor's and Maclaurin's series. This method is strictly a 
method belonging to the differential calculus, though it has 
interesting applications in connection with approximate in- 
tegration. 

Other matters connected with the differential calculus are 
those connected with the plotting of curves, finding of tangents, 
normals, asymptotes, curvature, and such like ; an important 
subject, as it is very necessary to be able to plot a curve, and 
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to realize ita properties, when its equation is given : more 
particularly since the relations between any two eonnected 
variables can be very conveniently depicted by means of 
1 c u-ve d awn so that the coordinates of any point on the 

ve ep esent a pair of values of the variables. Manj' 
exan pies 11 be found in the following chapters. This graphic 

h 1 f representing ftmetions is largely used by Physicists 
1 1 E „ neera. 

Diffffrenlial Equations. 

To illustrate further the advantf^e of being able to treat 
subjects familiarly by the differential calculus, and to employ 
operations which are compactly symbolized by its notation, 
we may proceed to problems involving a little more know- 
ledge of mechanics. 

Taking the symbol a to represent velocity, it is manifest 

that -t; must be acceleration, and m-rj will therefore be force. 

at at 

The force involved in falling stones and such like is constant, 
viz. their weight. The simplest examples of amiable forces 
are afforded by plucked wires or struck bells or slightly 
deflected pendulums. In each of these caiscs there is a restoring 
force depending on the displacement, and if the displacement is 
caOed x, the velocity (w) will be -57, and the force will be wt-jr, 
or, as it may also be written. 

In the simplest, and all ordinary cases, this force is pro- 
portional to the displacement, a law observed in elastic bodiee 
by Hooke. 

We cannot say that the force is equal to the displacement : 
that would manifestly be absurd, because they are not quanti- 
ties of the same kind ; but if the displacement is multiplied 
by an appropriate factor, not a mere numerical factor, but a 
factor which involves in the elastic case the nuterial and 
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dimensions of the spring, or in the stretched string case 
its length and tension, or in the pendulum case the intensity 
of gravity and the length of the pendulum ; and if this 
appropriate fe^tor be called Ic, then it wOl be legitimate 
to say that the restoring force is equal to le times the 
displacement, that is to say, F—kx; or rather, in order 
to express the fact that it is a restoring force urging the 
body back to its original position, and not a sort of repulsive 
force driving it further and further away, we shall write 
F^ -kx. The force, in fact, always acts in a direction 
opposite to the displacement, and hence must be given the 
negative sign. 

So the fecta of the case are expressed by the equation 

—j7-~ -kx, or, to avoid the appareiit introduction of three 

variables, of which -u is only an intermediate and manifestly 

connected one {"= jt), the equation is usually written 

iPx 



'"d^ 



hfa = (1) 



Now this is called a differential equation, and, in fact, a 
diiferential equation of the second order, because of the double 
differentiation involved in acceleration. But, nevertheless, it is 
a very simple equation : it is the equation of simple Harmonic 
Motion, the motion of any simply vibrating or sounding body. 

One of the things we have to learn is how to pass from a 
differentia] equation to iti integrated form the form which 
deals explicitly with the quantities themsehes not with their 
changes. 

This we do by the prDCess of integration not always by 
straightforward integration but generally by othei operations 
based on the pioces&es of the differential calculu and the 
result in the aboi e example is 

x = acos(pt + e), (2) 

where p = J(kjm). This is the integral equation between 
X and t corresponding to the above given differential 
equation. 
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To the mathematician each of these two equations implies 
the other: they differ only in form; they express precisely 
the same facts ; either may he deduced from the other, one 
such deduction being made by the process of differentiation, 
the other or inverse deduction being made by the process of 
integration. 

In order further to call attention to the importance and 
interest of the problems which can thus be treated, I will 
mention two more examples 

The above simple harmonic motion, which might be plotted 
as a sinuous line with amplitude a, is of the kind known as 
perpetual. There is no friction or other term to dissipate 
energy. If such a term be introduced into the differential 
equation, say a frictional force proportional to the speed, then 
the amplitude becomes a function of the time, for instance 
ae'", and this would represent a damped vibration, and be 
plotted as a sinuous curve gradually dying out with logarith- 
mically decaying amplitude, i.e. dying out as a decreasing 
geometrical progression. Such osculations occur in electricity, 
as well as in tuning-forks, and their importance has been 
emphasized by the discoveries of Herta. 

Another illustration of differential equations may be given 
here in order to emphasize its importance, viz. the ease 
when there are two independent variables, and when you 
are studying fluctuations of a third variable dependent on' 
these two. 

For instance, when we are discussing the height of an object 
above some fixed level ; it may vary from place to plaee, as 
the ground does in undulating country, or it may vary from 
time to time like the height of a balloon or cloud, or like 
the height of the ground if it were subject to earthquake 
disturbances. And these two modes of variation, viz, time 
and horizontal distance respectively, are quite disconnected 
and independent. But if we look at the surface of the sea we 
shall observe the effect of the two in combination. Imagine 
the liquid frozen at any instant and you could travel about 
it as on undulating country. Shut your eyes and let your 
boat rest on the surface and you arc conscious merely of an 
oscillation up and down. The rate at which you oscillate up 
and down depends on circumstances beyond your control ; the 
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rate at which you row is an independent circumstance which 
you can determine for yourself. If you attend to the motion 
of the water itself, it appears to travel horizontally, though in 
reality each particle merely swings up and down or round 
and round a vertical circle. But the wave/ocms do travel 
horizontally, and their rate of travel is somehow connected 
with the rate of swing of the particles up and down. To 
find out the whole of the circumstances of this complex or 
wave motion we must analyze its causes and write down a 
corresponding differential equation and then integrate it. 

The ueeeasary differential equation is one which expresses 
the fact that tne force urging the water to move may be 
regarded from two points of view — the active or elastic or 
gravitational restoring-force mode, which regards the force as 

proportional to the curvature of the surface, say kj^ (for 

small waves), and the passive or inertia mode of regarding the 

reaction to that force, as mass-acceleration, Jn-r^, where 1/ is 

the height of the element of water surface under consideration. 
Writing these two expressions as action and reaction equal 
to one another, we have 

where on the left-hand side y is regarded as changing only 
with the variable x, as if the surface were frozen, or rather 
as if an instantaneous photograph were taken of it; and where 
on the right-hand side we attend only to those changes of y 
which are due to elBux of time alone, all horizontal motion 
being ignored, and the particles which come into vertical line 
irom instant to instant alone being contemplated. 

Such '^equations, where two causes of variation of a single 
quantity y are independently considered, are called partial 
(iifi'erential equations, and their treatment is exceedingly im- 
portant though rather difficult. The result of integration in 
this case is to give the solution in the form y =/ {x ± Fit), where 
V is the velocity of propagation of the waves, and is equal to 
the square root of the ratio of k to m. 
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It is not to bo supposed that these examples will be followed 
by any one new to the subject ; and, moreover, they contain 
mechaoical difficulties aa weU as difficulties of calculus notation 
and methods ; but they are taken as typical examples to 
illustrate the kind of power which will be conferred upon the 
student by acquaintance with the diiferential or infinitesimal 
calculus, and to indicate to the student of elementary physics 
some of the important varieties of physical problems which 
can by its means be readily and femiiiarly dealt with. 
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FIRST PEINCIPLES— GEAPHIC EEPEESENTATION OF 
FUNCTIONS. 

The differential calculua treats primarily of the relative 
increments of mutually related quantities when such incre- 
ments are infinitely small. . Thus, if a square sheet of metal 
or a circular metallic plate is slightly expanded by heat, the 
question as to the mathematical relation between the increase 
of area and the increase of the side of the square or of the 
radius of the circle is a question belonging to the differential 
calculus. 

These small increments are called ' diffh-enluds.' The difTer- 
ential of any quantity x is written for brevity d(x) or dx, the 
letter d being an abbreviation of the expresaion differential of, 
which means infinitely small ina'emmt of. 

Example. Let x be the length of the side of a square, whose 
area will therefore be equal to x^, and let the increase of area be 
required when the side receives an infinitely small increment. 

If we do not use the notation of the calculus, we should 
say, let the increased length of side be /, then the increased 
area is a^ ; . ■ . the increase of area is /^ - a^, and the increase 
of side is i" - a;. Also, since ic"^ - a^ = (/ + a) (a/ - x), and since, 
when a" and x differ by an infinitely small amount, vi + x 
differs infinitely little from 2a^ we see that the increment of 
area is ultimately equal to ix(x! - x). 

If we do use the notation of the calculus, we should denote 
the increased length of side by x.\-dx, and therefore the 
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increased area would be (x+dxy which is x^ + 2x.dii:+{dxf; 
.'. the increase of area is 2z.dx -i- {dx)\ If we now bring in the 
condition that dx is to be infinitely small, we see that (dxf is 
infinitely smaller than 2x.dx, since it is the product of (wo 
infinitely small factors. Therefore, finally, we have the in- 
crease of area=2a:.iia;, which is the same as 2x(3f -x) obtained 
previously. 

The essential diflference between the two methods is that in 
the first method we give a name {x') to the increased length of 
side, whereas in the calculus method we give a name {ax) to 
the increase in the length. This apparently trivial matter is 
of fundamental importance. 

2, Meaning of the sign of eauality. Two quantities are 
equal if their ratio is unity, and their difference is zero. In 
the case of finite quantities, if one condition is satisfied, the 
other is also. In the case of infinitely small quantities their 
difference is ultimately zero, but they are not to be considered 
equal unless their ratio is unity. Thus when we say that 
2xdx + {dxy is ultimately equal to 2xdx we mean that their 
ratio is ultimately = 1, which is evidently the case, since the 

(dx)^ dx 

surplus fraction \ i , which is equal to s-, ultimately vanishes. 

The rule (based on the above method of comparison) which 
will guide us in neglecting relatively small quantities is very 
simple, and is as follows : To obtain the ultimate value of an 
expression containing finite and infinitely small quantities, 
first perform all subtractions that may be possible, and then, 
if an infinitely small quantity is added to a finite one, the 
small quantity is relatively unimportant, and is to be omitted. 
Thus, in the above example, in reducing the increase of area, 
viz. (x + dx)^-x\ to its simplest form, the quantity x^ is 
cancelled by subtraction, leaving the expression 2z.dx + {dxy 
which is equal to (2x+dx)dx, and this in the limit reduces to 
2x.dx, since 2x-i-dxk ultimately equal to 2x. 

Another way of considering the question is to remember 
that although dx is to be infinitely small, it is yet considered 
of sufiicient importance to be taken into account, as obviously 
it is the supposed inereaae of side on which the whole problem 
depends, and therefore 2xdx, which is a finite multiple of dx, 
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is also important; but the square of dx, being a product oi 
tiw infinitely small factors, is unimportant. In feet, 'ix.dx and 
dx are of the same order of smallness, since their ratio is finite, 
but {dxf and 2x dx are not of the same order of smallness 
since the rat f th fi t to th n I la It m ly 

All these- smllq tt Idd thgnln 

' infinitesimal I & \ M !1 I fi t 1 f th 

Ist order, anl (; ) 1 ^ 11 1 fi t m I f th 

order. 

3. Orders of infln tes mals Th ltd 
small quantit b mp d nlj bi m f th 
ratios. If th t h t th y d t b fin t m 
of the same oi tl th^ iitmlfdff 
orders. 

Thus, if dx is an infinitesimal of the 1st order, 
{dxf „ „ 2nd „ 

(dxf „ „ 3rd „ 

and so on ; and in any equation, if infinitesimals of different 
orders are added together, those which are of high order are 
unimportant compared with those of lower order ; and, lastly, 
infinitesimals of any order, when added to finite quantities, 
are unimportant. When, therefore, unimportant terms are 
cut oixtj all the terms of an equation will be finite, or all the 
terms will be infinitesimals of the 1st order, or all will be of 
the 2nd order, and so on. We shall have no equations in 
which different orders wiU be mixed. 

Thus in the equation area = x\ the terms are finite. In the 
equation d(w[efi)=2xdx, both terms are infinitesimals of the 
1st order 

4. We may show in a figure the retained, and the omitted, 
parts of the increment of the area of the square. 

Thus, let OABO be the original square whose side OA = a;. 

And let O'A'B'C' be the increased square (the increment 
being infinitely magnified in the figure to enable it to be seen). 

Then AA' = dx, 

and the areas of the rectangles BA' and C'B are each = a:.cte, 
so that their sum = 2xdx. 
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Lastly, the small square BB' is —(dxy, and is ultimately 
infinitely smaller than either rectangle, since it will require 
an infinite numhor of such small squares to make np one of 
the rectangles. 




Of course, the student must exercise his imagination, and 
think of AA' as infinitely small, so that the rectangles BA' 
and C'B ai-e infinitely thin, thinner than the finest ink line 
that conld be drawn, while the square BB' is not only infinitely 
thin, but also infinitely sliort, 

5. The calculus would record the above result baiefly as 
follows : 

If y = 3?, 

dfi = 2xd'.K, 
or, more briefly still. 

This result has wider application than merely to the area 
of a square. It is tnie, wna,tever a; may be, that the diffei'- 
ential of its square = 2o: times the differential of a iteelf 

Thus, find the differential of the area of a circle whoso 
radius, r, receives an infinitely small increment, dr. 

The increase of area is evidently ^(r + dr)^-TrT^, 

i.,. ,{(,-+Af -,»), 

and the quantity in the brackets { } is d{r^) which == 2r.dT 
Just as d(^)''2x.da; 

.-. the increase of area = 2jrj'(?»-. 
The steps of the work may be stated as follows : 
d{7rr^) = Trd{r'') = T2rdr = 2m'dr. 
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If we look ut the same problem geometrically we shall see 
the reasonableness of this result, for 2irr is the circumference 
of the circle, and dr the width of the added strip, therefore 
the area of the added strip = 'Im-.d-i; if we remember that dr 




is infinitely small. Of course for any finite increase in r 
there would be a small error in this result, but the error is an 
infinitesimal of the second order, and is therefore of le^ and 
less relative im[x>rtance the smaller we take dr. 

Example. Find the difiei^enoe between irt^ Mid Trfr + <?!■)' when f^4 
iiiches and (1) dr^ 1 inch ; (2j dr= '01 inch ; (3) dj-i 001 inch. Com- 
pare the result in each cnse with the cori-eaponding value of 2-!Trdr. 

Alls. The ratios of the actual increments to tliose given by "i-irrdr in 
the several cases are 

(1)1A; (Sjlsinr; (3) W„. 

6. Qraphic mode of representing the variations of two 
mntuE^y connected TEtiiaMes. 

If two variables are connected, as, for example, the side and 
the area of a square, their comparative numerical values can 
be represented artificially by means of a curve, in the follow- 
ing way. Let x and y be the two variables, each measured in 
terms of convenient units, e.g. in tbe case of the square, we 
should have y = »'?, when ?/ is measured, say, in square inches, 
and X in inches. Then if wo measure off along a horizontal 
line, from some fixed point 0, lengths representing the different 
values of x, and erect perpendiculars to this line, whose 
lengths shall represent the different values of p, we can draw 
a curve connecting the ends of these perpendiculars. This 
curve is called the graphic representation (or shortly, the 
graph) of y considered as a function of x. We will illustrate 
by the above example, y = x^. 
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The following table gives a series of corresponding values of 
% and y, and those are plotted iii the adjoioing_ diagram. The 
height of the curve at intermediate points gives values of y 
correspot di _, to mtennc li te il ic of 




Theit. 10 1 o I ee 1 to take the bame voiles toi ii d for ij ;- 
each bhoild he taken on a scale which is most cynienient, 
having regai I to the i umeii al i di ^.e of the quintity requiring 
to be sho^M The cune representing the function is a 
parabola 

7. Gradient of the curve y-% 

The student should notice that the steepness of the curve 
!/ = a!^ increases is the numi er^ get largei This is due to the 
fact that when £ is laige a given inciease m % causes a larger 
proportionil inuease in it^ square Thus if \ increases from 
2 to 3 the bquare increases tr m 4 to 9 which is an increment 
of 5, whereas if a increases from 8 to <5 the increment of its 
squaie = bl 64 = 17 which is much greatei and if j- changes 
from ^0 to 21 the increajje ol the squtie is muth gieater still. 
For any two values ot j. the axera^e late ot change of v\ com- 
pared with the change of ,r, ia obtained by dividing the change 



y Google 



ARTS. 0-s.] GEAPHS OF FUNCTIONS, 7 

in 'f? by the change in x, and will be shown in the diagram by 
the tangent of the angle of slope of the chord joining the two 
points. The tangent * of this angle is called the ' gradient ' 
of the chord, a convenient term introduced to avoid the long 
equivalent phraee, ' the tangent of the angle which the chord 
makes with the x-axis.' Similarly the gradient of the curve 
itself at any point is defined as the tangent of the angle which 
the tangent to the curve at that point makes with the avaxis. 
It is the limiting case of the gradient of a chord joining two 
points P and Q when Q moves close up to P. 

In the above example, if .■c changes from 6 to 7, the gradient 
of the chord is 13 vertical units divided by 1 horizontal unit, 
since 7^-6^=13, and 7-6 — 1. We shall call this a gradient 
of 13, though the tan of the angle depicted in the diagram 
will not be actually 1 3 unless the horizontal and vertical scales 
are the same. All we have to remember is that in any fraction 
giving the gradient, the numerator is measured in vertical 
units, and the denominator in horizontal units. Thus a 
gradient of 13, i.e. 13 -rl is, as already stated, 13 vertical 
units to 1 horizontal unit. If this is borne in mind, the 
difference in the two scales will present no difficulty. The 
gradient 13 is represented by the ratio QR : PR in the figure. 

To find the gradient of the airve at any point p, we must 
find the gradient of the chord PQ when Q is infinitely close 
to P. Now, we have proved that when x receives an infinitely 
small increment dx, the change in s^ is 2x.dx, therefore the 
required gradient is 2x.dx-i-dx = 2x-T-'i. For example, when 
a;=6, the gradient of the curve is 12, and when a; = 7, the 
gradient is 14. Hence, in this case, while the gradient of the 
chord joining the two points in the figure is 13, the gradient 
of the curve itself gradually changes from 12 to 14. 

8. It will bo well to see what is the physical meaning of the 
gradient of the curve at any point. The equation y = x? may 
be looked upon as a merely numerical relation between a 

* Tlie numerical value of the tangent of the ancle is to be taken as it 
wonld be if the vertical and horizontal units of scale were the same 
length. This numerical value is always meant when the gradient is 
spoken of. The distorted angle due to unequal scales is a mere accident 
of the diagram, and ja unimportant. 
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number % and its square. This is how wo have just been 
considering it. But we may also take it as the relation 
between the aide and the area of a square plato. In that ease 
^ is so many sq^uare inches and % is so many inches. The 
gradient of the curve is given by the equation : 

J. ^ (111 2x 
grad,ent = ^ = ^, 

n 1 il \\ t, im tgine the area of the square growing by a gradual 
incieist. m the lGn£;th of its variable side x, the value of the 
giadient for each ^alue of x represents the rate of growth of 
the area per unit increase in the side, i.e. so many square 
inches of area^P! inch growth of side. 

Foi example when s=6 inches, the gradient is 12 square 
inches jim inch, and when x = 7 inches, the gradient is H 
square inches pa mob. These are the actual rates at which 
the squire is grooving at the two instants when its dimensions 
are those which correspond to each end of the chord PQ in the 
figure, and the aventge rate of growth between these two points 
is the gradient of the chord, which is 1-3 square inches 
per inch. 

Hence, the gradient of the curve represents the rate of 
growth of y compared with that of x, and is described as so 
many vertical units pe)' horizontal unit. 

We have arrived at this notion of a gradient by considering 
the special curve i/=x^, but the reasoning is perfectly general^ 
and we will therefore state it again below in connection with 
any two related variables, x and y. But first we will introduce 
a term of much use in abbreviating the statement that there 
is a relation between the variables. 

9. Function. Explicit and implicit ftanotions. If two 

variables x and y are so related that a change in one of them 
necessitates a change in the other, they are said to be fundiom 
of each other. Thus the area of a square and the length of its 
side are functions of each other, and so are the volume of a 
sphere and its radius. If one of the two variables is directly 
expressed in terms of the other, it is usual to say that the 
one variable is a function, or an explicit function, of the other; 
e.g. if ij = 9^ we say that y is an explicit function of x. We 
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may of course express it; as an explicit function of y, ' 



-Js- 

If ji is ( 



i expressed as a function of a:, y is called the sub- 
ordinate, or the dependent, variable, and x ia called the 
principal, or the independent, variable. The latter term is 
not a happy one, as of course it is not independent of y, 
but so long as the student realizes this, the term does very 
well as an antithesis to the term 'dependent,' 

If the variables occur mixed together in an equation, as for 
example in any of the following cases, 
2a; + % = 6, 
a;a + 2/^=4, 

eaoh is said to bo an implicit fiinction of the other. AVe may 
express either of them as an explicit function of the other if 
we desire it In some cases, however, such transformation 
of the equation may be very difficult, and may also be 
undesirable. 

EXAMPLES. 

1. If y'-2o^ + a^=0, makey an explicit function of x. 

2. If 1 + log^ = 2 log„(ai 4- a), make y an explicit tiiiiction of x. 

Am. y=^{x + af^a. 

3. Given tan~'x + t;aji~'j( = a, make tj iiii expUoil, function of a'. 



Am. y^i^-^^- 



explicit fi.intti(iii of y. 



10. If we ivish to denote tliat y is some function of x, 
without specifying what function, it is usual to make use of 
the first letter of the word funcHon, and to write y=f(x). Or 
we may use other similar letters, and write F{i^, or 1^(3;), to 
denote functions of ss. It is merely a convenient notation, 
with which the student will soon become familiar. The value 
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of tlie ftmctioii f{x) for particular values of x, such as 1, 
etc., will be denoted by /(I), /{2),/(3), etc. 

Thus if /{k) = «^ 

we shall have /{1)= ] 

/(2)-4 

/(3)-9 

and so On. 

The student should work the following examples, so a 
become familiar with the notation. 

EXAMPLES. 



a If /(e) = eose, write down the values ot/(0),/f|V f{j^\ /(tt). 

Ana. 1, i,0, -I. 
a If F{x)^^, find ^^"(2), F(^), F{(S), and F(F{2)). 

A^l^. 4, 8, 1, 16. 

4. In the first example write down/(3?),/(^3:),/(x + A). 

5. In the same example, show tliafcft is a factor oif{x + h)-f{x), and 
show to what the other factor approximates when h is very smalL 

Ans. ix-Z. 

6. If 't'(x)=a', prove tliat {^(ie)p=^(2a:). 

7. If .f'(x)=logx, aYlovi th.s.t F{ah)-Fia)-<r F{b). 

11. The graph of a faction. In any case when y is a 
function of x, say y=f(x), the relation between x and y can 
be represented pictorially fas stated in Art. 6) by cutting off 
lengths along a straight line from a given point on it to 
represent the values of x, and erecting perpendiculars to 
represent the corresponding values of y. If the ends of these 
perpendiculars are joined oy a curve, the curve is described 
as the curve y =f{x) and is said to be the ' graph ' of the 
function. The values of x cut off on the given line are called 
abscissae (meaning cid-off), the point from which they are 
measured is called the origin, and the perpendicular lengths 
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are called ordinates. The lino along which the values of x 
are measured is called the axis of x, and the line perpendicular 
to it drawn through the origin is called the axis of i/. 

12. Oradient. Differential coefficient. If y=f{x), i.e. if y 
is a function of x, the ratio of the differential of y to the 

differential of x, or -/, is called the differential coefficient of y 

ax' 
with respect to x. If the curve y =f{x) is drawn, the values of 

-J- at the various points are the valises of the tangent of the 

angle which the tangent to the curve makes with the axis 
of X, i.e. are the values of the ' gradient ' of the cuive at the 
various points. This is obvious from a figure, for if P, Q are 
two adjacent points on the curve, PQ is ultimately the 
tangent at P, and QR -f PR is the gradient of the curve. And, 
ifOM = a^ MN is dx; .■. PR = (fe, and if PU = y, QN-PM 

is dy, i.e. QR=%; .-. ™=t^ in the limit when both QR 

and PR are infinitely small. 



It has been suggested, in conbequence of this meaning of -J- 

in connection with the giaph of the hinLtion, that -r- might 

always be called the giadient of y with lespect to t, oi, more 
briefly still, the a-gradient of y, instead of uiing the long 
expression, 'the differential coefficient of t/ with respect to r 

13. If y is expressed as f{x), its differential coefficient is 

ollen expressed as f{x), i.e. j- is denoted by /'(a). When this 

notation is adopted, fix) is often called the first derived 
function of /{a). 
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It will often be convenient to draw a graph of f{x) as well 
as a graph of /(a). Th^e two curves have a great many 
interesting relations as we shall see later on. The graph of 
/■(k) is often called the first derived curve. 

Another notation sometimes used instead of j^ia D>i. It is 
an incomplete notation, but has the advanbige of brevity. 

14. Summary. 

If !I-Jii>i) 

ij + Lhj=f{x-\-d,-) 
.■.dy=f{x + dx)-f{x) 
df{x)=f{, + d,:}-f{x). 
This is the differential of «/, i.e. its infinitely small increment 
when ^ receives an infinitely small increment dx. 

The differential coefiicient, or gradient, of y is the ratio of di/ 
to dx in the limit when both are diminished to zero. It is 
equal to the limiting value of 

/( »!+<;»!) -/W 

dx ' 



when h (i.e. (fo;) = 0. j 

It is expressed in the various notations -j-, f{x), Dy, and 



sometimes even )/, or y'. We may also write, if we please, 

■I ^ '' , or Df{x), but these expressions are cumbrous. 

The differential relation may be written df{x)—f{x)dx, and 
this explains the reason why f{x) is called the differential 
coefiicient, since it is the coefficient of the differential of x in 
the value of df{vi). 

15. Classes of functions. 

Functions of any variable x are divided into two great classes, 
algebraic and transcendental. Such functions as 3^-3^+2, 

^(((2 - a^), — ^ — I — ^, are called algebraic, the term being 
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13 



used for all functions expressed in powers of x either wliole or 
fractional, and powers and roots of auch expressions. All 
other functions, such as sina^ tans, a", logar, sin"'iK, are 
called transcendental. Many of them can be expressed in 
powers of x, i.e. algebraically, but only by means of an infinite 
series of such powers. 

We may also divide functions into single-valued functions, 
and many-valued functions. For example, fl;^-3a:+2 is a 
single-valued function of a, since there is onhr one value of the 
function for each value of x; but ^(a^-E^) is a two-valued 
function since every number has two sc[uare roots. So also 
sins; is a single-v^ued function, but sin'^a; is many-valued, 
there being an infinite number of angles having a given sine. 

There is also another important method of grouping func- 
tions,namely, into continuous and discontinuous functions. For 
example, the sum of the first x whole numbers is a discon- 
tinuoirs function, since it has no meaning when k is a fra.etion. 
Curiously enough, however, the algebraic expression which 
gives the sum of the first x numbers, namely \x(x-i-\), is a 
continuous function of x. So that here we have a case where 
the graph of the algebraic expression representing the function 
is continuous, though only isolated points on it have reference 
to the actual function under consideration, viz. the sum of the 
first X integers. The student should draw this graph by taking 
different values of x, and plotting. He should make a tabular 
list of values, as shown, and then plot on a convenient scale. 

The graph is shown in the adjoining fi 
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The easiest way ia to use squared paper, which can he 
obtained at a cheap rate from Messrs. Partridge & Cooper, 
Fleet Street, London, E.G., or other wholesale stationers. 

Another example of a discontinuous function is the product 
of the first x niimhers, known 06 factorial x, and denoted hy \x 
or a;!, whose fnndamentaj properties are |3: = a:|a- l,and|l = I. 

Here we can draw ordinates for each whole value of x, and 
we can draw a fair curve through the ends of those ordinatos, 
ijiit we cannot thereby interpret the meaning of the inter- 
mediate ordinates of this cnrve. 

It is possible, however, to find an expression for factorial x 
which will be continuous, i.e. will have a value for all inter- 
mediate values of x, and which will satisfy the above funda- 
mental laws. The curve, drawn as above, will be the graph 
of this continuous function, and the isolated pointe on it 
corresponding to the integer values of a will represent the 
product of the first x numbers. This continuous function is of 
great importance in some kinds of theoretical work. 

Hence these two examples of apparently discontinuous 
fiinetions turn out to be, in reality, examples of continuous 
functions, to isolated values of which we, as a rule, pay 
exclusive attention. There are many such functions, e.g. 
the number of spherical shot which can be piled into a 
pyramid with a square base is such a function. 

16. In general, the functions with which we deal will be 
continuous functions, except for occasional isolated points 
of discontinuity such as when the function becomes infinite 

for some finite value of x, as in the case of 3/= - — _ of which 

the student might usefully draw the graph. He will find 
the ordinate is positive when x is less than 1, becoming 
infinitely great when x=l; then it suddenly becomes negative, 
and, as x increases, «/ diminishes in numerical value till finally 
it becomes zero when x is infinitely great. There is therefore 
a point of discontinuity when 3:= 1, but elsewhere the curve 
is continuous. 

But points of discontinuity in an otherwise continuous 
function are an entirely different thing from the discontinuity 
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of a discontinuous function ; the graph of a continuous function 
is a continuous curve, and its points of discontinuity are 
merely interruptions to the continuity of the graph, whereas 
the graph of a truly discontinuous function would consist of 
isolated points. Such would have been the graph ot factorial 
X if the continuous function whose graph passes through the 
special points corresponding to the integer values of x had not 
been discovered. 

EXAMPLES, 

1. The sum o£ two rrambers beiiig 5, find the chatige in their product, 
aa one of them increases from 0. fiaw the graph. 



2. Trace in a diagram the values of the reciprocal of a number. 

3. Trace the changes in value of the sum formed by adding together 
a number and ita reciprocal, 

4. Eepreaent in a diagram the values of 2" for different values o£ n. 

5. Di'aw the curve y=^DX from to 2?r. [Take horizontal distances 
representing the values of x, and erect ordinates proportional to the 
sines of these angles. ] 

6. Draw the curve y^aosx from to 2ir, and show that it is the 
aanie as the curve y^eanx from = to-^-- 

7. Draw the curves y—ta.'ax, and y = seca;, from to 2ir. 

8. Draw the curve y=!ogii^. 

9. Eepresent in a diagram the connection between the Fahrenheit 
and centigrade scales of temperature, 

10. Represent by ordinates the values of the coefficients of the 
ji.-jT. — J powers of x in the expansion of (1 + a;)^ 



11. Represent in a diagram the work done by a constant force of 
10 lbs. weight, as its point of application moves through varying 
distances in the direction of the force. 

12. Represent in a diagram the force required to stretch an elastic 
cord whose unstretched length is 6 feet, being given that the force 
increases uniformly in proportion to the stretch, and that a 10 lb. 
weight would double the length of the cord, 

13. Show that the area between the graph of the last function and 
the axis of x and the final ordinate represents the work done in 
stretching the cord. Also draw a ffraph of the work done. 

li The strength of a beam is proportional to its breadth and the 
square of its depth. Show the changes in the strength of a rectangular 
beam of given area of cross-soofcion, as its breadth changes. 
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16. A rectangular Tieam is cut from a cylindrical log of wood 1 foot 
in diameter. Traoe the change in its strength accotdtBg to its width, 
p-'aking the breadth (6) and the depth {d) in inches, we have b'' + d^ = l *4, 
and the strength is propovtional to hiP ; .: the strength is proportional 
to 6(144-6^). We hare therefore to draw the curve s' = j;(144-a^} 
from iB^O to »;=: 12,1 

17. Find the dimensions of the above beam when the strength is a 
maximum. [We have to find for what value of a; the ordinate of (he 
above curve ia the greatest. This will be tlie required breadth ; and 
the depth can be obtained from the equation b'' + cP= 144.] 

18. Find the dimensions of the beam of Example 15 when the strength 



17. The last two problems are of a kind whose solution ia 
most readily effected by the methods of the differential 
calculus, for evidently the maximum values required will be 
the ordinates of the respective graphs at pointe where the 
gradient of the graph is zero. The points can be approxi- 
mately discovered by careful drawing of the graph, but they 
coidd be more rapidly found if we knew how to find an 
expression for the gradient at each point, and then solved 
the equation obtained by putting the gradient = 0. There 
are many problems requiring a knowledge of the gradient of 
a function, or, as it is generally called, the differential co- 
efficient of the function. The first thing, therefore, to do 
is to establish methods by which we can with the minimum 
of trouble find the differential coefficient of any function. 

To do this wo shall first find the differential coefficients 
or gradients of various simple functions, and then show how 
to find the gradients of more complicated expressions, which 
will always he found to be mere combinations of the simpler 
toimt The [irocess of finding the gradient is called dilferen- 
tiiting the function, a loose expression which is only justified 
hv its compaiitive brevity. AVe have already discovered 

that, if v = 3^ -T^ = 2a, and have seen that we can write the 

result m the form di/=2xdic, or d(x^) = 2xdic; i.e. the differ- 
ential of ir^ IS 2xdi, and its differentvii coefficient, or gradient, 
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Our next work will be to find the gradient in the case of 
any power of w, and after that, to estabUsh general formulae 
by which the differentiation of more complicated fniictioiis of 
x is very much simplified. 

18. Differentiation from first principles. We may, however, 
find the gradient at any point of either of the above curves 
without making use of any of the formulae which will be 
established in the next chapter, and so, by finding when the 
gradient is zero, solve the problems in the above examples 
17 and 18. Indeed, we may in this way find independently 
the differential coefficient of any function we please. The 
method is instructive, though much moi« cumbvons than the 
systematic methods of the calculus, to be siibsequently ex- 
plained, by which the differential coefficients of more or less 
complicated functions are deduced from those of a few simple 
functions, independently obtained once for all. 

Let (a, y) be the coordinates of any point P on the graph 
of question No, 16, so that y=144iK-ii;'. Also let (^,y') 
be tne coordinates of an adjacent point Q on the curve, so 
that i/ = li^x' -x'\ Now evidently the gradient of PQ is 

~ — -, and the limiting value of this gradient when Q is 

brought close up to P ^vill be the gradient of the curve at P. 
Now, by subtraction, 

which in the limit (ivhen /^x) becomes equal to 144-3s^, 
which is therefore the value of the gradient at the point P, 
whose abscissa is x. 

If, now, we find for what value of x this gradient is zero 
we shall have solved the problem in Question No. 17. The 
value is x = Ji^ or nearly 7. Hence the strongest rectangular 
beam which can be cut from the given log is one whose 
breadth is .^48 inches. The coiresponding depth is ^96 
inches, so that it is approximately 7 inches broad by 10 
inches deep. 
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Similarly, i:i the case of the curve y = s:{10-n 



which is the curve of Question No. 15, we find the^'adient 
=-100-4te + 3a;2=(10-a;}(10-3j;), so that the gr^lient is 
zero when x equals either 10 or 3^. The value of the function 
may be either a maximum or a minimum when its gradient is 
zero : on consulting the diagram, it becomes evident that the 
maximum strength is obtained when the breadth is Si inches. 
The depth is then 6f inches, i.e. is twice the breadth. This 
is the answer to Question No. IS. 



EXAMPLES. 

ea, tlic! gia,diunt at any point of e 
1. ^ + y^rr.a^ 

6. !/=^', drawing the curve between :b= ±2. 

7. y-^^'^, drawing the curve between s-— and a— 2. 
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CHAPTER II. 

DIFFERENTIATION OF ALGEBEAIC FUNCTIONS, AND 
GENERAL METHODS OF DIFFEEENTIATIKG, 

19. 'To find the differemtial ofx\ 
Let y = a", 

ihen y + dy = {x + dx}" 

Expanding (x + dx)" by the binomial theorem,* the first term 
will be x", which will cancel the term -af, and the second 
term will be n.^'^.dx which is an infinitesimal of the first 
order, while the other terms will contain higher powevs of dtc, 
and will therefore be infinitesimals of higher orders than the 
first, and therefore negligible. Hence, keeping only the in- 
finitesimal of the first order, 

di/ ^ 7',x"-hlx, 
i.e. d(x")=nx"-*dx, 

and the gradient, or differential coefficient, is n«""'. 

This is trae, whatever is the value of n, so long as it is 
a constant. 

Thus d(x'>) = 3ciMx, dix^o) = lOx^dcc, 

d(xjx) = d{x^) = p^dx = iJx . dx, 
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"©-<-) = 



-3.x-Hx = 



Mx 



1. Find tlie differential coefficients of the above functions froin first 
principJea (see Art. 18). In tlie case of ^fx, having obtained 

y' - i/ ^ ^'x' - ^ w 

WB have to divide numerator and denominator hy,jx'-fjx, and then 
simplify by putting x' — x in the result. Similarly in the case of x^/x. 
The others will present no diffionlty. 

2. Find the differentiivl coefficient of x'^ from first principles. 
[Note. The fraction to be simplified may be written in the form 

,. ~ . , where s = x'. Then it is oVivious that ^' - z is the factor to be 
cancelled. ] 

3. Find the differential coefficient of x^ fvoni fiist prinoipka, where 
p and q are positive integers, 

20. Before going on to other functions it will te useful to 
see how far-reaching the use of this formula for the differential 
oti" is, and how many difficult expressions can be differentiated 
by means of it, with the help of the following general theorema 
which are applicable to all functions. 

(i) If u is any function of x, and a is any constant, the 
differential of au = a.du, i.e. d{au) = adu. 

y + dy = a{u + du); 
.'. by subtraction, dy=a.du, 

i.e. d(au> = acLu. 
For example, d{vr^)'=Trd{r% as we have already seen. 

(ii) If 11, V, tv are any functions of x, the differential of their 
sum is equal to the sum of their separate differentials, 
i.e. d<a+v+w)=du+dv+dw. 
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This theorem is self- e violent, and both it and the preceding 
theorem would be equally true if the increments of the functions 
were not infinitely smatl. 

(iii) The differential of a constant is = 0. This also is 
obvious, aa it merely expresses in the language of the calculus 
that the quantity is constant. 

Thus, if a is a constant, 

d(a)=:0. 

NOTE.~-Uetierally, if we use letters to denote constants, and 
also letters to denote variables, we shall use the early letters 
of the alphabet, such as a, b, c, or I, m, n to denote constants, 
and the later letters such as x, y, s or w, », iw to denote variables. 
This ia merely for convenience, in order not to have to state 
always which quantities are variable, and which are constant. 

ExEuuple. iiy^2^-^-j?+5x-1 

dy=2dl,:t?)-3d[,s'') + 5dx-(S 
by the theorems juat established. 

Henoe, since iit;"=ii*"~'cte, it follows that 
dy — &c''dx~ixdx-^5dx 

■ g = 6x=-6^ + 5. 

We will now take a harder example, first premising that the 
use of ;« as the principal variable is merely a matter of con- 
venience in establishing our theorems. Any other variable 
would do equally well, e.g. d(fC') = nu"-''du where u may be 
any variable, and may itself be a function of some principal 
variable x. 

Example. Find the i-gradient of (Sar'-Sfl^ + S)'. 

then, treating the expression in brackets ^ a single quantity, we iiave 

dy^S(Z^-'2x-\-^f. (;(3ii!'-2ic+5), 
on the principle that <i(j*|=3E'(te, where s = 33:'-2k + 5; 
and now, simplifying the last factor, we have finally 
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We could have differentiated tbia expression by first cubing 
out, and then differentiating each term sejiarately, but the 
process would have been intolerably long, and the form of the 
result would have been less useful than the fectorized form 
obtained by the simple artifice of initially treating 3x^-2x-i-5 
as a single quantity. 

Again. Find the diffeceatial coefficient of •J{3x--2x + 5). 

Let y=^(S3f-2x + 5). 

Now d{Jz) = d{z^) = ^^i 

{6x-2)dx 

ill whioli 2 13 a fautof which can be cancelled ; and, finally, 
dp_ 3x-l 
dx~^{3:t:^-2x + 5y 

21. In the following examples we shall sometimes denote a, 
fiuiction by y, and sometimes by f(x). The corresponding 
notations for the gradient of the function are, as before stated, 

-— or Di/, and f'{x), respectively. The student may in every 

case use which notation he prefers, but he wiU probably find it 
best to tvork mth the single letter y, and then to please himself 
as to the form in which he states the final result. 

EXAMPLES. 

1. If ]K = k(10-k)', find Zlji, and find for what points the gradient is 
aero. [See Examples 15, 18, p. 16,] 

2. H f(x) = x{Ui-ii^), 6adf{x), and find the values of e for whkh 
/'{x) = 0. [See Examples 16, 17, p. 16.] 

3. ItAx) = 3^x-5x^x + ^, fmd./'{x). 



5. If y = «( 
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8. Draw the curve y = ^, and also its first ilerivcd c 
limitB a:- ±2. 

7. If y''=^, find Dy in terms of x. 

slope of the 
of^. 

8. Draw the curve y = 2ar'-3a^ + 7iK-2 between the limits st= -2 
and x= +Z, taking the vertical Boale=^ of the horizontal scale. 

9. Draw the curve y = ^3?-Qx + 'l, iiaing the same vertical and 
horizontal scales as in No. 8. 

10. If./Iw)-(!r3-2i^)= fiud/'[x). 

Draw the graph hetween x= - 1 and k = 3, finding its gradient at 
the points where x^ - 1, 0, 1, 2, 3 respectively, i.e., find /'( - 1), /'(O), 
/'(1|. /'(2), and /'(3). Draw also the graph of/(a:). 



12. If 4«3 + 9y =36 find ^^ 

13, A bail IS thiown up with a \elocity of SO feet per second from 
the top of a to«er 100 feet high Its height ahove the ground m 
t seconds is ^ = 100 + B0( 16/ Plot the enne of displacement fiom 
the start to when the ground is reached 

14, In the equatun of last question tind -^ which will le the 
nd at what time the lelocity i6 zero 

ighest put) 11 t the diagram of 

velocity, viz, !/i= ^ tak i „ .ihestfd ahsusoae nd valies of Vi as 
ordiiiates. 

15. Find ^ in the following cases :— 






16. Show that the graph of an equation of the first degree ii 
is a straight line. 
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[Take the equation Aa! + B^ + 0=0, and show thai '^ isthesflme 
for every point.] 

Itoiw the Hue 2x 'iy + Q = ftiid fiud wliat its gi-idient is 
17. Find the gradient of the pjirabola y = Aa' + Bj! + C at the point 
where x=p, and sliow that it is equal to the giadient of the chord 
joining the points on the ouive where ie=p±q 

22. The only ilgabriic expressions which at piesent we 
have not learned how to di£feientiate sj stematicallj are 
products, such aa (3f -S){'>r-7)^ and quotients such a'f 

- J- . We could find the differential of the fDraier h) 

multiplying out and then difterentiating each teim sepajatelv 
but it would be i hbonous task and this would moreo^ er be 
rendered moie difecult rf any of the factors were raised to 
fractional poii era A quotient could not without very heavy 
work be diffeientiated eiceept b\ one oi other of the methods 
now to be explained, which are therefoie of gieat impcrtance 

23. Product If i! i aie two functions of a angle vwi 
able a:, find the difieiential of ui 

Let t/ m 

Let X receive in infinitesimal inciemeiit dr causing m and ' 
to receive the respective increments di and di Then the 
increased value of the product is given by the equation 
'i/ + dj/ = {u + du){v + dv) , 
.-. dy={u+du)(v'i-dv)-m' 
= vdu + udv + du.dv 
= vdu + udv 
in the limit, since du . dv is an iniinitesimal of the second order 
being the product of two infinitely small quantities. Hence 
d(uv)=vdu+udv. 

24. This important rule is the rule for finding the differential 
of a product The student should observe that if j; is a 
eonsta t l( )— li, which is in accordance with Eule (i) 
Art 20 a d s m la ly, if u is a constant, d (m) =udv. Hence 
the on plete 1 fte ential of the product when u and v both 
vary s the m of the partial differentials obtained on the 
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supposition that first one and then the other of the two factors 



If we divide by dx, which we have supposed to cause the 
increments of the functions, we have the equation between 
the differential coefficients, viz. : 



which may be written 

D (uv> = V D» + n D V. 

Fovesample, let y^{'23fl-3){nx-1f. 

Hero du = 4xdx ; 

and dv=Z{5x: - 7)''il(5a: ~ 7) 

= 15153; -7)=ttc 

:. Oy = (.jj;-7)^4<! + (af«-3).15(6a--7t' 
= (5s-7)^2Cte»-28a;+3(te=-45} 

25. The student should carefully go through thia work, 
and compare it with the result of multiplying out the fiictors 
of p and tlmt differentiating. Not only would this latter 
method be much longer, but it would lose the great advantage 
of showing that {5x - ly is a factor of the result, which is 
an important fact worthy of attention. Indeed, always, if 
any fector in the expression for y occurs raised to the m"' 

power, the same factor will occur also in j-, raised to the 

n- I"' power. (See Ex. 4, below.) 

EXAMPLES. 

Find ^ in tlie foUowiiig cases : 

1. yM^-Sm^-l)''. 

Alls. {3!-Sf{2x-W\Sx-m). 

2. !/ = (.'tK=~7a; + 2)*{fl^-7)i 

Am. J(3iB"-7.e + 2)^a;=-7)=(-lS,v'-01j:=- 1063;+ 147). 
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3. ^ = (j:''-2)(7.k-3)-' 

Ans. (7:c=-fe + 14K7.i-3]-^. 

Anj^ u''^h-"-\mi-I>u + miDe). 
5. If a volume !.' of a gas coiibtined in a, vessel under pressure p is 
compreaseil or evpandeU without loss of heat, the law connecting v aiid p 
is that p.«^ is constant. Prove that iov a dight compression or expnn- 
sion the connection between the changes of volume and pressure is given 
by the equation 

kpdv + vdp = 0. 

26. If :'/ consists of more than two factors, the preceding 
method can bo used by grouping the factors into two groups : 
thus 

Let y = v,viv = ii.vw 

then dij = viv . dit + u . dmi} 

= mB.d'a, + u{wdv + vdw) 
= vwdu + uivdv + uvdw, 
and Dij-=vwlht-\-vm)Dv-i-w) Dw ; 

and similai'ly in the ease of more than three factors. 

Of course the labour of differentiating in such a case 
is necessarily heavy, however systematically it may be done. 
Indeed in the case of simple factors, not repeated, it is 
probably better to multiply out first and then differentiate. 

The student might test this in the cases o£ {x-\)ix-2)(x-S) and 
{:^-\){x-2){x-^){x-i). 



_u-\-dii, u 

~ v + dv" V 

t'du - udv 

^ v(v + di,) 

vdu-udv . ,, ,. ., 
= -^ , m the limit. 
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, /«\_vdu--»dv 

^U/= — ^ — 

,ru\ (iu__dv 
\v) dz dx 
dx "^ ' 

36 written 

_, /u\ _v Du— VI Dv 
^\v)- ^^ 



The student should also obtain this result by writing the 
fraction in the form mj)"^ and diiferentiating by the ruie 
for differentiating a product. 



rfy _ (5a^ - 7). to - (2j^^ - 3). 5 





"■ dx (5a^-7)2 




(5a; -7)= 


Again, let 


^=(T.-r7?- 


This is raus 


It conveniently differentiated aa a praduct, wi 
y=(aB»-3)(5j;-7)->; 




.-. ^=to(53;-7)-»-15(2x'-3)(5a;-7)- 




4a:(5B-7)-15(a(;=-31 



- (5^-7)' ' 
The student should work the same example by tlie Quotient fonnula. 
He will find that a common factjir, (5k -7)^ niuab lie cancelled from 
numerator ajid denominator before the result is expressed in ita simplest 

28- Frequently the student might; find it advantageous, 
if a factor is repeated, in the case of diher a product or a 
quotient, to use the easily proved formula 

Z)(«'V) = vr-h-\mvDu + nuDv). 



yGoosle 



28 DIFFERENTIAL CALCULUS. [chap. ii. 

This was given as an example to be proved in No. 4 of the 
last set of examples. 

29. The student ought now to be able to differentiate any 
algebraic expression whatever. He cannot yet dilferentiate 
transeendentol expressions, though in ma,ny cases he can do 
something towards it. 

£.g. we know that (sin'a:)^ + (cos xy = 1 

.-. 2sina;.(f(3ina!) + 2cos3;.(i(cos3;) = 0. 

This step is obtained by treating sin^c and cos a as single 
quantities, like 1^ + ^ = 1. 

We do not yet know how to express rf(8ina) and d{cosx) in 
terms of dx. This and other formulae will be the subject of 
next chapter. Meanwhile we may show one class of problems 
which may be solved by the help of ditferetitials. 

30. Approximations hy help of differentials. 

When a variable quantity x receives an actual increment, 
the approximate change in any given function of x is given by 
the value of its differential, provided the change in x is small. 

Thas, to find (40iy we can use the formula {x + dx^^a^i-^dxor 
(ji + AJ'— o^ + SkA. which oiilv differs from the true value by k^. 

Hence (40-1)"^1600 + 8=1g08, approximately. The true value ia 
10OS-O1. 

Again, the atea of a triangle having two sides a, b, and included 
angle C, is iofe sin 0. 

If each side is increased by a short length !i. the angle being unchanged, 
the inoreaae in area is approximately 4 [adb + bda) sin C, where da and (S> 
■■ • - =ii(»+l)mC, 



ore each equal to h, 
approximtttely. 
Again, ovaluate 

From the formula 


i.e. the iuoremant ot 

403 400 
1728 "1725- 
.AA vdti^wdv 


we have, approximately, 


the required difference 
3(1725-400) 3975 

- (1725)^ imsr 


The true diffeienee is 


1725^1728" 



y Google 



AETs. 2S-31.] RECAPITULATION". 20 

Again, evaluate Sx^-la^ + S when x = 3'03. 
We have, approximately. f(xi-dx)=/t3:)+f{s:)dx 

^3x'^-la + 5 + {Gx--l)dx. 

.: if we take a;=3, and rf»T = -02, we find /(3-02) = ll + l! x ■02 = 11-22 
approximately. Th.e ti-ne value is 11 '2212. 

Buol) examplea may bo multiplied indefinitely. 

We shall use this method in Chapter VI. to approximate to the roots 
of equations. 

Note. — If the student prefers to restrict the use of dx to 
the case when the increment of x is iniinitely small, he can 
use a single letter such as k, above, for a finite increment, or 
he may use & for the finite increment. 

Similarly k, or Sy, may be used for a finite increment of a 
variable y, the term dy being kept for the infinitely small or 
vanishing increment. But in practice the distinction is un- 
necessary so long as the increments fie and Si/ are small enough 
for their squares and higher powers to be negligible. 

31. Becapitulation. 

rf( constant) = 0, 

d{au}'^adu, 

d{n + v + v!+ . .) = du + ck + ihe'l- ..., 

d(ti,v) = vdu + 'iidi', 

,u vd/a - udv 
d~ = -J—- -, 

Additional formula, sometimes useful. 



/ ^ «. ™ . - 1 / du dv\ 



dx 

when m and n are positive or negative constants. 

Note. — In any of the above, if we wish to use differentials, 
we employ the letter d; if we wish to express differential 
coefficients, we write either D, or d divided by dx, as shown 
in the last formula above. 
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Y'mA -^ in the following eases 
(4) y^d + ^SKl+^s' + Sa^)- 



2. If two fiuietioiis of X acG identical, theiv tlifferential coefficienta 
are also identical. The stndent may iliiietrate this liy the following 

(1) Differentiate both aides of the identity 

Do the same also with a special value of ii, say n — i. 

(2) Prove tlie rule for differentiating a product hy making use of 

the important identity 

and assuming therule for differentiating a square. 

3, Differentiate , 

i Differentiate the result of j3), and then again t)ie new result, and 

5. Evaluate (approximately) :i?- te^- lla;4;32, when ^= 10-32. 

6. Evaluate the same function, when x=2^. 

7. Differentiate y — ^'Jzs — ^• 

8. Differentiate {x-Zf[x + \f{^-'}). 



9. Find -^ whan 3?y^=a^x^-y% 



12. Find r^ when y — -^ 
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CHAPTKE III. 

DIFPEEENTTATION OF THE CIECULAE FUNCTIONS 
AND THE INVEKSE CIRCULAR FUNCTIONS. 

32. Before finding the differentials and differential coefficients 
■■ ■ necessary first to establish the important, 



functions, it 



though simple, theorem that 



When an angle 



the angle. 



very small, its sine and tangent i 



practically equal to each other and to the circular measure of 



ng equal, is meant that their ratio is 



ultimately one of equality. (See Art. 2 ) 

It is easy to prove that - — ^= 1 when 8 is ultimately made 
infinitely small. 

For, always, 7; = cos^, and, when 6 = 0, cos^=l. which 

' '' ' tan f ' 

proves the proposition. 

With regard to the ultimate equality of 6 with both sin 
and tan 0, a little consideration will convince the student that 
the circular measure of a small angle & is intermediate in 
value between sin and tan 0, and therefore when sin 6 — tan $, 
i.e., when sin : tan ^= 1 by reason of the smailness of 0, it 
follows that is equal to both of them. If a student turns 
to a table of values, he will see that these three quantities are 
very nearly equal when the angle is as much as 1° or even 
more. 

The theorem just proved may be rendered clearer by a figure. 

Let PGA be a small angle whose circular measure = 0. Then 
if with as centre and radius r an arc PA is drawn, cutting 

the arms of the angle in P and A respectively, = — ; ■- ; and 
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32 DIFFEEENTIAL CALCULUS. [chap. hi. 

if PN is drawn perpendicular bo OA to meet it in N, and AT 
is drawn perpendicular to OA to meet OP produced in 1', 

smO — — -, and tanC^^— ^-; 

6 : Une = PN ; arcPA ; TA. 




Now make $ infinitely small, which, for our purpose, is 
best done by making )■ infinitely great, while T remains fixed. 
We see that PN, the arc PA, and TA ultimately coincide, so 
that tUey are ultimately equal. Therefore sin 0, 0, and tan $, 
which are proportional to them, also become ultimately equal, 
which again establishes the required proposition. 

Cor. This shows that, to the first order of small quantities, 
the lines PN, TA, and the chord PA, and the arc PA may all 
be treated as equal to each other, when the angle is small. 
This will be a great help in the geometrical treatment of 
problems dealing with small angles. We also see that ulti- 
mately the chord PA is perpendicular to both the radii OP 
and OA, being indistinguishable from the arc PA. 

33, Tojind the differeiiHal of dnx; i.e., if ike angle x receives 
a small ineremeni, S^ find what is the emr^sponding increment in 
the sine of the a/ttgle. 



Let 




V = 




^x, 




then 






si 


^{x + dx), 
-i{x-vdx)-m\x. 




from thi. 


formula 

sin A- sin B = 


2 
2 


cos(« + J^.)sin 

A + B . A 
COS— ^' sm — 




But sin ^dx 


s ultima 


tel 


y equal to \dx, \ 


y the 
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if the angle is in circular measure. Also cos (x 4- ^x) ia ulti- 
mately equal to cos a; ; 
.■. finally dy=%zo&x.^dz = v.oix.dz, 

i.e. dsmx=:cosx.dx 
and ~^~ — = cos X. 

34, To find the differential of aosx. 

We will establish this in several ways, each of which is 
instructive. 

(1) Let j/ = cosK, 

then dy = cos {x + dx) - cos x, 

= ^ 3 sin (s + i(fe).sin ^dx, 
= -sin^rfa^ 
i.e. d cos X - - sin x dx. 
This first method is diff'erentiation from first principles. 
The other two methods are based on previous theorems. 

(2) Let y = Gosx, 

,■, (^)/ = cos (^-ie] rf(^-.tj, by the formula 
of kst article, 

= -smx.dx. 

(3) cos2!e=! -sin%, 

.•. 2cossrfco3^= -3 8in[r.rfsinai 

= - 2 sin a;.c08 x.dx, by last article, 
.-. d cos3:= - sina: t^a^ as before. 
Expressing this in the forni of a differential coefficient, we have 
dcosx^ „. — 



yGoosle 



34 DIFFEEENTIAL CALCULUS. [chap- in. 

35. The formulae for the differentials of the sine and cosine 
are so important that we will also prove them geometrically. 
The student should draw his own figure and carefully go 
through every part of the work, aa it is important that he 
should be able to deal goometrieally with infinitely small quan- 
tities. In the figure the increments have to be made of a finite 
magnitiide, but they must be imagined to be infinitely small. 




Let POA = ai 

ind QOA^x-^dx, 

othat QOP = (ic, 

If the angles are in circular measure, dx = 

^^ow smir; = — ;-, mn{x + ax) = 



QP' r QP-"''' 
Now ~- ultimately becomes = cos NQP, and this angle be- 
comes equal to the angle at 0, = a: ; 

.■. — ultimately equals cos a-, 
and, therefore, d sin X" coax. die. 



_BP QP_ 
QP * r ~ 
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Interesting examples illustrating the use of the differential 
coefficients of the sine and cosine of an angle will be found in 
the articles on uniform circular motion and simple harmonic 
motion at the end of this chapter. (Articles 67-60.) 

36. G-radienta of tte curves y = sinx and y = cos ik. The 
gradient of the curve j' = sin3; is given by the equation 

^ = cos3^ This means that the numerical value of the 

ax 

gradient = cos 3^, i.e. = cos x measured in vertical units -rl on 

the horizontal scale. Moreover, we only proved that -~-=c<i&x 

on the assumption that the angles were measured in circular 
measure, hence 1 on the horizontal scale must mean 1 radian, 
which in degrees is 180° t tt, i.e. STJ degrees, approximately. 
If therefore we turn to the graph of sinic, we shall be able to 
construct the tangent at each point P by drawing PU hori- 
zontally to the right, of length representing 57|° on the 
horizontal scale, and erecting a perpendicular UT of length 
equal to cos a; on the vertical scale (drawing UT upwards if 
cos X is positive, downwards if cos x is negative) : PT will be 
the tangent at P. The construction is left to the student, who 
should verify its truth by drawing the graph of sin x {from 
to IT will be sufficient) on a large scale, and actually construct- 
ing the tangent by the above method at several points of the 
graph. By this means he will get a geometrical feeling of the 
truth of the theorem that 



He may also obtain a numerical illustration of the truth of 
the theorem by taking two angles A, B nearly equal, and 
forming the fraction whose numerator is sin B- sin A, and 
whose denominator is the circular measure of B — A. On 
dividing out, so aa to express the quotient as a decimal, he 
will find it is equal to the cosine of some angle intermediate 
between A and B. 

Take, for example, A=37° 20' and B=37* 21', so that the 

, ^. sin 37° 21' -sin 37' aff -0002313 _„„ 

fraction =—^ -. irr,= ^i^m^n^n = "'"""■ 

circular measure of 1 -0002909 
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We can obtain the quotient to only four figures correctly, 
even if wo have used a seven-figure table, since the numerator 
and denominator do not contain more than four significant 
figures, but this degree of accuracy is enough to show that 
the quotient lies between the cosines of A and B, which are 
■7951 ... and -7949.... Of course, our fraction gives the 
gradient of the chord joining the two given points, and this 
is obviously parallel to the tangent at some point of the graph 
intermediate between these two points. We have therefore 
verified that the gradient at this intermediate point is numeri- 
cally equal to the cosine of an intermediate angle. 

Similarly we might verify that the gradient of the chord 
joining two points on the cosine graph is numerically equal to 
the sine of an intermediate angle, but is iiegative (if the angles 
are acute) because the cosine gets smaller as the angle ii 

and therefore the fraction - -:f,—r is negative. 



37. If we combine the new formulae with the results of the 
preceding chapter, we shall be able to differentiate any function 
containing sines and cosines and algebraic expressions. 
For example, find the differential coefiicient of sin% cosk. 
Let y = AvLh;i:osx; 

.-. (i!/ = cOH^rf(ain%) + sin%.(i(cos;r) 

= cossi2siniBrf(ain3;) + sin^3;( -smxdx) 
= 2 CM^a: sin xdx- ain^ dx ; 



dx 



h). 



An interesting illustration of the formulae will be furnished 
by taking an identity such as sin Sa: = 3 sin a; - 4 sin% and 
differentiating both aides. Since the two sides are identically 
equal, it follows that their dilferentials must be equal, and 
therefore also their differential coefficients must be equal, and 
the relation between them will form a new identity. Thus : 

sin '3a; = 3 sin ic - 4 sin^K ; 
.•. casZxd{Zx) = ZGOsxdX'-\1am^ioszdx; 
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.-. eos3x=eosa;-4sm%cosie 

= 4 coa's - 3 cos x. 

Examples for practice will be found at the end of this 
chapter, We will now proceed to find the differentials of the 
other circular fiinetioniS and of the inverse circular functions. 

38. To find (he diffm-entkd of tan x. 

Let ij = i,'Ai\-r,-, 

.-. d'j = t)m{x-¥dx)-%-M\x 

tan X + tan ds^ 

= 1 — -i 1 — J- - tan » 

1 - t&nxtanax 

(1 +■ tan%)tanifo 
~" 1 - tan » tan dx ' 

Now, so far, we have made no use of the infinite smallness 
of dx. When we introduce this simplification, we may simpiify 
the numerator by writing dx for tancfe (Art. 32), and the 
denominator is ultimately equal to 1. (Art. 2.) 
,■. finaliy, dy=^{l+tsin^x)dx 



i.e. d (tan x) =: sec^x: dx 
md H ' = sec"x. 

Modification of ike cAove mefkod. 
We might proceed as follows : — 

dy=ta.a(x + dx) - tana; 
sin (x + dx) sin x 
cos (ic + dx) cos X 
_ sin(g + <?a:) cos a: - cos (x + <fe) sin ic 
~ cos (a; + (fa;) cos (K 
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eindx 



= seo% th, as before, 
Both tlie above methods are baaed directly on first principles. 
We may ako obtain the differential by a purely calculus 
method, thus, 



dtanx^dt ■ t 

cos ;«(? sill. 



■, by Art. 27, 



39, To fatd the diffa-ential of cot a: 

The most instructive way will be by means of the identity 







cot a; 


=.„(!-, 


')■■ 






dootx 


= dt3.n(~- 
= sec^(|- 


'HI-' 


,7hich 


reduc 


es to ■ 


- cosGc^.i; rfa 


:, since di 



^. dcotxss-cosec^xdx and D cot x = - oosec^. 

The student may also practise finding the differential by 
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CIECULAE FUNCTIONS. 



40. I'ofind d(sGax). 

The easiest way is as follows :— 

t?seca=>rf(cosie)"' 

=" -(cosar)'^ dcosx 

1 , . , , sitiK, 
= K- . ( - sin a; m) = - „ dx, 

i.e. dsecx = seox tanxdx. 

41. Tofinddico^ecx). 

d (cosec .'■) — (^ sec f ^ - ?: J 

-»cg-.9..ng^.)j(:-,). 

i.e. dcoseox = -oo8ecxcotxdx. 

42. Geometrical method of finding d tan x and d sec x 



Let 



POA = ii;, 
QO.\ = x + dT,. 



Draw PR perpentilicular to both OP and OQ (Art. 32), 
cutting OQ in R. 




dx = -— , if dx is in circular measure. 
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, ._QA PA_QP_QP RP 



_ QF RP OP 
~EP' op" a 



But QPE is ultimately equal to x, being the complement 
of OPA, since OPR is a rigot angle; 

.-. I? tan K =• Bec% (ia;. 
Similarly, rfseoa; = ^, since OP = OR, 

^QK KP OP 

~RP' op' a 
— tana;.ffe.EeciB 
= sec ^ tan x dx. 

43. Tlie six circular function formulae arc therefore 
dsiax^'Cty^sdx 
dcosx= -sinxch, 
d tan X = sec^ffi dt- 
tfcotii!= - cosset t^a;, 
rfsec3;=seca: t^mwdx 
d cosec x~ - coseo x cot a; dx. 
The above equations fall naturally into pairs, each of the fujie- 
tions si)i;K, tana;, sec a;, which Increase with x (in the first 
quadrant), being associated with one of the complementary 
ftinetiona eosa^ cota^ coeeea; which decrease when a; increases 
(in the first quadrant), and whose differentials have accord- 
ingly negative signs. 

This association in pail's will materially assist the student 
in remembering the formulae. 

In addition to this complementary pairing of equations, 
there is also a natural association between the pair of 
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functions which occur in the samo equation; it will be 
found much better to remember dt3,nx as •^seo^xdx than as 

■ ■ „ ■■■ and similarly dseGx = secatAnxdx rather than ^—, 

C08% ■' COS^ 

since sec a; and tan^c form a natural pair of connected 
quantities, just as sin a; and eosx form a natural pair. 
Similarly cosecs and cotic form a natural pair of associated 
functions. 

This natural pairing is well shown in the three important 
formulae : 

sin%; + coa^=l, 
aec^Ji-tan«.« = l, 

C0S6R%-COt% = l, 

which are the three trigonometrical forms of Euc. I. 47. 

The student may, in fact, derive dsecx from dtaax by 
differentiating the second of these three identities, and he may 
derive d cosec x from d cot a; by means of the third, just as we 
have already derived d cos x from d sin k by means of the first. 

44 Inverse circular functions. The differentials of the 
inverse functions sin"'a;, eoe-^ai etc., can be readily deduced 
from those of the direct functions. For example : 

45. To find the diffh'enHal of sm~h:. 





L,. dsin 

tter form, mth 
ed to the surd 
'6 or negative, 
positive. 


)de = dx 


JO -■ 


U0U3. The sign 
, according as co 
acute angles it 




The la 
attaohi 
t>ositi\ 
course 


the surd, is arabig 
must be 4- or - 
In the case of 


to be 
s^is 
is of 
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46. To Jiitd the differmtial of coii-''-x. 

This can be found in the same way by putting 9 = 

whence finally d(l= -^—3= - -— — ^ ; 



dcos-^x= — 



Ax 



The ambiguity in the surd must be disposed of m a "iimilar 
way to that of the last case, only in this matdnee the sign to 
be atbaehed to the aurd is that of sin 6 

The following method is applicable m the caae of angles in 
the first quadrant. The angle whose co'-ine is ■> is the com- 
plement of the angle whose sine is a, 



.-. (f(eos-i.'c)-i-(^(sin-M = 
i.e. the differential of cos-'a; is numerically equal to that of 
sin~ki;, but of opposite sign. 

47. The student shonld draw the graph of sin'^a:, i.e. the 
curve y = sm~\ plotting the values of y in radians, t'.e. in 
circular measure. He will see that «/ is a multi-valued function 
of 3^ and that for each value of x the gradients at the different 
points of the graph corresponding to the different values of j 

are alternately -1- and - , being numerically equal to ... _ ^ y 

If y„ is the smallest positive value of y corresponding to any 
value of X, the other values of y for that abscissa are 't -y^ 
Sff + ^d, 3n--)/g, etc., all being included in the expression 
ntt + X-Vfya where n is any integer, positive or negative. 
(The use of the factor (-1)" is a very convenient mode of 
indicating that a + sign is required when n ia even, and a - sign 
when n is odd.) 

It would be inatructive to also draw the graph of cos'^a^ 
which is merely the sin'^a; curve brought down through a 

distance = s on the vertical scale ; or, which comes to the same 



y Google 



AETs.4i!-5i.] CIECULAE FUNCTIONS, 43 

thing, it is actually the same graph as sin"'ie, hut with a new 
origin and ic-axis at a height = ■= aStwe the old one. 



48. 


To ftni 


m difermiial of Un-% 


i.e. 


to find 


d6 when 


.ne= 


= x. 












We have 


sec'9.ii». 


-dx 












•-=^r 


dx 


.ec 


W = \+ tan^ft 


i. 


e. dtan 













49. To find the di^ei'eniial of cob'^a-. 
Proceeding exactly in the same way, we find 

There is no ambiguity of sign in these expressions. 

50. To Jmd the differmtials of sec'^ic and cosec^'a;. 
If C= sec-la;, mcB^x; 

Similarly, 

dooseo-x=- ^^g_„ . 

In these expressions thore is an ambiguity of sign, the sign 
to be given to the surd being the same as that of tan 0. 

61. Recapitulation. 

dsind^cosO.de \ 
dooB6= -sine. d0f 
dtA-aO^-sea^e-dB 1 
d<x,t$= -Goseo^B. d$f 
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dsecd — sec 6 tan 6dd \ 
d cosec 6= - cosec d cot 6 ddj 
dsin'^x 1 dx 



-^ -dcoi'^ic) ~l+iK^' 
d seC'a; 1 _ dx 
= -(icosec""'iKj xj(x^~ 1)" 

EXAMPLES. 

II the Hm! following examples ; 



1. n^oos.'x + BiD^x. 

2. ^ = C03^-8m%. 

3. !^=!tan 3^ - cot 4a; 



^ 4C0B% 

5. y^secK+ttina^. 

6. Obtain another identity by differentiating both sides of the identity 

7. Differentiate butli sides of the identity 

cos 33:= 4 cos'a; - 3 COS a;. 

8. Differentiate sec'iK - 4 aec'ic + 2 8eo%. 

9. Differentiate (3secJa; + 4Be(!'a: + 8)tanit;. 

10. Differentiate ain-J(2j;=). 

11. Differentiate a;siii~'a:+V(l-!c2). 

12. li/{K) = i:>? + l)U>n-^x-x, find /'(a;). 

13. It/(i)!) = tan-'-^ij^, tuAfix). 

14. If tan fl = V(^ + !)-»;, find ^. 

15. If (l+,i;=)cose = I-^=, find ^. 

16. Draw the curve y=4a;3iil-^, showing that it touches the lines 
j/TT ±Jk (alternately) when a:=l, 3, 5..., and finding where and at what 
gradients it crosses the aero line (y=0), and determiutng also the points 
where the gradient ia zero. 
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17. Draw the curve y = -sin-^, showing that it oscillates between 
the curves y=±- (which should ulso be drawn|. Find where and at 
what slopes it crosses Iho zero line, and at what points the gradient is 

18. Draw similarly the curves y = ^xs\mrx, and y — -&va'KX. 

19. Draw tlie curve y-|cos^. 

20. Draw the curve y = 4,-ccos^. 

52. Expansion of a, function in powers of x. 

We are now in a position to determine two important series 
giving the values of ain x and cos x numerically in terms of the 
circular measure of the angle x. 

Before proceeding to these series, it may be well to illustrate 
what is meant by expanding a function of x in a series of 
powers aix. We know that 

(l+a)5=l+5a; + 10a2 + 10af' + 5a;* + K'', 

The right-hand expression is a series consisting of positive 
integral powers of x, the first term being of zero power, and 
the last of the 5th power, This series, then, is said to be the 
expansion of (1+a;)* in positive integral powers of w. 

we could have determined this series by the help of the 
calculus in the following way. 

Any series consisting of positive integral powers of ,'■ nuist 
be of the form 

([(I + OjiK + a^ + a^^ + . . . , 
or, if we prefer so to write it, in the form 

<..+v+»,|+«,|+.,., 

where, in either case, a^, Oj, a^... are numerical coefficients. 

For the method we are now going to illustrate the second 
form of the series is usually rather more convenient. What 
we shall do is to first assume that tbe given function (1 -^xf 
is equal to this series. Then, since differentiating both sides 
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of an identity leads to atiothor identity, we shall, Ijy 
differentiating, obtain a second identical equation. Repeating 
the same operation as many timea as we want, we obtain a 
whole set of equations from which we may discover the values 
of the coefficients a^, Oj . , . . The whole work is very simple as 
soon as the student has got into the spirit of it It is as 
follows : 

Let (l+.f = s + «i^ + «sS + «3S + --. (1) 

Then, differentiating, we have 

5(1 +,'c)¥(l +x) = a.dx + ao. ti;dx + aor^dx+ ..., 
if 
and d(i +x) = dx, 

.■. dividing by dx we have 

5(1 +.)..», +»,, + ,| + a|+ (2) 

Now differentiate both sides of this identity, and divide by dx, 

5. i{l+xf^a2 + agX + a^j^+ (3) 

Repeating the operation again and again, we have 

!y.4.3(l^xf = a, + a,x + a,^+ (4) 

5.4.3.2{]+ic) = a4 + asic+ (5) 

5.4..3.2.1^a, + a^x+ (6) 

= ttg + Wjic + (7) 

Now since we are assuming that the values of the coefficients 
»„, ftj, ... are to be such as will make all the above equations 
iaenhiies, it follows that the equations will hold for al! values 
of ^ Therefore, put x=0 in each of them, and we iind 
from (1), «o=*l' 

(2), a, = 5, 

(3), aj=.5.4. 
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.-. finally, (1 +^)S = 1 + 5^ + Li^ + ^,*^+ ..., 

\ }Kh leduces to l + oi + lOi'^+Hk^-^Ss^ + xK 

TliL St ident should il o go through the work, assuming 
that 

(1 + j) - a + a.^z + a^+ .,. . 

He wilt obtain the same lesult, with perhaps rather less labour, 
but the method above indicated shows the law of formation 
f the coeifioients lathoi more clearly. He should also 
expand { 1 + or)" using either form of series. The expansion 
iound will be a teimir ati ig one (ending at af) if m is a jjositive 
integei hut for other i alues of n it will consist of an infinite 
series 

63 EzpansioQ of «ini and cos a^ in powers of x. 

No\i let us apply the name method to expand sin^ in 
positi e mtei^ial poweis f f 

Let sm =«. + o 4- flnrs- + Ogi-g + (1) 

Differentiate time after tinie as we did above, and we get 

coiix = a^ + (t^ + asr^ + a^r^ + ,.., <2) 

-ainx=a2 + a^+..., (3) 

-co&x = a^ + a^x+ ..., (4) 

sinx=a^+ ..., (3) 

and so on, the left-hand side repeating itself in the same order 
as before, viz., sin ie, cos a^ - sin x, - cos a:, .... 

Now put K = in each of these identities, and we get 



1 = 
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We can expand cos x in the aamo way ; but as a matter of 
fact we have already obtained cos x, for it is given in (2), and is 



54. We could have determined these series by two difler- 
ontiations only. For equation (3) tells us that 
. __ _ _ ^ 

Hence this series must be identical with the series 

therefore, by equating coefficients, we find that 

further, by putting .y = in (1) and (2) we find S(, = 0, and 
«, = 1 ; 

.-. f(3 = 0, ((3= -1, a^ = 0, etc. 
This determines all the constants, and gives us the series for 
sin a: obtained above. 



" \i_^\l ■■■• 

co.«-l-|+J^^..., 

are very important. They are easily remembered; sin a 
contains all the odd powers of w, each divided by the corre- 
sponding iaotorial, and affected with altei'nate signs ; cos x 
contains all the even powers (starting with aero power), each 
divided by the corresponding factorial, and affected with alter- 
nate signs. Also if the student differentiates the series for 
sina: he will obtain the series for coss, and if he differentiates 
the series for cos x he will obtain minus the series for sin x, as 
of course he should. 
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cos K is called an eim funcfcioi of as it9 e-\.pansion cot tuns 
only even powers of which is n ^ccordince with the fact 
that co8(-!i)'= +COS 

sina: is called an idd function ol j since ill tbe poweis oi 
X are odd m its expinsion Thi& agrees with the fact that 
sin ( - k) = - sin ■);, ft om w hich it is evident no even powers uf 
scan ocem m the expinsion foi e^en poweis could not change 
sign when is put for ^ 

56. Wo CO lid use the above method to expat d tan and 
sec a^ but we should only succeed in obtaining the successive 
terms by a good deil of labi ur because then succe^ive 
differential coefficients 1 tcume ^ er; troublesome A\ e can ot 
course help oiusel^es somewhat by noticing thit tan is \n 
odd function of 1 since tan( - a-) = - tan and 1 v noticing 
that sec X is an &\ en function of a "We shiU 1 etui n to theso 
exipausions in a subsequent ehaptei 

we could obtain a few terms of tan j*. by dii idmg sin a by 
cos X, and a few terms of see x by dividing 1 by cos x (using, of 
course, the series just found for these functions). This is 
left as an exercise for the student. 



1, rind 3 terms of the scries for tana; by dividing 






'-i4''"4-'w 






2, Find 3 terms of the series for secic by dividing 1 


Ibyl 


[2 + [4 


3, Find two terms of tlie series for taiiK Ijy ^ssii 


ini.g 


it e,™l 



aiX+aa7^+ .., and differentiating three times. 

4. Expand eosQaf in powers of a,-. [Merely substitute 2x Joe x in the 

5. Expand ooa^ and siii^x in powers of x, [Make iiae of the facta that 
C08'^-6in%=ooa2a:, and c08^ + 3m%= I.] 

6. Draw the graph of a; - j^-, and compare it with tlie gi'a,ph of sin x, 

li ^i 

Make a closer approximation, by adding the term ^-. 
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[c, 



7. Draw the graph of i-h>, ami compare it ivith tlip, gi'aph of cos x. 
Hake a closer approximation by adding tho toi'iii j^, and tlien a closer 
approximation atiU by subtracting j^- 

57. Uniform circular motion. One of tie simplest ilhistra- 
tiona of the values of the differential coefficients of ein & and 
cos 9 will be found in connection with the motion of a particle 
travelling with uniform velocity along the circumference of » 
circle. 

If the radius is a, and the particle P has moved in time ( 
from an initial position A through an arc ciO, being the 
circular measure of the angle subtended by the arc AP at the 

centre of the circle, the velocity of the particle is y= -r-. 

The position of the Mrticle can be indicated by measuring 
the base OM and the height MP of the right-angled triangle 
OMP. 




Denote OM by x, and MP by y ; then 

The component velocities of P in the x and y directions re- 
spectively are 

dx J dii 

■y- and -5^. 

dl di 

Since x = a cos 6, it follows that 
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SIMPLE HAEMONIC MOTION. 
' a sin 6, it followa that 



We can obtain these component velocities in another way, 
for it is evident from the figure that the component veSocities 
of P are -?'sin& and i-«;cos6 respectively, and since v is 



constant, and eqnal to — , i.e. vi — aQ, we have, on ciifferenti- 
ating, iKlt = aflB, whence v=a-y;. 

Hence, -i>sin ^= -asin 6'^, 



agreeing with the component velocities obtained by the first 
method, viz., by direct differentiation of the valnes of x and y. 

58. IE the uniform circular motion of a particle is looked at 
edgeways from a long way off, that is to say, if it is ortho- 
gonally projected on to a line in the plane of the circle, as for 
instance on to a diameter, the projected motion is a simple 
oscillation, the simplest kind of oscillation possible, the kind 
of motion possessed by a point on a musical instrument 
sounding a pure tone, as for instance a bead on a tuning fork ; 
and it is therefore called a pure or simple harmonic motion, of 
which the properties can easily be laid down by considering 
the circular motion above. 

59. Simple harmonic motion. If a particle P moves with 
uniform speed round a circle, and a point M moves along a 
diameter AA' of the circle with such variable speed that the 
line PM is always perpendicular to AA', M is said to have a 
simple harmonic motion. The radius, OA, of the circle is 
called the ampliiude of the simple harmonic motion. Evidently 
the motion of M is a to-and-fro motion between A and A', the 
velocity being zero at A and A' and a maximum at the middle 
point 0, being then equal to the velocity of P. At any 
intermediate point M, such that OM = :i; = a cos ^, the velocity 
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of M=-j-'= -(tsin^-jT, one complete oscillation being de- 
scribed while 6 changes from to 27r ; i.e. in the tirae during 
which P deacribea a whole revolution. This time, T, is called 
the period of oscillation, and is evidently equal to the length 
of the circular path described by P, divided by its velocity v ; 



60. Oombinartions of simple harmonic motions of eiiual 
periods. In the figure, when P moves uniformly round the 
circle, the points M and N move along their respective diameters 
with simple harmonic motion, the velocity of M being equal 
to the horizontal component of the velocity of P, and the 
velocity of N being equal to the vertical component of the 
velocity of P. Moreover, when M is at A or A', N is at 0, 
and when N is at B or B', M is at 0, so that one Is a quarter 
oscillation ahead of the other, while the amplitudes and 
periods of their oscillations are equal. 

This gives us the following theorem : 

Uniform motion round the circumference of a circle can be 
considered as the resultant of two simple harmonic, motions 
of equal period and amplitude along two intersecting linos at 
right angles to each other, so arranged that one is a quarter 
oscillation ahead of the other. 

If the periods are equal, but either the amplitudes are 
unequal, or one of the points M, N is not a quarter oscillation 
ahead of the other, the resultant motion will be not along a 
circle but along an ellipse. A point moving in such manner 
is said to have elliptic harmonic motion. 





EXAMPLES. 


(11 »=■ 


oeO, y-acos!?, 


m a— 


osO, !/-acos(« + 18"), 


(3) »=<. 


^e, j< = Bcoa(S + 36°), 


(4) «=« 


^S, y=aoo8(e + 5r), 


(5) i=» 


».», !,..oo,(» + 71!-). 


16) ..« 


mt. s — otH + M-). 
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[Note. — Take a Boine convenient length, say 5 inches if tlie paper is 
large enough (i. e. 10 inches wide at least), and calculate the values of 
» and y for values of 8 from 0° to 360° at intervals of 18°. Then draw a 
network of horizontal and vertical lines through the points corresmonding 
to the calculated values of x and y. It will be found tliat the same 
network serves for all the above curves. ] 

2. 

point on the same curve whose abscissa is a cos (fl 4 SO"). Test the 
aconracy of this result by trial on the diagram. 

3. Draw the curves 

x-5cme, i/ = 3cosl0 + n), 
forthefollowing vilieaof Li VIZ n 18 36 54 "2 90 

[Note. — Form a sumlar network to that m No ! except tliat the 
distances of the horizontal \iass ftom the oii^in will be 3 3los1S°, 
3<!os36°, ..,, while the listances of the \eitieal Imes from the origin 
will be 5, 5 cos 18' 5cos3R ) 

4. Show that eaoh portion of the networks ludi ated in connection 
with the above evamplis i» lest.nl ed m the same time viz, ^2"; 
where T is the period of the complete motion. 
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CHAPTER IV. 

THE EXPONENTIAL AND LOGARITHMIC FUNCTIONS 
<!' AND log a:. 

61. The next differeatiala to be obtained are those of a' and 
logiK. From what we have already done we know that dx 
will be a factor; the problem in each case will be to find 
the other factor. Let us iirst take a". 

Let p = '^°' 

then y + dij = oJ'*'"- 



"VVe must try to simplify the factor a** - 1. It is a function 
of a and dx, and it becomes infinitely small wben dx ia 
infinitely amall, therefore we may assume that, like all the 
previous differentials, it contains m as a factor. It therefore 
is ultimately of the form A dx (omitting all powers of dx above 
the first), where A is some function of a, and is therefore only 
a constant. 

.-. d{a') = a'' . Adz, 

where A is a function of a which has still to be determined. 

Since the value of A depends on the value of a, let us take 
a value (at present unknown) of a which will make A = 1 . 

Denote this value of « by the symbol e, and proceed to find 
its value. It is evidently an important constatit mimber, for 
the difTerential of e* will be simpler than that of any other 
exponential function. 
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The condition that A = 1 when a ~ p, gives us the equations 
de"=e'dx and De^se". 

Thus the differential coefficient of &' is equiil to e'. The 
value of B can be determined without much difficulty from 
this property of its differential coefficient. 

Expand e* in powers of % by putting 

^-».+v+«,|+«|+ (1) 

and diiferentiating both sides of the assumed identity just as 
waa done in the cases of sin x and cos a, thus obtaining 

B^=fl,+a^ + a„-2+ (3) 

But De' = e*, therefore the series (2) is identical with the 
series (1) ; 

.'. tti = «y, 0^ = 0^, % = c[3, etc. 
By putting ic = in (1) we find that ao = e'=:l, 
.■. fflj = l, a^ = l, «a = l,.-.; 
.■. finally 

This series is very important. It is known as the expo- 
nential series, e' being called the exponential function. 
If we put «= 1, in this identity, we find 

e = l + l+ji5+j4-5 + .... 

This gives the required value of e. On worldiig it out we 
finde=2-718281828.... 

It can be calculated to as many figures as the patience and 
accuracy of the computer permit, out the important part 
of its value, not to be ever forgotten, is 2-7. After that the 
next eight figures, which are 1838 repeated twice (but then 
followed by other figures), may also be easily remembered. 

With this value of e, then, we know that 
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Of course also, if u is any function of x, or any variable 
whatever, 

de" = e"du. 

Hence e is clearly an important number, We sliall return 
to it directly, in connection with logarithms. 

We can now find out the value of A in the expression for 
d{a'), viz., a' .Adx. 

For a,' = e^, where «'=«, so that t = log, a. 

Hence d{a') = d{^) = ^d{kx), 

i.e. d(a'} = a'!cdx. 

Therefore a = fc = log„a, 

i.e. (i''-'-l=log,aAt. 

We have proved, then, that 

d(a>')=ika"dii: and D<a*)=ka'', 
where l£=Iogea. 

It will be found that this constant k is of great importance 
in connection with the function a'. 

EXAMPLES. 

1. Draw the curves i/ = 2' and y-3'. 

2. Draw the curve y = e-", calculating the values of e", e^, ... either by 
taking e=2'7 approx innately, or by help of logarithms. Similarly for 
e"i, e"' [Not* tliat it Ilea between the two curves of No. 1.] 

3. Show that the tanf end at any point (x, y) on the curve y=«" outs 
the axis of tr: at the point {x - 1, 0), i.e. at a point situate unit distance 
to the left of the ordinate ot the given point, 

4. Draw the curves ^^e^and y = e^, and find in eacli case where the 
tangent at any point {x, y) on the curve cnts the axis of x. 

5. Show that the sub- tangent of the curve j/=ae^ m equal tOr, what- 
ever the length a may be. [Tlit sub-tangent is the part ot the axis of 
ix intercepted between the tangent at any point and the ordinate of that 
point.] 

6. Show tliat the curves y=ae,^, and y — bi:^' are the same curve, 
with the origin so placed that in the flrat curve y-a when x-0, and, 
in the second curve, y = b when x^O. 

a y=ae'^ and y — a&-^ are the eame curves 
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8. Draw the curves i/ = J(e' + e-') and y = J(e^-f-'). [Measure the 
required ordinates by help of the curve y=(^.] 

9. Draw the curve ^ = 10"'^, and show that it is the same as y = e.'^' 
if ii;=Alog=10 = 0-23.... 

10. Illustrate graphically the identity e^ = 1 + a; + : — ^ + . , , by drawing 
thecurvea (Ijy-l + a., 

(2, y=l^. + ^^, 

between 3;= ±6. [Each ciiive can be bnilt on ita predecessor by adding 
to the ordinatfis the extra portions dne to the nest term.] 

11. Find tlie series for a*, expanded in powers of x, by assuming 
(['=B|, + Bia; + ajj— 5+..,, and making use of the relation 'D[a') — M', 

where h—lagcO.. 

Also deduce the series from the series for e', where t^iloy.a. 

12. DiEforentiate the series for e*, and deduce the fact that de^ — ^dx. 

62. Consider again the equation b'^- 1 =log,(i . dx, i.e., 

Tr-'°s.», 

proved at the end of the last article. 
It is usually written in the form, 

the limiting value of ^ C is log'ea, when h = 0. 

As a particular case, 

the limiting' value of ^-5— is If when h=0. 

This is also obvious from the series for i", viz. : 

h? 
.j-2+..., 

^-\ 

= 1 , when /( = 0. 
These two relations are very important. 



-1+T 
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The following examples may help the student to realize 
theii' truth. 

It may be instructive also to view them aa approximate 
formulae when A ia small but not quite zero, thus : 

The student has already learnt that $" = '1, and that «'' = 1. 
He now leams that e* = 1 + /j, where h is a small quantity, so 
small that its square aud higher powers are negligible; and 
that «" = ! -i-Alogstt for similar small values of h, where a is 
any number whatever. 



EXAMPLES. 

1, As a voi'ifleation of the fact timt =log,ffi when x-0, plot the 

ve y= ^-, calculating the ordinates Bpecially for the following 

valura of '3, -2, ■!, - ■!, - '2, - -3. The curve will be found to 
c 09S the 1 e x=f) (the axis of y) at the point where y=logBlO=2'3 
( pp ox ) 

2 Calc Kt« the values of for the same values of x, and draw 

the c we y=- , sliomng graphically that y = \ when j: = 0. 

3. Putting 1+xfor o in the fraction-'-^, and eJ:paiuihig(] +3;)" by 
the Binomial Theorem, prove that 

\o^c(i + x) — x-\x' + yi?-.. . 

[Note.— This identity holds only in the range of values of ar contained 
between x— -1 and a; = l. This limitation of range will be disonseed 
in Chapter XI.] 



i. Draw the cm 
scale. (The curvi 
greater than - L) 


■ve;/ = log.(l +3^) between w^ 
; does not exist for negativt 


5. Draw the cui 


.ves(l)j, = ^, 




i2)y^:c-^; 




mr/^x-i^ + !i^; 




(i)y=x-ix= + i:^-ix' 



values of x numerically 



between, the limila x=±2, showing that as more temii 
ciirves lie closer to the curve }/ = logs ( 1 + li) so bng as x 
but tend to diverge from this curve beyond that limit. 
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63. To find the di^rmiial cf log,T;. 

The increase in logs; for a given increase in / depends 
among other things on the base to which the logaiithms aie 
taken. The most important case in theoretical woik is that 
in which the base is e, which is often called the natural base 
of logarithms, as theorems relating to the calculation of 
logarithms are simpler with that Ijase than any other. It is 
also called the Napierian base as it, or rather its reciprocal, 
was used originally by Baron Napier, the discoverer of 
logarithms (ctrea a.d. 1634). The common base, 10, was 
suggested afterwards because of its greater advantage in 
numerical work. We are, then, taking iirst the case of log,a:. 
Let i/ = logjS^ 



, dx dx 
■■■ '^^ = ^ = ¥- 

le. d(log:eX>=^. 

This is a very important theorem and should be remembered 
with absolute readiness. 
We may prove it another way, viz. : — by difi'erentiatirig 

- -V—, and then putting A = (see last Article). Thus 

d ' , = jd(s^' - l) = x''~'d£, 

which becomes x~''dx when h = 0. 

The formula is true of course for any variable whatever, 



where m is any function of a;. 
Thus, for instance, 

Also Dlog,(a + iOT+ca!^) = 
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64 Ihf ihove theorem is often useftil in the form 
du = ud(logeU). 
In fact thi^ formula gives the neatest way of arriving at the 
difleiential ofa\ For, let u = a', so that logjW = a: log/i, 
by the formula just written, we have 

= «"'log^a. dx; 
ant], in particular, the Ibnnula 

de!' = e'dx 
comes out at once,* since x is itself the log of e'. 
Examples, applying the above formula ; 
(1) d(x"]^x"d(n\o'^^x) 



— nx"-''-dx, as proved long before. 
(2) To take a harder case : 

— xsini(iijgja; dsinxA- sin ^ri logja) 

65. Methods of saving labour in differentiation. In many 
eases if we wish to differentiate a function consisting of a 
number of factors, it is a practical help to take logarithms first 
(to baae e), and then differentiate. This is called logarithmic 
differentiation. 

Thus, let y=' \^ \ 

dy_dx rf(I-j^) Jd+a :'). 



* The student muat guard against thinking tlmt this method g 
proof of tlie fonmila for d{^). It is merely interesting to EBi 
neatly it cornea out liy this method. (See Ex. 95, p. 63. ) 
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/I 2x \ 



dy_ a^\-s? - l-2x^-x * 



Another way of simplifying the process in this case would 
liavo boon to square both sides instead of taking logs. 

This would have given us 

■■■ ^y^y=- {l + x'^f — ^■ 

dy x(\ -2x^-3^ ). 
■'* ''-' dx~ {\ + ^f ' 

i value, the aamo result as 

These examples illustrate methods of preparing a function 
for differentiation. Other methods in special eases may, with 
experience, suggest themselves to the student. If no obvious 
simplification suggests itself, the function must be carefully 
differentiated in the ordinary way, as it stands. 

66. To _fi^d the diffei-enlial of log^x. 
Lot !' = log„K; 



. taking logs to b 
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dx 

■'■ ■'"-£■ 

where fc = log,a and T = logA 

In particular 

rf(log,„^)=,.- 
where t^^log^^e^-iU^HiS... . 

The student should look out the common log of 2-7182818,.., 
and verify to the first 6 or 7 figures that the above value of /i 
is correct, 

67. The quantity /i is called the modulus of common 
logarithms, being the multiplier which converts napierian 
logarithms into common logs, the equation being 
log^o^ = /ilog,K. 

The proof of this may be left as an exercise to the student. 
He might also prove the following theorem, which is the 
fundamental theorem connected ^^ntli the change of base of 
logarithms, viz., 

l„S.N=!a|, 
*■ log a ' 

where any base whatever may he used on the right-hand aide, 
provided the numerator and denominator are taken to the 
same base. In words the theorem is 

The log: of a number to any base = the Ids' of the 
number divided by the log of the base. 

EXAMPLES. 

[For RecapUulaiion o/fm-mulae, see Art. 76.] 
Find -^ in the following cases. All the logarithms are to base e. 
L y = logaina;, 2. J/ = tan-i^ + logV(l+^=), 
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EXAMPr,ES. 


3. !,-l08(i+l)-j|j. 




4. y=^^. 


5. j/.^logj,. 




6. i/-log(se.;=;-i-taii 


'•»-h1?S|. 




a ,^,.»-. 


9. logsf^atHin-r. 




10. logy^isma;. 


11. y-a:«-^. 




12. ;(=(3ma!)™'. 


13. y=twi=^+lo8(oosS^ 




14. ^^iK'Mogx. 


15. y^logaogE). 




16. y = Iog(e'+e-'^). 


17, From tha series for 


e deduce the series for e" and 


denotes ^{~l),i.c.i^= - 






18. Show that the series 


foct(«" 


fe-")iaequaltothBEB 



19, Show similarly that5-:(e*'-e'*') = sinaT. 

20, Deduce that oosx±ismx=e'^''. 
and that (oos3;±iaina!)"=oos)iiB±i8ii 

21, Differentiate both sides of the identity 



22, Expand logi(l-3;) a 



1+i 



i of a-, 



X and, by using 



23. By putting 35= J in the series tor log, . _ . find a 
and cvaluiite it to n few places of decimals. 

24. Prove by help of Ex. 20 that log,~tr 
the series for the left-hand side, deduce that 

Lt = tan ^ - 4 taii% + 1 tan'^a; - .... 
2B. If y = e% sliow that the equations de''=i^dx, and dy = yd{\og,y) 
are merely different forms of the same equation. 

26. Differentiate 7 — , and show that the differential coefficient 

becomes equal to that of xlogta; when 7i = 0. 

68. Compound interest property of exponential functions. 
The function a" may be described as a function which grows 
at a rate proportional to itself, {if a > 1), 
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For, if }.«■, 

where the mmicrical vahie of the constant t is 






logio' 

Antl the futifttion a"' is .a fvmetion which diminishes at a rate 
proportional to itself, since, if 



where h has the same value as aboi 
constant with the rate of growth o 
greater length in the next article. 

Note. — ^If a is leas than 1, the rate of growth of <f is 
negative, since k is then negative. In fact if is the same as 
h'", where h is equal to -, and is therefore greater than 1 if a 
is less. 

We may therefore say that (f is a function which grows or 
diminishes, always at a rate proportional to itself, according 
as a is greater or less than 1. In practice it is usually more 
convenient to take a greater than 1 and to make use of (f or 
or" according as we are dealing with an increasing or a 
decreasing function oix. 

(It may be noted that if a series of values of if are calculated 
for values of % forming an arithmetical progression, such as 
ic=l, 2, 3, ,.., the values of a' form a geometncal progression.) 

There are many such quantities in nature. 

For example, other things being equal, the population of 
a country tends to grow at a rate proportional to itself. 

Again, a hot body cools at a rate proportional to its excess 
of temperature above that of surrounding bodies. Also a 
cistern leaks at a rate proportional to its fulness ; and a 
reservoir of compressed air at a rate proportional to the excess 
of pressure inside it over the external pressure. 
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And a debt subject to compoTind interest grows at a rate 
proportional to itself. This is an artificial growth, by jerka 
aa it were, tho interest being added to the principal at finite 
intervals of time, instead of continuously as in natural growths. 
But the nature of the growth is similar in the case of all such 
quantities, whence we may call them all compound interest 
functions. 

Various problems arise in connection with such functions. 
We will niustrate some of them by examples. 

Example. A cup of tea whoae temperature 5 iiiinutea ago was 100° 
above that of aurrotmdiog objecta, is now 80° above them. Find what 
its temperature will be in another half-hour, assuming it falls by the 
compound interest law. 

Let T be the excess temperature, in degrees, ( minnt-es from the time 
when T was 100. 

Then T = 100is"', where o is a constant to be determined fixun the 
equation 80 = I00i»-', since T = 80 when ' = 5 Hence a'^^S. 

We then ha^e to find T when ( = 35 

The required equation is T = I00c( ^wheren '^S; ,-. T=I00(-8)', 
Working this by iogacithms, or by actual multiplication, we obtain 
1 — 21 nearly; i.e. the temperature will be 21 above surrounding 
objects in another half hour. 

It will be noticed that logT, which equals log 100 -i log a, 
diminishes at a uniform rate, viz, the amount log a per minute, 
since T = 100a~', and therefore log T = log 100 -i log a. This 
fact is connected with an important property of compound 
interest functions, viz. that their pm-eeniage rat^ of increase or 
decrease is constant. This we know is the case with money 
compound interest. We will prove it generally, and also show 
how to calculate it. 

69. Constant proportional growth of exponential functions. 
Logarithmic increment or decrement. 

Let us suppose that y = a^ where a may he considered as 
known, or at any rate knowable by means of data supplied by 
experiment as in the case of the 5 minutes observation of 
the temperature of the tea in last example. 



a = hj, say, where k = \<. 



dy . 

1 -f- \^ 

ax 
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and - ■ -~ IB its rate of increase, per unit of t/, per unit 
increase of x, i.e. ia its proportional rate of growth ; 

and y- is its percentage rate of growth ; i.e., 

it is the percentage rate of increase of y, per unit increase of x. 



To illustrate our meaning more clearly, suppose ^ to be a sum o 
money growing continuously hy compound interest, and that iK is si 
many years from the commencement of the growth. 

Then -p is the actual rate of growth psr annum of the whole of y, 
- ^ is the rate of interest per £1 per annum, 
and ^ ^ is the rate of interest per £100 per annum. 

er annum, correspond 

latter quantities a 
grows year by year as y gets larger, It ia with the two constant quan- 
tities that we have to deal. 

The expression -,- is the rate of increase per unit of y, 

and 100 times this is the rate of increase per cent. This 
laat is what we are most used to, but it is more or less 
artificial, as why should we reckon rate per cent,, rather 
than rate per thousand, or rate per unit? It is in reality 
merely a numerical convenience, since the rate per unit ia 
generally a small fraction. Of course we do reckon in all three 
ways as a matter of fact. We talk of 5 %, but the same rate 
is often spoken of as Is. in the £, and growth of population is 
generally reckoned, not per 100, but per 1000, We must 
consider the rate per unit as the natural mode of reckoning 
rate, and the rates per 100 or per 1000, or per any other 
number, as merely convenient practical ways of stating the 
result. 

We have now to prove that when y = a'', i.e. when y is an 
exponential or compound interest function, the expression 

- J-, which is its proportional rate of increase, is constant. 



y dx' 



This follows at once from the equation ■^ = hj, which shows 



dy_ 
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that this proportional rate is given by the vahie of the constant 
quantity k, wliich = Iogjffi. 

Hence log,ffl = th6 rate per urdt of y, per uiiit increase of ^, 
and 100 log^ft is the percentage rate of increase of y. 

It is interesting to note that - ^- = D loge^. 

Hence Ic, or log^a, =Dlog,y. 

For this reason h, or log.ti, is often called the logarithmic 
increment of a*. The percentage rate of increase is then 100 
times the logarithmic increment. 

If we choose to put ft^ in the form of c*', which we may 
do, since «=e', our equation becomes y = ^'', and the log- 
arithmic increment is explicitly shown by this mode of writing 
the equation. 

Similarly, fy *" f sailed the ga n decremeni, 

and 100k is he pe centage ate of rf m nw n of per unit 
increase of x 

Example. D te mm t d m 11 the cane 

of the cup of 

The equati g T h :s T 00 *', where 

t=log5a = the I, m n e( d 

To evaluat i » h eqna no 8 h =-o- = l '25, 

i.e.e^=l-25. 

Henoe, tekuio loganthms, I logicl ^ . 5ii., nhtie (j. lo|,jt^ := '4343, 
and -=2'3026. 

We ahall find k to Kiifficieut tuicuraay by taking ^Iog]5l'25=0'02, and 
-=2'3, which makes t=-046, and 100I; = 4-6. 

Therefore the fall of temperature ia 4-6 per cent, per minute. 

The equation for T may be put in the form 
T=100e-'»=', 
if it is desired to show the value of h explicitly. 

70. In the case of money compound interest, we must 
remember that it is not in practice reckoned continuously, but 
at intervals, and therefore the above theorems as to rate of 
interest do not apply without modification. 

For example at 5 % compound interest, reckoned annually, 
the amount in n years is P(l + ^\)", if Pis the original sum. 
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whereas the eontinuous compound intorest method would give 
the amount as P . e'^^, which would be too great. If the 
accretions of interest were made half-yearly, or quarterly, or 
at still shorter intervals, the amount would approach more 

closely to the limit Pe^ and on the contrary, if the accretions 
were made biennially or at longer intervale, the amount would 
approach more nearly to the simple interest limit, viz. ; 

It will always tie between those two limits. 

71. If k is the rate of interest per £ per annum, the amount 
realized per £ in n years is (1 + k}" if interest is reckoned 

annually, and is (l4- — j if interest is reckoned m times a 

year at equal intervals. If m is infinite this becomes e*", i.e., 

the limiting value of ( 1 + - j when m is infinite is e*", and 

therefore the limiting value of (l+- ) is e; or, to put it 
more simply, { 1 + - ) becomes equal to e when ^ = co , where 

p is put for J which becomes infinite when m does. 

This is sometimes taken as the definition of e. 

Ifweespand (1+-) by the binomial theorem, we shall 

find that when p is infinite, it gives the series already found 
for e. Thus 

*'+1.2* 1.2.3 * • 

which, when y = m , becomes = 1 + 1 + — ^ -i- + , . . , which 

is the aerie, for «. ''' '•"■" 
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72, Gradient of the mrve y = y^'". 

The gradient is the value of -j- at each point, which is equal 

to hf^e"", = hy. 

To draw the tangent at any point P, whose ordinate is P>f, 

measure from N a length NN' = -. to the left along the axis of x, 

1 
then PH'is the tangent at P. ForPN4-NN' = «/-j--T=%, which 

is the required gradient. The length NN' intercepted on the 
axis of iE between the ordinate and the tangent is called the 
subtangent. It is constant and equal to the reciprocal of k 
in these compound interest curves.* 

The easiest way to obtain a rough drawing of the curve is 
to measure off lengths ONj, NjN^, ... each = l7A along the axis 
of K, and to draw the ordinates P|>0, PjNj, PjN3...=Jo,yj, y^-'-i 
where y^, i/g ... equal eyj,, e^y„ ... respectively, as is at once seen 
by putting a:= 1/fc, 2/& ... in the given equation. The tangents 
at Py Pj ... will be P,0, PgN^, .,.. 

The following curve is for 3/0 = 5, and ^ = 77x1 i.e. t=20. 



^f^tp 


nil; 


wm 


l|p; 




] 




->-4-- 


^^#Nj,ri^ 





[3 much wanted for this reeiprooaJ of h. It might be called 
nstant, aa ifc is meaaureci along the base line. When x 
, it is called the tim^-comlant. 
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The subjoined table will facilitate the drawing in all such 



e= 2'73 
!5= 7-39 
33=20-08 
5* = 54-60 



^-^=■135 
e-s=-050 
e-* = -018 



The student might draw the docreasing curve given by tho 
equatioT! ^ 

)/ = 100e"5"a 

in the same way. The successive ordinatca will be each - of 

the preceding one, and the tangents will be P(|Kj, PiN^, .-■ . 

73. If many ordinates are wanted, and particularly if the 
equation is given in the form y=yiP'-'', it is probably best to 
use a table of logarithms, and to work with the equation 
log,ny = logjflyg±A3;, where A = logn,a. K it is also desired 
to draw any of the tangents, the value of the subtangent 

r can be rejidily found, being equal to £. If it is remembered 

that this is the reciprocal of the logarithmic increment or 
logarithmic decrement as the case may be, and that 100 times 
this increment or decrement gives the percentage rise or fall 
of y per unit increase of x, we have the whole theory and 
practice of these functions, 

74. We will finish with another example. 
) we want to build a wall or embankment with 



cross-sections so arranged that the pressure per square foot 
at any part due to the weight of the wall above that part 
shall nofc exceed a certain limit. The pressure cannot be 
everywhere the same, because at the top of the wall the 
pressure is nothing. There must be an increasing pressure 
from the top down to some point, and then below this the 
pressure per square foot can be constant. We must therefore 
make the condition that the pressure per square foot at a 
certain point some distance below the top shall not be any- 
where exceeded. We will suppose the wall to be vertical on 
one side and battered on the other. 
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Let the pressure at H in the figure =f tons per square foot, 
and let it be required that the pressure per square foot at any 
distance % below H shall be the same as at H. Let the 
material used weigh w tons per cubic foot. Let y feet be the 
thickness of the wall at this depth (at the point P). Then 
the weight resting on a horizontal section at p, y feet 
across x 1 along, will, on our supposition, he fy tons. Now 
take a horizontal section 1 foot along and y-Vdy feet across 




at a depth d% below P. The weight resting on this will he 
greater than the weight on the P section by the weight of 
a slab y feet across, 1 foot along, and rfa; feet deep, i.i. con- 
taining yM cubic feet (omitting infinitesimals of the second 
order). The increase of weight is therefore mjAx tons, and 
the total weight = (y,)/ + *''J"^) toii^- But the area of the 
section is now y-Vdy sq. feet, and as the pressure per sq. foot 
is still to be=i', the weight supported mss&t=^{y-\-dy) tons. 
Hence 

.'. w)fdx=pdi/; 

dy w 

ax p^ 
.■. the thickness y of the wall follows the compound interest 
law, since its logarithmic increment is constant. 
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Let —~k, then --r- = ky, and y = i/i^e'", where j/^ is the 

thicltness at H. 

We can put this result in a simpler form if we suppose tlie 

wail above H to he of uniform thicltness. Let A feet be the 

height OH of this part. Then the weight per square foot 

resting on the horizontal section at H is evidently hw. Hence 

Am-' =y ; 

■ ■■ y = Voe^- 

If, then we take points K^, Hg, ... below H, such that 
HHi = HjH2= ... =h, the thickness at these points will be (s^j,, 
e^o, ... and the tangents to the battered slope of the wall 
at th^e levels \vill pass through the points H, Hj ..., and, 
similarly, the tangent at the level of H will pass through 0. 

If we wish to obtain intermediate thicknesses by calculation, 

the easiest plan is to calculate e», or rather its logj^, and then 
to calculate the values of y from the equation 

log,o|/ = logioy„ + Aa!, when A = logioe^ = ^. 

Suppose, foA' example ^5 = !, and ft= 10 (measured in feet), 

^ -^343 „,„., 



andlogioJ(=-04343jv 

If this wall is 30 feet high, i.e. extends 20 feet below H, the 
thickness at the base will be 7'4 feet. If it extends 30 fe«t 
below H, its base must be 20 feet across. 

If the wall is battered on both sides, the widths at the 
various levels will be just the same as in the case considered. 
For the width depends on the superincumbent weight, and not 
on the relative amounts of batter. 

Note. — If the upper part OH of the wall is not of uniform 
thickness, the easiest plan wOl be to take as A, not its height, 
but the height of an equivalent weight of wall that is of 
uniform thickness equal to the thickness at H. The equations 
will then hold without modification. 
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75. The ftmction ^"'"sin{63; + fi). 

This function is an oscillating function with decreasing 
amplitude. It is connected with such problems as the extent 
of swing of a pendulum which is set swinging in a resisting 
medium and left to come gradually to rest. It is important 
also in connection with many electrical problems. 

The student should draw the graph of this function for 
different vftluea of a, b and c. (See examples Nos. 9-13, p. 75), 

The function crosses the zero line (;/ = 0) when 63; + = 0, 
IT, 2ir, .... Ita graph oscillates between the curves p = e~°' and 
j/=-e"", touching them alternately when bs: + c = ^ir, fir, 

Its gradient = e~"'[h cos{fc + c)--a sin(te + e)] 
— - Ja^ + 6^ e~'"sin (bx + c- a), 
where tanoi=-. 
Its gradient is therefore zero when bx + c = a,a + -!r, a + 27r, . . . , 

76. Recapitulation. 



adx. 



where 
whence 



^^l+X+j 



2 1.3.3 



= 1 + 1 + 



1.2.3 
= 2'71 8281828.... 
Iogjo^==/i=0-43429i48..., 

and loff.lO = - = 2-30258509... . 

6 is also the limit of ( I + - j when p = <c, 

which is the same as the limit of (1 +/i)''whon ^ = 0. 

The limit of ^-^ is l,when/t = 0; 



and the limit of - 



-1 . 



^,«, when h = 0. 
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— , often used in the form 
du = ud log,M, where u is any function of x. 
1 . — ; and, in particular, (^ lognjJ: = /i — ■ 



, -; — i rvo, and - -^=±k, 
dx ■" y ax 

i.e. y grows or diminishes at a rate proportional to itself i.e. 
by the law of compound interest ; and lOOfc is the constant 
rate per cent, at which it grows or diminishes, h being called 
the logarithmic increment or decrement of the function. 

The curve has the constant aubtangent -r. 

Corresponding to the values x = G,t, t, ... the values of y 

sx^y^ 6y^, e^y^, ... or y^ —, ^, ... according to whether y is 

increasing or decreasing, and these values, with the gradients 
at the points, will often suffice for a rough drawing. 

If we require intermediate values of y, the working equation 
is logn,;/ = Iogio|/o ± A^ where A = ,ik = hgj^a. 

EXAMPLES. 

1, E\] lud. ('+ j by the Binomial theorem, and by patting p=QO 
in the result deduce the series for e". Show that ( 1 + - ) has the aame 
limiting, \ al le 

2. Differontiftti, j 1 +- ) , and deduce the fact that ili' = €'dx. 

3. If the population of a county doubles itself in 100 years, find its 
rate ot growth per 1000 per annum, aeBuming it constant. It the 
popuHtion la a million at the beginning of the centuiy, find what it 
will he in 20 60 and 80 years respectively from the beginning. 

4, SuppoBing that if a oahle ia coiled once round a post a pull on it 
equal to 60 lbs. weight will balance a resistance of 500 lbs. weight, find 
what resistance osji be balanced by the same pull if the rope is coiled 
three times round, supposing that the rope ia strong enough, and tliat 
the advantage of the greater mimber of turns increases hy the compound 
interest law. 
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5. In the last question find the equation oonneotine the puE and 
resistance in the form fl = P.(t», where 6 ia measured (ij in whole 
revolutions, (2) in radians, (3) in degrees. 

6. Find the ratio of fl to P (1) if a half-turu ia taken, (2) if only a 
quarter-turn is taken. 

7. Find the equation in the form R= Pe^S when 8 ie in radians. 

8. Calculate the thickness at the base of a wall 50 feet high if the 
top 20 feet have a uniform batter, the thicknras of this part increasing 
from 1 foot at the top to 2 feet at the bottom, and the lower part of the 
wall being so built that the intensity of pressure at every part of it is 
the same. 

Examples of e~'^smbx : 
9, Draw the cucve^ = e-t«sinirK. 
10. Draw the curve y=e-l*s!n2jra;. 



13. Draw the curve y^e-i'sinJATrKl. 

[In the curves 9.13 find specially where the curves touch the guiding 
curves y= ±e-^, which should be drawn first ; also where they cut the 
zero Line, and at what angles ; also where their gradients are zero.] 

Further compound interest problems ; 

14. A pane of glass destroys or obliterates 5 per cent, of the light 
falling upon it ; how much light gets through 20 such panes one behmd 
the other, assuming that they all act in the same way ? 

15. In a certain rarefied gas one per cent, of the molecules which 
start in any given direction are deflected by collision with others after 
travelling a millimetre ; how many are able to travel a centimetre 
without collision ? 

16. An electric current left to die out in a certain circuit drops to 
- of its value in i^- of a second ; how long will it take to drop to a 
millionth of its value, assuming that it decreases at a rate proportional 
to iteelf ? 

17. A current left to itself in a very massive conductor diminishes 
only ten per cent, in five seconds : how soon will it become imper- 
ceptible on a galvanometer which can detect a billionth part (10"^^) of 
the initial current ! 

18. A current ia started in the same conductor ; find how soon it will 
rise to within one -thousandth part of its full value, assuming that it 
rises at a rate proportional to its defect from the maximum ? Find the 
time-constant of this conductor, and draw the curves of rise and fall of 
the current. 
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CHAPTER V. 
HYPERBOLIC FUNCTIONS. 

77. There have come into use of late years certain functions 
of e whose properties are very similar in many respects to 
those of the circular functions. They are connected with a 
rectangular hyperbola very much in the same way as the 
circuit functions are connected with the circle — hence their 
name. We shall however here simply give their definitions 
and more important properties without reference to their 
hyperbolic connection. 

The most important of these are 

(1) \{^ + e~') which ia called the hyperbolic cosine of x, 

or briefly, cosh x, or ch x, and 

(2) ^ (e" - e~% called the hyperbolic sine of x, or sinh x, 



Besides these there are tanh; 



; ( = — r— li and its reciprocal 
\ cosh xj '■ 



cotb X ; and sech x, which is the reciprocal o 
cosech X, which is the reciprocal of sinh x. 

78. Since e'=\ + x + ^ + y^-^ + ... 

and, therefore, e"'^l-x + - — - - ^— ^ ■-;{+... 
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it follows that eosli3;=l + j^ — q + , ^ , , + -.. 

and ^^"^^-^ + 1-7273 + 1. a.3.4.5 +-'' 

expaosioiis very similar to those of cos a; and sins, except 
that all the terms are positive instead of being alternately 
+ and - . 

79. The student can, from the definitions of Art. 77, very 
readily prove the following properties, and should compare 
and contrast them with the corresponding properties of the 
circular functions. 

(1) (f cosh a = sinh a; tfe. 

(2) (fsinhx^coshst^ic 

(3) cosh%-sinh23;=l. 

(4) cosh^a: + sinh^a; = eoah 2x. 

(5) 3ainli3;coshK=sinh2iB. ■ 

(6 ) d tanh x = sech% dx. 

(7 ) d coth iB = - coaech% dx. 

(8) rfsech3;= -mchxis.'ah.xdx, 

(9) (?cosccha;= -cosechfl^coth^ffe 
(!0) taiih% + sech%=l. 

(11) coth^-eoBech%=l. 
And last, but by no means least, 

(12) x = log J (cosh X + sinh a;). 

The 3rd and 1 2th formulae give rise to the inverse formulae ; 
/ proved by putting 
I X— sinh Tt, 

(13) sinh"l^ = log,[^ + ^(!K^ + ])] I whence 
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proved by pHtting 
(14) C^sh-^X = l0g,[x + J(f-l)]{ whence 



(15) tanh-i 



The most important of these fortmilae are those relating to 
coshK and ainhai, viz. (1) to (5), and (13), together with the 
two inverse formulae (13) and (14). 

The student should draw the graphs of cosh x ^nd sinh x, 
which he can readily do by means of the little table on 
p. 70. The curve !/ = cosha! is the shape of a uniform chain 
hanging between two supports, and is therefore of special 
interest. It is called the common catenary, or, briefly, the 
catenary. 

80. Formula (3), riz. cosh% - sinli^ffi -- 1 , is of great import- 
ance in many ways. It is similar in foim to the identity 

see^e'-tan«S = l, 

and therefore we are able to make use of a comparative table 
of secants and tangents if we wish to find sinh a: when we 
know cosh x, or vice versa. 
Moreover, if we equate cosh x to sec 6, and so make 





sinh ffi = tan e. 


it follows that 








also 


coth!C = eos6ei 




eechic = cos^, 


and 


cosecha;=cotft 
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Hence the relations are : 

sin I cosec 6 i tan $ [ cot tf I sec 9 | cob 6 

tanh X I coth x \ sinh x \ cosech x \ cosh x \ sech x 

which are perhaps best put in the following three groups ; 

sin I tan S I sec $ I cos S 11 cosec 8 \ cot 6 li 

tanhK I sinliifi P coshis | secha |! eothii; | cosech x|| 

Of these the quantities in the third group are merely the 
reciprocals of those in the first, while those in the second 
group are mutually reciprocal. 

81. The function X(0). 

From formula (12) we see that if cosh;r = seeS, and 
ainh x = tan 6, the value of x itself is given by the equation 

!B = log,(3ec& + tan6). 

This is a most important function of 6. It comes into ^-ery 
many formulae in mechanics and other applications of mathe- 
matics. In particular the spacing of the parallels of latitude 
in Mercatora projection is connected with this function, 
their distancea from tho equator being given by the equation 

^ = alogj(seeff + tan6) 

for different values of the latitude^, a being the constant 
which is used in spacing the lines of longitude from the zero 
meridian by the equation X'=a<p for different values of tha 
longitude i^. 

The importance of this fiinction has led certain French 
writers to give it a special name. They call it lambda (6), 
writing it \{$). 

We may therefore state the connection between x and 6 
by saying that if a; = A(^), then cosh « = see f, sinh a; = tan 6, 
etc. 9 is aometimes called the gudermannian of x, from 
Gudennann, who first systematically studied these ftinctions, 
but the name is not very important, as we generally think of x 
as a function of 8 rather than 6 as a function of ar. 
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82. Calcwlatim of \(&). 

It is easy to prove that see 9 + tan 6 = tan{45° + ^' 



Henc6 >.($) = log, tan(45° + ^ff) 

= -log,ntan(45' + i^), 
where -^- = 2'302585. 

Therefore, to calculate X(d), look out logm taii(45° + ^$) and 
multiply it by -, which can readily be done by logarithms, or 

by help of a multiplication table provided for the purpose in 
most boobs of tables. [For a short table of values of A(6) 
see p. 82.] 

We have, then, to remember that 

k(e) = log,(soc ^ + tan (9) = log,tan(45° + ^0). 

83. The differential of X{e). 

, ..„. _ (f(sec B + tan B) _ (sec g tan ^ + %tf?&)AB 
^ '~ sec y + tan 9 " """ sec £< + tan f 



84. The curve y = A{^ mil be found instructive. It has real 
and imaginary regions, being real when cos 9 is positive and 
imaginary when cos B is negative. 



The numerator of this is always positive ; therefore the 
fraction is + or - according as cos p is + or - . There ia 
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81 



no real logaritlim of a negative quantity; hence A(9) is real 
when cos^ is poaitive, and only then, that is, when 6 is 
between -90° and +90° or between n360°-90° and 
n36O° + 90''. Hence we need only draw the graph between 
(9= -90° and +90°, as the graph for other values of will 
be merely a repetition of this part. 

To draw the graph for negative values of &, we should 
notice that 

\{-6)=-Me). 



For 



A(-f<)-log„(secfl-tane) 
A(^) = log,{sec9 + tane); 
, A(-(^) + A(e) = log,(sec2(9^tan2e) 
-log,l-0. 



ll#if i 


4^4^-U4 I[ L / 




'''-P'4t 1 /" 


:::-i'^^|l |l \/ 


'-'^^^",\ x^\ - 


I- ^ \\\^^ 1 


icStef 


:--"^*^: ^1^ 


----l-^-^--W^^-% 


----it^- -%ii — : -:■ 


-j=;^ ■ -^^\ 





If we then first dl<i^^ the graph fr>m to 90°, by help ot 
the table, it is ea^j to dnw the p-iit fion to -90°, as it is 
merely the formei put levei'Jcd m direction (&ee figure.) 
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0'1224S 
0-14008 
0-15773 



0-21681 
0-26*84 
0-28295 
0-30116 
0-31946 
0-33786 



0-47021 
0-48872 



0-569S6 
0-59003 
0-61073 
0-63166 
0-85284 
0-67428 



0-78586 
0-80917 
0-83284 



0-93163 
0-95747 
0-93381 



1-21667 
1-24916 
1-28257 



2-09732 
2-17212 



2-54900 
2-66031 
2-79422 
2-94870 
3-13130 
3-35467 
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EXAMPLES. 

Differentiate the following functions : 

1, oosliKcos.T + sinhicsinaT, 2, uuaharsina^ + sinha^eoaic, 

3. logooshii;. 4. siii-'(tiiiihic) + tau-'(sinhx). 

5, If ia the gradient angle at any point of the curve j/^coslia;, 
sliow that y = Bec^ and x=\{<]/). 

6, Prove that 2c08h%=oo8h23:4-l 
and 2siiih%=ooah2»;- 1. 

7, Prove that 4eosh%=cosh3a;+3eo3ha:. 

8. Prove that 4ainh'a;=ainh S^-Sainh jr. 

9. Show that differentiating the identity of Ex. 7 will give us the 
identity oi Ex. 8, and via: versa. 

MISCELLANEOUS EXAMPLES. 

Find an expression for -^ in the following five examples : 

1, a^2-a:j( + 2,v^-2»3f--6ay + 7a2=0. 2, ^=tan-'K + 4Iog j™. 
3. y=mn(«»logiE).V{l-(loga.)=}. 4. tt = e-'^co^Sx. 

R Tf g'^ 

find du (1) if p is variable, and q and r are constants ; 

(2) if q is variable, and p and r are constants ; 

(3) if r is variable, and p and q are constants. 
[Probably at first it will be found easier to substitute x for the 

variable, and then replace the proper variable after differentiating, ] 

7. If in the last question we denote the respective difTerential eo- 
efficianta by -j- , -j- , and -j- respectively, find the value of 

du dtt dii 
dp dq ' dr' 

8, If i-5uoE=e = ii^o92fl, find % 

(1 + 3:)i ^^ 

10. If ^=<((e-8infl), andy=o(l-co9e), find ^. 

H, If y- _7,|i T *'"*' j^ when z is constant, and find -^ when a! 
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CHAPTER VT. 

APPROXIMATE DETEHMINATTOX OF THE ROOTS 
OF EQUATIONS, 

85. General methods of approximating to the roots of 
ecLtiations containing one unknown quantity. 

In solving a mathematieal problem it is often necessiiry to 
find the value or values of an unknown quantity which will 
satisfy some equation. This is called "finding the root or 
roots of the equation," or " solving the equation." The student 
has doubtless often done this work in connection with simple 
and quadratic equations in one unknown quantity. The 
object of this chapter is to give methods by which the roots 
of any equation in one unknown quantity can be readily found, 
either accurately or approximately. Since all the terms of an 
equation can, if desired, be put on the left-hand side of the 
sign of equality, with zero on the right-hand side, the general 
type of such equations is f(x) = 0, where f{x) denotes some 
ftnction of x. In the case of algebraic equations, it is some- 
times possible to split /(a) into factors ; in such case the 
roots are easily found. Thus, if ic^ - Sa; -n 2 = 0, we see that 
(x--2)(x-l) = 0, .-. the roots are x = 2 and x = l. This may 
be called "solution by factorization." This method is only 
possible in simple cases, and can very seldom be used in 
solving equations of higher degree than quadratics, and only 
occasionally even in quadratics. The general method of 
solving quadratics is, however, well known. 

The methods which will he suggested in this chapter are 
applicable to eqijations of any degree, and to transcendental 
as well as to algebraic equations. 
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S5 



These methods may be divided into two main classes, namely, 
graphic and bt/ calciuation. These two methods can be made 
to mutually help each other, and the graphic method will 
certainly help flie student to understand the method by 
calculation. My object will be, not to attempt iu any way 
an exhaustive treatment of the subject, but merely to ^ve 
ordinary methods which will be applicable to any equation, 
I shall assume in the graphic work that the student is able to 
obtain squared paper to facilitate plotting. 

86. Graphic method — First approximation. 

Every equation in x can be put into the form /(») = 0. If 
then we plot the curve y=f{x), and find where this curve cuts 
the axis of a;, we shall have found the roots of the equation. 
In general we shall not be able to find the roots exactly, but 
we shall be able to find two near values of z between which 
a root lies. We shall show how to get nearer and nearer 
approximations to the lOOt, till any desired accuracy has been 
obtained. 

Example. Find the roots of tie etiuation .■c«-*c=- 113^ + 32 = 0. To 
plot the curve y=/{x) we ahall fiud the values of y for different values 
of X, aiid to enaure correct drawing at points near to the axis of if, 
we will also calculate the gradient at such points. The gradient is 
given by tie equation ia,ti^-/'{x)=S!c'^-Sx- 11. 
Positive values of x, 



.c 


. 


tan^ 


PoinU 




1 


+ 32 
+ 18 






\t 


+ 2 


-15 




-10 






It 


-12 


+ 5 


ft 


+ 3 


+ -M 


" 



Negative * 


aluesof:.. 


.. 


V 


t.,„ 


PMnt. 





+ 32 






^1 










+ 30 






{:l 


+ 2 


+ 40 


E 


-52 


■169 


'L 



p rs;'4^'„"7ei^ 



This shows that there is a root between 2 and 3, but Jiearer 
2 than 3; because S'= +3 when x^'i, and )/= -10 when x = S, 
whence y must = somewhere between. 

Similarly there is a root between i and 5, but nearer to 5 
than 4; and another root between -3 and -4, but much 
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nearer to - 3 than to - i. If we draw the parts of the c\irve 
to scale in tho neighbourhood of the above points, we shall he 
able to judge roughly the values of the roots. In the diagram 
the av-scale is i inch to a unit «knd the y-seale is J-y inch to a 
unit. The curve s d a v through A B D and E by help 
of the grad e t al es al lated the tble a d the roots 
are approx raate 11 een 4 t> and 5'0, 

and between 3 1 




87. Further approximation, by calculation and graphically. 
It will be noticed that in each of the above cases tho curve 
and the tangent are exceedingly close together as they cross the 
zero line. If we take the point where the tangent crosses as 
being sufficiently near the true point, we can readily do the 
calculation. Take, for example, the root between A, B. Let 
the tangent at A out the axis in P ; the ordinate AL is = 2, and 
the gradient of Apia tan 1^, = - 15. Hence LP = -ALcot^=^JE; 

.-. the length of OP = OL - AL cot ^j = 2 + j-^^, i.e. 3-13 .... 
Similarly the other positive root 

= OQ = OM - DM cot <j,^ = 5--^\ = 4'92, 
and the negative root= -3--^= -305. 

If these values are not accurate enough for the purpCBO we 
need, we can further approximate by using a larger scale 
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figure (working at each root separately), or by calculation, or 
both ways ; this indeed being the boat. 

(1) Talte the root near OP. 

When 3; = 2'13, /(;!;)= +0'085997, /(^)=-U-43; 
and when (b=2-14, /(a;}= -0'05805r., /{»)=-U-38; 
90 that we have approximately the points 

a, (2-13, 0-086) 
and li, (2-li, - 0-058). 



The curve between these points will be 
so nearly straight, that we may take the 
crossing point of the chord ci/3 as near enough 
to the true point. This gives, graphically, 
2*1360 for the root. 

To check this by calculation by means of the tangent at a ; 
the gradient at a is - 14'43 : 

.....2.13+?5|^??-2.13596; 

or we might have taken the gradient at jS, which is - 14-38, 

. „,. 0-0580S6 ..,„,„.„ 
whence (K = 2-14 ^r^^^r^ — 2-135963. 

If we had taken the gradient of the chord afi, which is 
14'4053, or say, 14-4, we should have calculated 

iB=2-135!)7. 

Now it is evident that the true value bos between that given 
by the best tangent value and that given by the chord, so that 
the true value of x lies between 2-135963 and 2-135970. I 
have gone into the work in great detaO in this case to 
emphasize the fact that when we have two points very near 
together, the curve and its chord are nearly coincident, and 
the chord may be substituted for the curve. This simplifica- 
tion is often of great use. Another point to notice is that we 
need not calculate the gradient to very many figures. 
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.-. the root = -3-05 + 



88 DIFFEBENTIAL CALCULUS. [oiiAr. vi. 

(2) Take the ix>ot near OQ. 

When K=4-92, /(;«)= +0-149888(3), 

andwiien a!=4-91, /(a;)= - 0'071629 (y), 

and the gradient of the chord yS is 23-16. The gradient of 
the tangent at y is 22'04, or say 22 ; 

.-. a: ia between 4-913238 and 4-913256. 
The tangent is likely to give a better result thau the chord, 
so we may put 

«= 4-91325. 

The diagram is left to the student, 

(3) The negative root is about - 3-05. 

When x= -3-05, /(»)- -0'032625, and f {£) = il-'^ ; 
, 0-03262_5 
" 41 'S" ' 
= -3'05 + 0-00079 
= - 3'04921. 

The three roots should add up to 4, which is the cocfBcient 
of - x^ in the equation. We may therefore take them as 

2-13&96'| 

4-9133S I the sum of "vv-hich is 4. 
and -3-0492lJ 

These roots have been calculated to excessive mirmtenesa 
to Olustrato the method. In practice much less accuracy is 
needed, and the roots would therefore be obtained more 
speedily and with less trouble. For instance, 2-136, 4-913, 
and — 3-049 would be ample accuracy in most cases. 

In the work of approximation the diagram would sbow at 
once whether the correction was to be positive or negative, 
but it will be well \a work out a formula which will enable us 
to work correctly, if desired, without a diagram. 

Suppose that a is the first approximate value of x and that 
h is the correction, and that we have calculated /(a) and f\a). 
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Then /{,n-A) = 

and /(« + A)-/{a)=-/(a); 

but f{a + K) -f{a) is, when k is small, the differential of /(a), 
and therefore =A/'(a), if we retain only the first power of h. 
(h is the same thing as dx, being a small increment of x). 

■■•*/(•)--/(«); 

.-. the root is «-^;V-v- 

If WG think of the formula from the geometrical point of 
view in connection with a diagram, if we denote che ordinate 
f(a) by y, and the gradient /'(») by tani/., the root is 

a - y cot <^. 
If we use the chord joining two points whose abscissae are 
a and b, the gradient of the chord is 

m-m 

b-a ' 
and the approximate root is 



tx/(«) 



om-tfi") 



provided /(a) and J{b) are small and of opposite sign. 

88. The two modes of approximating may be called the 
'tangent' method and the 'chord' method. Both depend for 
their success on the change of direction not being very rapid 
near the crossing point. 

More accurate approximation formulae could be devised, 
taking the curvature of the curve into account, and their 
investigation is interesting ; but if we make good use of the 
graphic method of approximation we can always obtain a first 
approximation to the root good enough to insure h being 
small, or the change of curvature between two points on 
either side of the crossing point being small. We may, there- 
fore, be content with the methods already given. 
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Let us take another example. Find the angle whose circular 
measure is eqiial to its cosine. 
Let ic be the circular measure of the angle ; the equation 

By help of the tables we can find two values of x so near 
together, on either side of the required value, that the chord 
of the curve y =/(»;) may be taken for the curve itself, 
42° 20' 43° 21' 



0-7388561 
0-7392394 



0-7391469 
0-7390435 



-0-O0038'!'? (\) r- COST- +0-0001034 (B) 




The diagram shows that the required angle is about 
42* 20" 47". Calculating OP from the figure, we have 



y Google 



53.] SOLUTION OF EQUATIONS. 



91 



89. Special graphic representation of tlie roots of quadratic 

equations. These equations can be so simply solved in surd 
form by the ordinary method that a graphic method is not of 
much use, and I only introduce the following method because 
of its extreme simplicity. 

Let the equation hex^~bx-i-c = 0. 

We could of course draw the curve i/=x^-bx + c, and find 
where it cuts the a^axis. But the method now to be explained 
is simpler for securing the first approximation to the roots, 
and the general method can then be used for the iinal approxi- 
mation to each root. 

Draw, as shown in the diagi-im, 

0A = 1, OB = 5 and BC = (, 
the three coefficients bem^ supposed positi\ e in the iigure. 
If b or c are negative thej must be meisurid m opposite 
directions to those show n 




The angles at and B ire ii^ht ui^les 

Join AC, and on it as dianiotci desciibe i tuflp cutting OB 
in P and Q. 

Then OP and OQ are theiootsof the eijuation ihis will bo 
demonstrated if we can show thdt Op + OQ = b, and OP OQ = c. 

Now, if OA cuts the urcle again in C , it la obvious that 
OC' = BC = ';; alsoOP = QB; 

.-. (1) OP4-OQ = OQ + QB = 6, 

(2) OP . OQ = OA . OC = c, since OA = 1 ; 
.■. OP and OQ are the roots. In the iigure they are both 
positive, being measured to the right of O. If in any diagram 
either of them is to the left of 0, that root i 
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Example 1. Take, as an example, K=-7a; + 4 = 0. 
Thci roota are about 06 ( + ) and 6-4 ( - ). (See figure.) 
For further approximation, if daaired, 



ind, when [c = l!'4, 






by the method 



This makes ^j ^■.^•J = 7 as it should. The product is 3'9993 
nearly the correct vsilue 4. 

If we are not satisfied with these values we c; . 

suggested in Ex. 2, thus obtaining iCi = 0-6277 and iC3=6-3723. 

The student may usefully notice that the curve y=x^-lx + c 
(not shown in the diagram) goes through the points C, C in 
the figure, and has the gradients ± & at these points, so that 
the tangent at is perpendicular to AB. The curve goes, of 
course, also through the points P and Q. 
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■ = ft 


fe 
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j: 
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and similarly in t}ic 



•■. i=-V,i 
ase of 4'4, where h— +-^ 
. the roots iii'e -0'45ancl 
roots is 4, as it should b« 



The. 






ice the second term in 

further is to note that 

- 2, and that any error must be 

■ ■- !X4'45 + e)=2'0025 + 4'9e, 



y Google 



SOTJJTION OP EQUATIONS. 



90. If the equation is ctx^-bx + c^O, we may, instead ol 
dividing by a, and proceeding as above, do as follows : 
Draw 0A = «,1 

0B = ?', >[See figure of example below] 
BO = c, J 
then, drawing the circle on AC as diameter, cutting OB in p 
and Q, we shall find that OP and OQ are a times the roots. 

For, if .-Bj and X2 are the roots, a-j + a;g=-, and i!:j^2 = -; 
whereas 0P + 0Q = 6, and OP.OQ=flc 
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iffii; 



If then we dr^w a line opt, piiiUel to OB it ui it distance 
from A, and take the points 0, P, ^ >n it wl ere it is cut by 
AO, AP, AQ respectively, the roots are O'P' and O'Q'. 
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Or, of oonrse, we may, if we please, measure OP and OQ 
and divide them numerically h^ a instead of graphically. 

Or, if we do use the graphic method of reducing OP and 
OQ we may draw the parallel line OVQ' at any convenient 
distance from A (e.g. 10 units, as in the iigure), if we think 
unit distance too small or too great for convenience, and then 
reduce finally by easy division or multiplication as the case 
may be. 

Example. 7-3^-Q-5x+2-i=0. 

The approximate roots are 0'35 and 0*95. (See figure,) 
The corresponding vahiea of /(j;) are -fl'03O75iHid -0-03675, 
and „ „ /(a:) are - 4-39 and +4-37. 

ft are -0-0070 and +0'0084. 
.-. the roots are 0-3430 and 0-9584. 
We can check this result by adding the roots together. The sum 
oaght to be equal to 9-5-^7-3, and will be found correct to 4 decimal 
places. 



1, In Ex. 1, p. 92 (viz. 3;''-73; + 4=0), having taken the approximate 
roots in the first instance as being 06 ( + ] and 0-4 (-), ao that their 
sum is 7 as it ahould be ; correct these values by the condition that the 
errors must be equal (the roots being 0'6 + e and 6'4-«), and that the 
product of the roots must be 4 ; e' being considered negligible. 

2. Find aroot of the equation 3^=1 + 3:. 

S. Find the root of the equation a'=3 + 2aT which lies between land 2. 

4. Solve the equation Si::oot 0. 

5. Solve the equation x^lOlogioa!. 

6. Solve the equation cos $ = tan 8. 

7. If b is the known reciprocal of a given number a, show that the 
correction to be applied to b when a is slightly altered = -. 

8. The reciprocal of 3476 is -000287637. Find the reeipracal of 
3470-38. 

9. Solve the equation a!^-10ir+7=0, graphically. 
10. Solve the equation i;*-10a;-7=0. 

IL Solve the equation 2a^ + 8.K-7=0. 

12. Show that, in the construction of Art. 90, OP and OQ are the 
roots of the equation a^-6x + ((c=0! and show that Euo. II. 11 and 14 
are examples of graphic solution by this method. 

Show also that PAO and QAO are the angles given by the equa- 
tion a tan^ e-b tan Oie = Q. 
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CHAPTER VII. 

MAXIMA AND MINIMA YAiUES OF A FUNCTION OF 
ONE VARIABLE. 

91. It is often desirable to know under what conditions 
some particular function of a given variable shall have a 
maximum or minimiim value, and what that maximum or 
minimum value may be. For instance, in Examples 15 and 
16, p. 16, the question naturally suggested itself, what must 
be the dimensions of the beams so Uiat their strength should 
be greatest? We solved these problems graphically by, in 
each ease, expressing the strength (or, rather, a quantity 
proportional to the strength) as a function of the breadth, 
and then drawing the graph of the function, and seeing from 
the figure for what value of the breadth x the function y was 
greatest. We also suggested a method by which this value 
of X could have been calculated, as it must be the value of x 
for which the gradient of the function would be zero. This 
method is of general application, and applies to minimum 
values also if the function has any. There are in theory some 
exceptions, but they seldom or never occur in practice. We 
will however, in the course of the following investigation, 
refer to these exceptions. 

If, then, we want to find the maximum or minimum values 
of any variable quantity, the first thing to do is to express 
the value of sucn quantity (which for definiteness we will 
call y) in terms of some convenient variable (which we will 
call x) on which its value depends ; i.e. the first thing to do is 
to form the equation 

whifih expresses y in terms of x. 
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We have then to find for what value or values of x the 
function y will have a maximum or minimum value. For this 
purpose we will carefully define what we mean by such 



92. Seflnition of maximum and i 
A maximum value of ;^ is a value which is greater than 

adjacent values, however near; or, in symbols, if y=f(x), and 
x=a makes if a maximum, i.e. if /(a) is a maximum value 
of % f(a) will be greater than either /(a + A) or f(a-h), 
however small h may be. (Note— not however great k may 
be, but however smuU.) 

A minimum value of y is a value which is less than adjacent 
values, however near; or, in symbols, if a! = & makes f(x) 
a minimum, /(6) will be lesis than either f{b + h) or f{jj-h), 
however small h may be. 

93. A function may have several maximum and several 
minimum values, as, for example, in walking over an undulat- 
ing road we may go over several hills and through several 
valleys. On the top of each hill the height above sea-level is 
a maximum, and at the bottom of each valley the height 
above sea-level is a minimum. Each maximum is greater 
than the adjacent minima, but not necessarily greater than 
all minima. 




Thus, in the diagrdm, the ordinates at A and C a 
ordinates, and those at B and D are minimum ordinates, and 
yet the ordinate at A is less than the ordinate at D. 

In a continuous function maxima and minima values evi- 
dently occur alternately. 



y Google 



AR1S. 01-90,] MAXIMA AND MINIMA. 97 

94. Increasing and decreasing functions. 

If, as X increases, y also increases, y is called an increasing 
function of '£,. It is evident that its ' gradient ' -^ is positive. 

If, on the contrary, as » increases, y decreases, y is called 

a decreasing function. It is evident that in this ease -J- 

is negative. 

Most functions are increasing functions for some values of a; 
and decreasing functions for other values. For instance, in 
Example 15, p. 16, y is an increasing ftinetion from a; = to 
35 = 3^, and it then becomes a decreasing function; or, in 
other words, its gradient is positive between ie = and 3J, but 
is negative for greater values of x. When 7: = %\ the gradient 
of this curve is zero, and the ordinate is a maximum. 

95. General condition that %=a, shall make j(;£) a masimum. 
If, as % increases from some smaller value to the critical 

value a, the function /(k) continually increases, ie. has its 
gradient {f'(cc)) positive; but when x is greater than a, 
f{x) begins to decrease, i.e. f'{x) becomes negative ; /(a) is 
a maximum value o£f{x). 

General condition that »=» shall inake/(.E) a minimum. 

It as IK increases up to a, the function f{x) continually de- 
creases, i.e. f{x) is negative, and when x is greater than a, /(x) 
begins to increase, i e. f'{x) becomes positive, /(«) is a minimum 
value of /(cc). 

In each case the necessity is that f{x) shall change sign as 
IT passes through the critical value. The distinction between 
the two cases is in the order of the change. Briefly 

/(a) is a maximum value of /(ic) if, as x increases through 
the value a, f{x) changes from -H to - ; and 

f{a) is a minimum value of /(a:) if, as a increases through 
the value a f'(x) changes from to -i- 

96. Now it IS evident th^t if ^{i) changes giadually and 
docs not become infinite it cannot chinge sign except by 
passing through the ^ahle Hence in general the primiry 

L.D.C > 
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condition for /(a) to be a maximum or a minimum ¥alue of 
fix) is that /'(ft) shall equal 0. 

The exception occurs when /'(») is infinite, or when there 
is an abrapt change of gradient. In practice the latter case 
never occurs, and the former very seldom. The shape of the 
curve in such eases is shown in the diagram. 




97. Points of inflexion. 

If /'(«) = 0, but the gradient on either side has the same 
sign, there is a peculiarity in the curve at the point, but /(a) 
is neither a maximum nor a minimum value o{f{x). 

Such cases are shown in the adjoining figures. 

Such a point on the curve is called a point of inflexion. 



Points of inflexion may occur when the tangent is not 
horizontal, but they have no connection with the present 
investigation. The general definition of a point of inflection 
is that it is a, point at which the curve crosses its tangent. 

98. From what we have seen it is evident that the first 
thing to do when we want to find the maximum and minimum 
values of any function f{x} is to form the auxiliary function 
f{x), and to find what values of x make f'{x) = 0, i.e. to solve 
the equation /'(a:) = 0. This may be done either graphically 
or by calculation (see last chapter). The next thing is to see 
for each value of x so obtained — called the critical values of x, 
Y have to be critically examined — whether there is 
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any change in the si^n of f{x) as x increases through the 
critical value in question, and, if so, whether the change in 
f'(x) is from + to - , or from - to + . If f(x) can hecome 
infinite for any finite value of x we ought also to see whether 
there is a change of sign in f'(x) on either side of this value 
otx. 

In many practical examples, however, it will be obvious 
whether the function is a maximum or a minimum without 
the analytical method of discovering which it is. In such 
cases we merely put f'{x) = 0, and do not investigate the 
change in its sign on either side. The student can work the 
examples 1-9 at the end of this chapter in this simple 
manner. It might be well for him to solve some of those 
now, before reading the rest of the chapter. 

[Caution. — Beginners, from want of careful thought, often 
seem to imagine that it is z or f(x) which becomes a maximum 
or minimum in the above cases. It is not so : it is f(x) which 
has a maximum or a minimum value when the above conditions 
are satisfied. The beginner, too, oilen finds general statements 
difficult to follow ; he should try and have some definite idea 
in his mind; probably the best genera! notion is that furnished 
by the varying height above sea level of a man walking along 
an lulating road, as that most readilj lends itself to the 
on ept on of several maxima a d nu mi Other instances, 
„ene ally of single maximum or n mm ilues, will gradually 
a u 1 t in his mind as he vorks at the examples at the 

d f th s chapter. He sho Id vnrk at ome of them, and 
h d the above general staten e ts igain and again, till 

th be le self-evident.] 

99. The following example will illustrate the method : 
Fiml the maximnm and minimum values of 

Denoting this by /(a:), our auxiliary function will be 
f{x) = 6{!>f'-3x+2)=6{a:-l){x-2). 

Hence the critical values of x are 1 and 2, since these values 
make /'(«) = 0. The neatest way of recording the result of 
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examining the sign of /'(a) for different values of x will be to 
make a short table as follows : 



X 


/(^] 


/(•■^l 


leas than 
1 (e-3. 0) 


+ 


increases 
with a; 


1 





5 (max. valve) 


between 
1 and 2 


decreases s.s 


2 





4 {min. valm) 


greater 
than 2 


^ 


'w[trr 



The statements in italics in the above table are made last. 
What we first establish {by inspection) is that/'(K) is positive 
when X is less than, 1, that it becomes when x= 1, that then 
f'{x) becomes negative and remains negative until x=2 when 
it becomes again, afterwards becoming positive and remain- 
ing so however great x may be. From these fluctuations in 
the auxiliary fiinction f{x) we deduce that as x gradually 
increases from any small value (say, - oo ), f(z) is an inoreasine 
function up to x = '\, then f{x) is a decreasing function till 
x — '2, after which it becomes and remains an increasing 
function. Therefore, finally, f{x) has its maximum value when 
x=l and its minimum value when «= 2. Then by calculation 
we find that the maximum value is 5, and the minimum value 
is 4, 

The student should draw the graph oif{x), and also, on the 
same scale as and immediately under the former diagram, he 
should plot the graph of /'(»), preferably by a dotted curve to 
show that it is merely an auxiliary function. If he then 
compares the graphs carefully with the above table he will see 
that all the statements made in it are visibly true. He will 
also notice that in this example the maximum value is not 
greater than all other values, but only greater than adjacent 
values on either side; and similarly the minimum value is 
not less than all other values, but only less than adjacent 
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100. In the above example the roota of /'(^) = aro whole 
numbers. Of course in practice this is not necessarily or even 
generally the case. The roots can then be obtained by some 
general method such as those given by laat chapter. The 
graphic method is an excellent one, as very often the values 
obtained from the diagram will be sufficiently accurate for all 
practical purposes, since in the neighbourhood of a maximum 
or a minimum value of f{a) a small error in the determination 
of the critical value of x makes hardly any appreciable differ- 
ence in f{x). Indeed, so much is this the case, that in many 
cases it might seem better not to worry about theory at all, 
but merely plot f(x} itself and read off its maximum and 
minimum values. This method in fact was adopted in the 
cases of strengths of beams in Examples 17, 18, p. 16. 

The counter advantages of using the auxiliary function /'(«) 
are (1) that it ia often easier to draw the graph of /'(a;), being 
of lower degree, and (2) that we can generally determine the 
critical values of x more accurately from this function. 
Graphically, it ia easier to determine accurately what values 
of X make f'{x) = than it is to determine accurately what 
values make f{x} a maximum, and, as either method gives 
the values of s required, it is at any rate well to be able to 
use the more accurate method even when we intend to work 
graphically. When we work by calcviatimi, we mud use the 
auxdiary equation f{x) = 0, there is no way of avoiding it. 
Indeed it is often so quick and simple to use that it hardly 
needs this defence. 

101. We will take as our second problem a geometrical one. 

cribable in a given ephore. 

ir ftmction/(iE), i.e. we must express the 



volume of any inscribed oone in terms of some uonvenient variable x 
(though of oouree we need not aotnally use the symbol a: unless wo like). 

Take as variable the height, h, of the cone. 

The axis AN ( = ft) of the cone will obviously pass through the centre 
of tlie sphere. Let NF be the radios of the base of the cone, so that 
the area of the base = x . HP". The volume is i base x height. 

Let a be the radius of the sphere, so that OA = OP=a. 

.-. the volume of the cone = J. -iri^ah-lfl) , h 
We have, therefore, to make 3aA'-7('=a maximum. 
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Hence its differential coefBcient, viz., 4ah -Sh^, miist^O ; 

One of these must make the volume a maximum, aud the other n 



Now ill a problem of this kind we need no theory to diati 
between maximuin and minimum values. It is obvious that 7(=:0 
the volume of the cone = 0, which must therefore be the 
volume ; hence A = -^ makes the volume a masinmm. 

Putting this value in the Qxpreaaiou ^tt .h^l2a-!i) we find the maxi- 
miim volnme = j5r-i^. ^=2^ which is ^ of the volume of the 



If we want to make s, graph of the volume, the neatest way is t' 
take as our function to be plotted the ratio of the conical volume t 
that of the sphere, as that gets rid of the trouble of the factor J?r. 

This ratio is — -^— = 5^2 - 5;^ - 

If lastly wc take as x the ratio of h, to the diameter 2(i of the sphere 
the function reduces to 

which is easy to graph. We have to draw it between a; = and x = \. 

We know, moreover, that the function is a ir -' -.^-. - a 

We may therefore plot the points corresponding ti 

"=0, h 8, 1, 



and these, together with the gradients at the s 
amply sufficient for a good diagram. 
The gradient is given by 4c - &3?. 
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) T A " B 



If we take each small division oi 
hovizontal and vertical measuremeu 
The tangent PT at P will cut tlie 
divisions, because then its gradient 



the squared paper^^'fi f*"" ^th 
3, the figure will be as shown, 
ixis of ^ in T, such that TA=6 



The tangent at C is shown as OU, with a gradient=^ - 2. 

Of course we might have reduced the ahove fractious to decimals and 
plotted decimally. 

102. The following considerations will often enable us to 
avoid the calculus altogether. 

Axiom. Between two equal values of a function a maximum 
or minimum value of the function must occur, and will ulti- 
mately coincide with them when they are infinitely near 
together. 



Take the rectangles, as shown in the fignre, 
whose angular points P, Q are symmetrically 
situated in the arc AB, Then evidently the 
areas of the two rectangles are equal. 

When P and Q are infinitely near together 
tliey ultimately meet at the middle point M of 
the avc. 



=1 


% 


h.M 






\. 






\ 
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This answer is really obvious, for M is in a position of 
symmetry, and a position of symmetry will always make the 
function a maximum or a minimum. 



The following are examples of eyinraetry : A I005 o! ati-ins 'yi"g '^ 
a, plane surface will enclose tte greatest area when it is ciroular. The 
solid of greatest volume for a given surface is the sphere. 

103. As another example of the axiom take the following : 

A boatman at A, 3 miles from B the nearest point of the shore, which 
is straight, wishes to reach 0, a point on the shore 6 miles from E, in 
the shortest time. Where must he land if he can row at 4 miles an 
hour, and travel on land at 5 miles an hour ? 




Let APC and AQC he two paths infinitely close together which w 
tako equal times. They will be on either side of the required path aj 
will ultimately coincide with it. 

Cut off AR^AP. Then PR is ultimately pecpendicidar to both S 



jnd AR. 

Now by the APO path, he ti 
and by the AQC „ 

These must take equal timi 
fractions of a mile, the times ai 



ivela the extra land piece PQ, 
,, „ sea piece KQ. 

s. If these distances aro measured ii 

PQ , RQ , 
e -^ and -^ hoars ; 

PQ^RQ 



i.e. ultimately, cosQ = 4 [when P and Q ultimately coincide], 

■■■ >-">'i- '■•■ m-'- 

But AB=3 miles ; .■. BQ=4 miles ; 

.-. he lands 4 miles from B, i.e. 2 miles from C. 

i.e. he rows 5 miles, and walks 2, and ho takes jH-j hours = 1 hour 
i9 minutes, not counting the time occupied in landing, which would be 
the same in any ease. 

If we do the same problem by the calculus method the neatest way 
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mei 


terms of tho 


angle e 


which tha path AP mali 


AP 


= ABsece=3 


secfl, in 


miles, 




PC 


^BC-BP=6 


-3ta,ne 


in mile 




me, 


n hour., =3- 


sec£^6_ 


5 






3 


(8+5ae 


Qe-4ta 


16). 



This leada to the same answer as before. 

104. Manmum and minimuin gradient. Point of inflexion. 

A question which often arises in connection with the graph 
of a function is as to whore the gradient is a maximum or 
minimum. Thus, find the point on the curve i/=2x^-2s? 
where the gradient is a maximum, ie. where the curve is 



The gradient is given by the equation -^ = ix-Qx^, or let 

ns say, for brevity, yj^ = ix-&x\ We have therefore to mate 

y^ a maximum. Hence V' must = 0, i.e. 4- 123; = 0; .■.3;=^, 

If we look at the diagram (p. 103) we shall see that this ia 
evidently the case, the point P being the required point. 
Such a point is always a point of inflexion (Art. 97). 

There is no difficulty in connection with such a problem 
except as to the meaning of maximum or minimum when the 
gradient is negative. 

In the case of a negative gradient, the point where the 
curve 13 steepest is technically a point of minimum gradient, 



y Google 



106 DIFFERENTIAL CALCULUS. [ohap. vii. 

on the principle that a large negative quantity is algebraically 
less than a small one. If wo Tike we may call it a negative 
maximum. The student might notice also the gradients at 
A and B ill the diagram on p. 98. The gradient at each of 
these points is zero, but at A it is a minimum, because the 
adjacent gradients are positive, and at B it is a maximum 
because the adjacent gradients are negative. Of course a zero 
gradient is in genei'al neither a maximum nor a minimum 
gradient, aa usually the gradient is positive on one side and 
negative on the other. At such points it is the ordinate which 
is a maximum or a minimum, not the gradient. The gradient 
is never a maximum or minimum except at a point of in- 
flexion, and at such a point it always is a maximum or 
minimum. 

105. Occasionally it may be convenient to express the 
function, whose maximum and minimum values are required, 
in terms of two variables instead of one only, there being some 
given relation between the variables. The method of pro- 
ceeding in such a ease is best illustrated by an example. 

Take the example No. 15, p. 16, where we have a rectangular beam 
of mayimmn strength to be out out of ft cylinder of 12 inches diameter. 
The equations are 

6A=-max (1) 

and 62-hA2=144, (2) 

nsliig ft to denote tha depth or height of the beam, bo as not to confuse 
it with the si^ d for differential. 

Differentiating (1) gives us 

k''db + 2bhd/i = 0, (3) 

and differentiating (2) gives 

adb + 2hdh = (4) 

These two equations between db and rfA must be conaistent, 
i.e. they must really be the same equation in different form. 
Hence the ratio between the coefficients of db must equal the 
ratio between the coefficients of dk, 



"■ as" 


■I*' 


-1= 


■i>; 


.-. e. 


.■m. 
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Or, we might have found -rj from (3), and also from (4), and 

equated them, leading to the same reaiilt 

106. Another mode of discriminating 
ind minimum values of i/. 
We have seen that y is an increasing function when the 

; 1-^ or )/jJ is positive, and a decreasing function 

when f/, is negative. 

Similarly the gradient is itself an increasing function when 

its differential coefficient -^ is positive, and j 

dn ax '^ 

function when -J^ is negative. This property c 
use of to facilitate the discrimination between the r 
and minimum values of y. Denote -J-l by the symbol i/^ for 
brevity. 

Now when x increases through a value that makes y a 
maximum, the value of j/j goes through the series of changes 
+ ,0, -. Therefore y^ is a decreasing function, and ^^ must 
be negative. 

And when x increases through a value that makes y a 
minimum, the value of y^ goes through the series of changes 
- , 0, + . Therefore in this case j/j is an increasing function, 
and 2^2 must be positive. 

Hence, in general, 

a when y, = and i/^ is negative, 
s a minimum when j/j = and y^ is positive. 

Therefore, in any given example, after finding the values of 
X that make ?/i = we may, if we like, see in eacn case whether 
^2 is negative or positive, instead of going through the funda- 
mental method of seeing whether the change of )/; is from 
+ to - or from - to + . Of course if y^ happens to be zero 
at any of these points, this new method fails, and we must fall 
back on the fundamental method. It is probable in such case 
that we have a maximum or minimum gradient, {i.e. a point 
of inflexion) and not a maximum or minimum ordinate. 
Examination of the change of gradient by the fundamental 
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method will tell us which of all of them ia the case. How- 
ever, in practical cases, points where y-^ and y^ are both zero 
seldom occur, and the examination of the sign of y^ '^ ^ neat 
and convenient mode of discriminating. 

Take, as example, y~23p- 20?. 

Then y-^ = 4x~Qx\ =0 when x = Q or -|; and y^ — i-l^x, 
which is positive when a = 0, and negative when x = %. 

Hence x~0 makes y a minimum, and a; = f makes y a 
maximum. 

107. Further investigation of the case when j/, = and 
also !/2 = 0. 

We nave seen that 

^ is a maximum when w, = and y^ is negative, 
and y in a minimum when ^j = and y^ is positive. 

Similarly if we want to discriminate between maximum and 
minimum gradients we may form the third auxiliary function 

-j^ or y^, often caUcd the third derived function, or third 
differentia! coefBcient. We then see that 

j/i is a maximum when y^^ = and y^ is negative, 
and ^j is a minimum when y^==0 and j/g is positive. 

The method will fail, ie. the result is doubtful, if ^^ = 0. 

From this, if we remember that when j/ is a maximum or 
minimum, y^ is not, and when ^j is a maximum or minimum 
y is not., it follows that y is not a maximum or minimum if 
Pi = ^' yi = ^' *"<! Vi '3 not aero, but it may be if ^i = 0, 
^2 = 0, y^ = (i. 

Similarly j/, is not a maximum or minimum if y^ = 0, y^ = 0, 
and j/j is not zero. Hence in this case y is & maximum or 
minimum (provided, of course, ^, = 0). 

However, the reasoning is rather difficult to follow at this 
stage. It will be much easier when we have learnt a theorem 
called Taylor's Theorem (ch. xi.), and we shall see then that 
yisa maximum when ^1 = 0, ^3 = 0, y^ = Q, and y^ is negative, 
and a minimum when y^^ = y^ = y =() and y^ is positive. But 
the theory is not very useful, as it is far better in such cases 
to fell back on the fundamental method of examining the sign 
of ^j on each side of the critical point. 
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2, Find the relation between the height (ft) and railius (?■) of the base 
of a, cylindrical veaaei open at the top (aneh for example aa a bnsliel 
measuro) when the internal surface is s, minimum for a given capacity. 

3. If the i^linder is closed at both ends (like a tin of preserved meat), 
find the ratio of h to r when the surface is a minimum for a gi\fen 
capacity {i.e. when it is made most economically). 

i. Find the ratio of the height to the radius of the base of a conical 
vessel fulfilling the same conditions, (1) when it is open ; (2) when it is 
closed by a flat circular plate. 

5. Find the maximum cone of given slant height. 

6. Find the maximum cylinder insctilaable in a given sphere. 

7. An open tank is to have a square base and vertical sides, so as to 
have a given capacity. Pind the proportion of ita depth to its width 
so that the expense of lining it with lead may be a minimum. 

8. Find the shortest ladder which will reach from the ground to the 
wall of a house over an obatruetion 6 feet high and 5 feet away from 
the Tvall. Find the angle of elope of the ladder. 

9. Find the maximum and minimum ordinatea of the curve 

and also find the points of maximum gradient. 

10. Find the maximum and minimum values of 

3a:6_25K' + 60x. 

11. Find the minimum value of ax + bs:'^, a and h being positive 
quantities. Show that it occurs when ax is equal to bx~K 

12. Find the points of inflexion of the curve x^=Six-y}. 

13. Find the maximum and minimum values of (x + l)(a;-2)=. 
Draw a graph of this function between x= -2 and +3. 
Draw also a graph of its first derived function. 

14. Find the maximum and minimum values of {x + l)^x-2)^ Draw 
the graph. 

15. Find the maximum and minimum values of (3: + l}'(ic- 2)^. Draw 
the graph, 

16. Find the maximum and minimum values of — ~- ■■ ■ -. Draw the 



and plot a graph of the function. Plot also a graph of 
coefnoient, and show the connections between the two cu 



18. Show that the maximum value of a cos fl + * sin 9 is Ji'i^ + 6^). 

19, Show that the minimnm value of a sec # - 6 tan S is ^{a^ - V). 
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CHAPTER VIII. 
CURVATURE OF PLANE CURVES. 

108. Definition. 

If two points A, B are taken close together on a curve, the 
iniinitely short are AB is generally denoted by ds. If A'j: and 
BT are the tangents at A and B respectively, the angJe between 
them ia d^M <l> is the gradient-angle of. AT, and <l> + d4> the 
gradient- angle of BT. 

Then the curvature of the curve at A ia defined to be the 

limiting value of the ratio -3- when B is ultimately made to 

coincide with A, ie. the curvature equals the ratio of the change 
of direction between A and B to the length of the arc AB, when 
AB is infinitely small. 

If A and B are not infinitely close, this ratio may be called 
the average curvature of the part of the curve between A and E. 

From this definition it is evident that a straight line has no 
curvature, and that a circle has constant curvature, since the 
ratio is constant, however long the arc may bo. This latter 
fact may be brought out more clearly by the following 



109. Radius and centre of curvature. 

Let AC and BC be the normals to the curve at two adjacent 
points A and B respectively, meeting at C. Then if we consider 
the short arc AB as practically identical with the arc of a circle, 
C will bo its centre and CA and CB will be its radius. Denote 
CA and CB by the letter p. C is called the centre of curvature 
and p the radius of curvature at A when B coincides ultimately 
with A. And the circle whose centre is C and radius p la 
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called the circle of curvature at A. It is sometimes called the 
osculating circle, as it more nearly coincides with the curve in 
the neighbourhood of the point than any other circle doea. 




The angle at G = d'j>, since the angle between two normals 
equals the angle between the corresponding tangents. 

Now, if d<ft is expressed in circular measure, i.e. as a fraction 

of a radian, vre have d't> = —, by the definition of circular 

measure. 

Henoe ii.K 

as p 

i.e., when the gradient angle is expressed in radians, the 
curvature is numerically equal to the reciprocal of the radius 
of curvature. 

If the curve is a circle, C and p are the same for all points, 
and the curvature of a circle is constant and numerically equal 
to the reciprocal of its radius. For example, if /j= 2 feet, the 
curvature = i, which means that the change of direction is A 
a radian per foot of are, or 1 radian per 2 feet of arc. If 
/J = 3 feet, the curvature is 1 radian per 3 feet of arc, or about 
19° per foot, since a radian is a little over 57°. 

As the equation ~ = -r- is fundamental, we will give a 

slightly different mode of working it geometrically, which, 
though not so simple as the foregoing, is in some respects 
more satisfactory. 

Let P, Q, K be three equidistant points on the curve, and 
let the chords PQ, QR make the angles <l> and il> + d!l> respec- 
tively with the a; axis. 
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Bisect PQ and QR at right angles by AC and BO. Then C 
will be the centre of the circle described through P, Q, and R. 
Let p be the radius of the circle. The angle at C = d^j), and if 

AB is called ds, d<!> = 




Hence - = t^ where dif) is the angle between two con- 
secutive normals, and ds is the oloment of arc intercepted 
between them. 

This is the same as the previous expression for the curva- 
ture, since the angle between any two normals is equal to the 
angle between the corresponding tangents. Moreover, the 
connection between the above diagrams is very simple, for, 
without altering the directions of the chords PQ and QR, we 
can by a slight movement make thom the tangents at their 
middle points A and B respectively. 

110. To obtain the radius of curvature as a function of x. 

li' the equation of the curve is y=f{x), its gradient j/j will 

equal /'{k), and the rate of change of gradient per unit change 



of X wiU be f^, 
dx 
often written /"(; 
f{x) by two air 
in terms of ^, 
For 



which we have denoted by y^, and which is 

that it has been obtained from 
We shall be able to express p 






.•, t^</) = y2.C08^^.(ii 
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Also sec^ = -.- (see figure); 

.'. ds = se<:<f<-tix. 




and 

i.e. the curvature = »/gCos^i^, 
and the radius of curvature is its reciprocal. 

To find the radius of curvature at any point wc have there- 
fore to find the value of ^ at the point from the equation 
tan ^ = </i =/'{iK), then we must find the value of y^ at the 
point, and multiply the reciprocal of y^ by sec^'^. 

The simple connection between y^ and the curvature is 
worth considering, The curvature is the rate of change oi 
the gradient -angle <j> per unit length of arc ; and y^ is the rate 
of change of the gradient itself, i.e. tan 4; per unit change of 
abscissa. Tan ^ increases at a greater rate than ^, and the 
arc increases at a greater rate than the abscissa, hence, for 
both reasons, y^ is greater than the curvature. The above 
investigation shows that we must multiply y^ by cos^i^ to 
obtain the curvature. 

We may put the details of the argument in words : we want 
to find the rate of change of ^ per unit length of arc in terms 
of the rate of change of gradient (tan i^) per unit change c ' 

abscissa, We know that - — ,-—-^=see^<b- 

ax I 

of change of gradient per unit change of a! 
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[« 



the rate of change of 41 per unit change of abscissa. Also we 
know that -j- = see ^, i.e. the length of arc between two ad- 
jacent points is see ^ times the change of abscissa. Therefore, 
filially, the rate of change of gradient per unit change of 
abscissa is sec'^f) times the rate of change of <!> per unit length 
of arc. That ia, y^ is sec^i^ times the curvature. 
The formula for p may be written in the form 

. 1 1 +?.■)' 



since j/j = tan<^. But it is generally more convenient to u 
the simpler form — see^^. 

111. Gteometrical construction for p. 

To find the radius of cur\'ature at any point P of a giv 




Draw the normal and ordinate at P. On the ordinate take 
PK, towards the inside of the curve, numerically equal to tho 
reciprocal of y„. Draw KL perpendicular to PK to cut tho 
normal in L, then PL=PKsec^; draw LM perpendicular to 
PL to meet the ordinate in M, then PM = PL sec ^ = PK aec^<^ ; 
lastly, draw MC perpendicular to the ordinate to cut the 
normal at 0, then CP = PK3ee^i. Hence, if PK has been 
drawn to tho inside of the curve, C will be the centre of 
curvature, and CP the radius of curvature, of the given curve 
at the point P. 
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112. Direction in which PK must be drawn. 

If the curve has been drawn, it will be obvious in which 
direction to draw PK, since it must be to the inside of the 
curve. But we can tell, independently of the figure, in which 
way to draw PK. If y^ ia positive, K will be above P, i.e., 
PK will be drawn upward, and if y^ is negative, PK will be 
drawn downward. 



For ».-?-" 



'•«• 



.■. when y^ is positive, -j- is positive, i.i., will increase 

with X. This can only be the case if the curve lies above the 
tangent at P, i.e,, if the centre of curvature lies above the 
tangent. On the other hand, if y^ is negative, ^ decreases as 
X increases, and the curve must lie below the tangent. 

The student should convince himself of the general truth of 
this by taking a part of the curve where the gradient is 
negative. He must remember that ^ is the angle made by 
the upper part of the tangent with the right-hand part of the 
aHixie, so that ^ is obtuse when the gradient is negative. 

113. Special cases. 

(i.) If i = 0, secV=l; ■■■ P = - = PK. This is an im- 
portant case in many practical examples, such, for instance, as 
the curvature of beams, which is in general so slight that 4' is 
sufficiently small at each point for us to take sec ^ = 1 without 
sensible error at each point. It is also true, of course, in all 
curves at the points where the gradient is zero, as, for example, 
when y is a maximum or minimum. 

(iL) If y^ is zero, as at a point of inflexion, PK, and there- 
fore p, is infinite, i.e., at a point of inflection a straight line 
more nearly coincides with the curve than any circle with 
finite radius can. Briefly, at such a point the curve is straight, 
its curvature being zero. 

(iii.) At a point where y-y is infinite, i.e. where the curve is 
perpendicular to the a^axis, the method fails. To obtain the 
curvature at such a point, we must invert our treatment and 
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= -j-, and Kn = — T — ■ Ul 

di/ ' ay 

course a^ will be zero at such a point, and the curvature will 

then be %, and /) = —, the radius being drawn to the right if 

x„ is positive, and to the left if x^ is negative. We think, in 
this case, of the gradient angle as being made by the tangent 
with the |/-axis, i.e. by the right-hand part of the tangent with 
the upper part of the j/-axis. 

114. Value of p at the origin when the a;-axis is the 
tangent. 

We may avoid the calculus in this case by the following 




The curvature oi a curve at any point ia the same as the 
curvature of its circle of curvature at that point ; hence we 
need only consider the circle of curvature, letting it take the 
place of the curve. 

Let the figure show the circle of curvature at 0, and let P 
be an adjacent point on the circle witli coordinates x, y, 
i.e. ON^a, and NP = )/. 

Then, if NP cuts the circle again in Q, we have NP.NQ = ON- ; 
but NQ is ultimately equal to 2p ; 



1 the limit when x and y are infinitely small. 
Thus, in the parabola y = ^. 
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Similarly, if tlic curve touches the !/-axis at the origin, 

115. Mode of finding p when the vertical and horizontal 
scales are different. 

In the ahove investigation, and particularly iu the con- 
struction of Art. Ill, we have supposed the figure drawn 
strictly to one scale, i.e. the same vertical and horizontal 
scales. But in many caees it has been found convenient to 
take the vertical scale different from the horizontal. In that 
case several difficulties arise. First, the circle of curvature, 
if plotted by points, must also be plotted with its vertical 
scale different from the horizontal, which would distort it into 

an ellipse ; or if we plot — and try to find the centre of cur- 
vature geometrically, the difficulty arises as to what scale we 
must plot it on. Of course there must be a true circle of 
curvature at each point^the problem is how to modify our 
construction so as to find its centre. 

K we take the numerical equation y =f{x), (to fix the ideas 
the student might have in his mind the parabola y^a? plotted 
on p. 6 with vertical scale 1-tenth of the horizontal), and 
consider how we plot the various points for calculated 
numerical values of x and y, we see that we take an arbitrary 
horizontal unit of scale and plot the abscissae as multiples of 
that unit, and then we plot the values of ?/ as multiples of an 
arbitrary vertical unit. Let us take a to denote the length of 
the horizontal unit, and J to denote the length of the vertical 
unit, then if (e.3.) we plot the point !i; = 2, y = 4, we rcaDy take 

ic == 3a horizontally, and y=ib vertically, so that - = 2, and | = i, 

when X and y are the plotted lengths, 
every other point. The equation give 

- and J Consequently the full expression for the curve 

plotted is \~f\-\ where x and y denote the actual lengths 

plotted. [In the case of the parabola the equation from which 

we plotted was | = (■ ) where «= 105.] 
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If then we fitid the lafiius of curvaturB at each part of the 
curve 



=/©• 



and then make use of the relation between a and 6, we shall 
have the value of p required. 
Differentiating, we have 

4 a' \al • 

■■^ i'.-i^'©-'™*- 

Again, ^^ = ^•'""(1)' 

.-. p = — — -sec^.^. 

»/•© 

To construct for p, we must draw the vertical line 

— — , which call k, and then hy the zigzag construction 

find the centre of curvature. 

If we plot k on the vertical scale, its numerical value is 

J-, which, from the above equation, = - 

'"■'"(i) 

Applying this to the curve y = x''=f{x), we find 
/{»;) = 2a; and f{x) = 2; 

" ■ h~2b^' 
Now in the diagram, p. 6, 
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Hence, to find / ftr anj point P on tie ciive v,e muit 
draw k ve ticalh ipwiils to i length of 50 \eitiral units 
from P, then di-n the noimil and fand C by the zigzag 
construction 

In particular the centre of curvituie at thp ongin is 60 
units up on the axis of j This can be easily tested by the 
student by actual tiial on the diagrim with a par ot 
compasses. 

Note. — -To find the lahuR i curvature ot the paiabola %t 
the origin Me might have u&od Ait 114 "^ii ce the axi of j 

is the tangent there, p = s- ; and since ?==-?, it follows at once 

that p = 

W 

116. The reasoning by wliich the foimula ^ = Tfn-\ ^^'iis 

established is a little troublesome at first, as all reasoning in 
connection with change of units must be ; but if we remember 
that i/=f(x) is merely a numerical equation between x and ji, 
and that what we plot are lengths corresponding to those 
numbers, we see that the whole (fiiliculty consists in ascertain- 
ing what is the real connection between the lengths and the 
numbers represented by them. The fiindamentS relation is 
as follows :— If a length x is represented by a number when 
X is measured in terms of a particular unit, the number 
expresses the ratio of the length of a: to the length of the unit. 
Thus, if the number is 2 when the length of the unit is a, 
1 = x:a. E.g., let k = 24 inches; then if x is measured in 
inches, the number representing it is 24, whereas if ic is 
measured in feet, the number representing it is 2, i.e. 24 is 
the ratio of a: to 1 inch, while 2 is the ratio of a^ to 1 foot. 
Similarly, if y is measured in terms of a unit whose length 
is h, the numerical measure of y is the ratio of y to &. 

Consequently, if y=f{x) is a %u'm;mcal equation, the curve 

which we actually plot to represent this equation is t=/( ) 
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No difficulty of this sort ever arises if i = o;, but in many 
cases such equality is practically inconvenient. 

117. We will, as another examplcj find the radius of curva- 
ture of the curve y = x{5-x), (1) at the highest point, (2) at 
the points where the curve cute the 3>-axis. We will first 
consider the two scales equal, and then take a = 5& where a, 6 
are the units of the horizontal and vertical scales. 
y = x{5- x) = ^ - a?, 

.: at the highest point, where ^=0, p= J, if the scales are eaual. 

The negative value of «, sho' — '^'""'" "" — '" " '' 

the curve. There is no objeet i 

If a = 5b, we muat take the formula i-^i, — = 

.■■ p = 124 vertical iinita. 
At the points where the curve auta the axia o 

.-. a;=0, or5; 



If the scales are unequal, ± tan 0=5 vertical u: 



The stulont mil find it helpful to notice if he i'- ilriwin^ 
thi? Gur\e with the scile relation a 5') that the centie of 
curvatuie ot the origin his the abscissa 5a and the ordmite 

5a 01 -25b and the centie of cumtuie of the point 
(5[(, 0) 18 at (0, - 256). If he draws arcs of these two iircles, 
and also the arc of the circle of curvature passing through the 
highest point, {found above), he will find it very easy to draw 
in the portion of the curve lying above the ir-axis. 

For a graph of this curve see answer to Ex, 1, p. 15. 
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118. Chord of curvature. 

If we draw tho circle of curvature corresponding to any 
point P of a curve, the cbords of tMs circle drawn through P 
are called chorda of curvature at P. The chord drawn along 
the normal is the diameter of curvature ; other important 
chords are the vertical and horizontal chords of curvature, 



The vertical chord = 2/j cos ^ = 2fc sec^i^, where k- 



and 



the horizontal chord = 2p sin <l> = 2k 8ec^4i tan <1>. 

The following geometrical investigation of the length of the 
vertical chord is instructive, and will incidentally throw a 
good deal of light on the meaning of ^^ 

Let P, Q, B be three neighbouring points on the given 
curve such that the ordinate of Q is midway between those of 
p and R, and let a circle be drawn through P, Q, R. This will 
ultimately be the circle of curvature at P when Q and B 
coincide with P. 




Let the coordinates of P be («, y), and those of Q be 
(x + ^, y + By), i.e. let PM = &, and MQ = Sj/, The abscissa 
of R is a;+2&;. The ordinate of B exceeds the ordinate of Q 
by the amount TR, of which TS = %. Now QM = Sy where 
y is the ordinate of P. .-, the corresponding notation for 
RT is S(3/ + %) where y + Sy is the ordinate of Q, We may 
separate this expression into the two parts Sy + 8(S)y), of which 
T8 = %and m.=S(Sy). 

The notation 6(%) expresses therefore the excess of the 
iiier,eaBe of ordinate as we pass from Q to B over the increase 
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of ordinate as we pass from P to Q. It is often written, 
briefly, S^ (7'ead delta-squared y). 

Hence 8^^ denotes the vertical height of R above the 
chord PQ. 

Now produce the ordinate of B to meet the circle in U. 
Then E0 will ultimately be the vertical chord of curvature 
at P, and so also will 8U; since both R and 8 ultimately 
coincide with P. Let PQ be denoted by 6s, since it is ulti- 
mately equal to the small arc PQ. Then SQ = Ss and SP= 28s. 

Now 8R.su = 8P.SQ; 

Now let Q and E move into coincidence with P, whereupon 
& 
■K- becomes = sec ij> if iji h the gradient angle at P of the curve 

and circle, and at the same time j^~ is usually written 

. ,T^ or T-| (read (^-squared y by djc-squared). 

Hence j^.SU = 2sec^<^, 

where SU k now the vertical chord of curvature at P. 

Now, evidently, from the figure, j^ = — ; ~; for t^ tan ^ 

means the excess of the gradient of QR above that of PQ, 

which is ^{-jj, i-e- -j-^t since dx is the same between Q 

and R as it was between P and Q, that is, dx ia constant. 
Hence d{dy) means exactly the limiting value of 8(8!;) or RS, 
and dx means the limiting value of Sa: or PM. Therefore 

— J— iti thft Ittnihinc vsliiA rtf -^^J . 

dx 

Hence ^ 
have the formula, 

vertical chord of curvature = 



- is the limiting v 
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EXAMPLES. 

1, rind the radius of ciicvaturo at the point (2, i) o! the curve y--> 

(1) when the vertical and horizontal scales are equal ; 

(2) when the horizontal scale = ^ the verticaL 

2. Pind the radius of curvature of the above curve at the point (1, 1) 
under the same scale eoiiditioiia. 

S, rind the radius of curvature at the point (1, 2) of the curve 
y=x + - when the scales are equal. 

i. Find the radius of curvature at any point of the curve y — e', and 
also at any point of the curve y — be^, 

5, Find the minimum radius of curvature in the curves of No. 4. 

G. Find the radius of curvature of the curve y-ac!>sh~ at any 
point, and show that it is equal to the length of the portion of the 
normal at the point intercepted between the curve and the axis of x. 

7. Find the radii of oarvature at the points of zero gradient on the 
cwvey=aT|lO-a;p. 

8. Find the radii of curvature at the points of zero gradient on the 
curvey = a;(144-j?). 

9. Find the radius of curvature of the curve y = x^ - ix' - llx + S-2 at 
the point (2, 2), (1) when the vertical and horiz«ntal scales are equal ; 
(2) when the horizontal acale is 5 times the vertical acaJe. 

10. Find the radii of curvature of the curve y^x^G-x), (1) at the 
origin, (2) at the highest point between a!=0 and a^=6; when the 
horizontal acale is 5 times the vertical. 

11. In any curve y=Aa:), prove that 2/a-^afs= -y,K 
Exemplify in the case of y~3^. 

12. Find the radius of curvature at any point of the ellipse 

13. Find the radius of curvature at any point of the hyperbola 

14. Show that the equation of the circle of curvature of the parabola 
y^ = i(u:, at the origin, is x^ + y^^iax, 

15. Show that the equation of the circle of curvature of the conic 
AiK= + B;/'=2C»:, at the origin, is hx'' + By^=2Cx. 

16. Deduce the length of the radius of curvature, at ( - a, 0], of the 
conicB b'3i^±ah/'=a'b^, by moving the origin to this point. 

17. Prove that the line drawn from {a, b) perpendicular to the line 
bx-t-ay^ab passes through two of the principfil centres of curvature of 
the ellipse 6^'+csSj(==o=6=. 

[The principal oetitrea of curvature are those which correspond to the 
enda of the major and minor axes of the ellipse.] 
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SUCCESSIVE DIFFERENTIATION -INTEGRATION. 

119. Successive Differential Coefficient of a Function, If 
!/ is a function of x, so also (in general) is its differential 
coefficient, and consequently this also has a differential co- 
efficient which is also a function of x, and so on. (The only 
exception occurs when one of the differential coefficients is a 
constant, and the rest, consequently, become zero, and none 
of these are functions of x.) 

These successive ditferential coefficients are called the first, 
second, third, etc. Thus, if the function is a?, the first differen- 
tial coefficient is Ba^, the second is 5Aa?, the third is bA.Zx^ 
etc. 

There are several systems of notation which may be em- 
ployed to denote these successive functions. The most usual 

dy d?y d?y 
^' di' 'M' ^''■■' 

y, Dy, D% B^y, ..., 

/{* /W, /», /■"(") 

but sometimes, for temporary convenience, a brief, incomplete, 
notation may be used, such as 

V' Vv y%, V^' ■■■' 
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1 example of successive differential coefficient* we may 



K^y = 5.4a? = 20a?, 

D*)/=5.4.3.2k=120k, 

D5y=[5 = 120, 
and D^)/ = 0, etc. 

In this case, therefore, the first four differential e 
are functions of x, the fifth is a constant, and all the succeeding 
ones are zero. If, however, the original function had been 
anything except a positive integral power of a^ all its differential 
coefficients would have been also functions of x. 

EXAMPLES. 

1. If ;/ = 15.v'-7a^=+3, findg. 

3. If j< = smfl;, show that D"y = sm(^^ + «|y 

4. Uy = ^u3x, show that Wy~Z^ ein(sx + ^\ 

5. If y=5a.'S + 33:' + aE= + K''-a: + 6, show that DV=0. 

6. Ify = ax'-^ + bx'''+..., show that D'y=0, if ais a positive integer. 

120. Successive Integrals of a Function. It is important 
to notice that such a series as 

3^, ^X', ... 
can be not only continued forwards, as above, by successive 
differentiation, but can also be continued backwards, the terms 
on the left of a? being such that s' is one of their differential 
coefficients. Such an extended series is 



8.7.6' 7.6' 6 



^ x«, Gx\ 
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The terms on the left of a^ are termed its integrals, its first 
integral being -^, its second being ^, and so on. 

There aro several notations for the successive integrals of 
a function y, but the only one that can usefully be given at 
this stage is 

..., D-Sj/, U-2,v, D-i)/, y. 

Thus, if y = 'A 

etc. 

These integral functions are, however, not so definite as the 

differential coefficients are, for not only is ^x^ an integral of a^, 

but so also is ^x^ + a, where a Is any constant. For, if we 

take D (^ + a), the result is «', since Da = ; 

.'. D-\ir^) = ^^ + a. 

Similarly, D~^(a^) = ^-^^ + ax + b, 

and D'^a?) = ^^x^ + ax^ + hx + c, 

(where a, 5, C are in each case awy constants, not necessarily 
the same in each case. They are called arbitrary constants.) 

These results can be verified at once by taking respectively 
the second and the third differential coefficients of these two 
functions. 

It will be seen that the first integral of a function may 
contain one arbitrary constant, the second may contain two, 
and so on. These integrals are called the ffenercd integrals of 
afi, and the particular cases in which special values are given 
to ft, t, c, ... are called partimlar integrals, and in especial the 
integrals in which a, h, c, ... are all zero, may be called the 
pincipal integrals. Thus g^ga^ is the principal third integral 
of 9^. The remaining part, viz., ax^ + bx + c, may be called the 
complemmtary part of the third integral. It may be ivritten 
as D~^(0), for if it be differentiated 3 times, the result = ; 
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121. To Jind a gmeral formula for D'fa;''). The results in- 
dicated in the above example may be easily extended into 
a general forniula for D''(a;"), where n. is a positive integer, 
and )■ ia either positive or negative. 

For, if a = K"; 



D's-.(»^1K-; 




D',-o<«-l)(«-2)...{( 


>i-r+\y^'% 



This is worked on the supposition that t is a positive 
integer, but it holds equally well if r is a negative integer, as 
will be seen at once by taking particular cases. 

Thus,if»-= -I, 

m+1 TO+l 



This only means that D( — ^ j — y- 



which means that ii = Jfi-. ^rr ni '^e truth of which is 

evident on actually differentiating twice. 

Of course these are only the principal integrals. The 
general formula is 



where D'(0) = if r is a positive integer, but if j' is negative, 
= - s suppose, 

D'(0) = D-'{0) = aE'-' + iK'-''+ ... + a constant, 
as can be easily verified by seeing that D'(«a'"^-f 6-'e'"^---) = 
(see Ex. 6, p. 125). 
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Note. — When ris a, positive integer, the formula j 
no difficulty if r is less than «., but when r is equa] to or 
greater than n, the denominator \n-r requires special inter- 
pretation, as when )■=)(, »+l, n + 2... this feetorial becomes 
|0, I - 1, I - 2 , . ■ ■ . Now we know that W = \n, hence on 
comparing this iinown result with that given by the formula, 
we see that we must put [0 = 1. All the differential co- 
efficients beyond the n."' are zero, hence wo must put 
I — 1 = 00 , I — 2 = 00 , if the formula is to give ttie correct result. 

Of course we cannot attach a direct meaning to any of these 
quantities [0, |-1 , .... All we can do is to treat them as 
algebraic extensions of the factorial series, and make them 
obey the formal laws of factorials, which are (1) that [1 = 1, 
and(2) that)w = w|m-l. 

This will give us Ll = I-[0, ,■- )0=1; 
and |0 = 0[^ .-. |-l==co. 

Also Ijli^-lLlE' ■"■ 1^=*' 

and so on, which exactly agree with the values required above. 
Armed with these results we may affirm generally that 

D-{l-)= l2_l-' + D-(0) 



for all integer values of r, whether positive or negative, 
provided m is a positive integer. 

It is possible so to define [w^that the same fonnula will hold 
when TO is a negative integer, or even when n is fractional, 
but it is easy to establish a more convenient fonnula for the 
former case, and the latter is too difficult to be attempted 
here. The student should, however, realize that generaliza- 
tions of formulae to cover all possible cases are of great 
mathematical interest, and are continually suggesting them- 
selves for contemplation. Indeed, mathematicians have in- 
vestigated the case when r is fractional, though we can 
certainly get no simple idea of what is meant by fractional 
differentiation. 
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122. To find a general formula for ]/(is""), 
positive integer. 

Let y = x~"; 




This formula also holds good for integrations. For it gives 



»-©= 



HJ-i(O), 



- 1)1— 

which is evidently a function whoso diiferential coefficient is x' 
The complete integral is 

where D"'(0) denotes a constant. 
Similarly 



{ + D-'(0>. 

This formula holds up to s = »- 1 inclusive, but feils to take 
us back any further, that is, it holds until we reach a multiple 
of X-'' ; but it will not give us the integral of this function, 
which (as we know from Art. 63) is logs, and cannot be 
included in the above series. 

In fact, the series of integrals and differential coefficients of 
x" and of x'" when n is a positive integer are two distinct 
series with an impassable gap between them. Thus, taking 

,,., ^, ^, ^, \x^\, 2x, 2, 0, .,. 
' 60 12 3' ' ' 
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The integrals of log x will never lead us to the first series, 
neither will the diiftrential coefficients of the first series lead 
to the second series. 

If, however, n is fractional, there is one continuous series 
from one end of the infinite range to the other, and there is 
no discontinuity. 

Thus, T>x^ = ^x-\ 

and the integrals of x^ give an infinite series of positive 
powers, while its differential coefiicients give an infinite series 
of negative powera. 

123. To find iT log x, wkm risa positiiie integer. 
If y = log X, 

I)p = x-'-', 

I%= -l.x-^, 

r>3)/= -l.-2,3;-3. 



D^y = (-ir' 



The integrals are not obtainahle by this formula. One 
method of finding them will be given in the following articles. 
For the usual methods, a book on the integral calculus should 



124 To find the integral of log x. 

We can form the series of integrals of logs by making use 
of the identity 

log„a^ = ^^ when h = 0. (Art 62.) 
Thus, to find D^'logsB, 
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_l/3?+= _ "l 
h\k+l •') 

h+\\ h ) 



= !B(loga- 1) in the limit when /i = 0. 

This is tho first integral of log^a;. 

The second integral will be D"'(3;log3;)-D"'a;. 

The most useful way of finding this will be to establish a 
formula for D"i(E"log»), and then apply it to the ease when 
M=l, as we shall want the formula for several values of n 
before we succeed in obtaining the whole series. 

125. To find the ijitegral of sflogx, and the succesmie integrals 
of log X. 

Writing — i — for logs;, we have 

^n + h+l[~ir ~ jTH/ ■' 
.*., putting ft = 0, 

D-i(,-log^)-|^(log»;---L) 

We can now find the whole series of integrals of log k. We 
have proved that 

D " ^log a; = a; log a; - K ; 
.-. I>-ni)gx = 'D'^{a\ogx)-'D-^x 

=^log.-2(l+-2), 
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.MrBlog..= ^(log^-l)-^3(l+?) 

Proceeding in this way, we find 

D-'lOg»^~(iOgi^-l-g-g-..,--). 



EXAMPLES. 

of tlie suocesaii'C dillereutjal coefKcieiits, and 

.tegrals, of 

(1) X^-SiE^ + aE-l. 

(4) A 

2. Pind a formula for the m"' differential cooffioient of _ , and also 
for the n** differential coetfioient of 

3, Find a formula for the li"" differential coefficient, and for the 
n'" integral, of(l)V^; (2)-^. 

4. From the identity |TO = » |ii- 1 , prove that 

-■■1 i- (-ir- 

when n» is a positive integer. 

(Note that the factorials of negative integers are inSnite, bvit this 
formula shows that the ratio between two of them is finite.) 

5, Deduce the formula foi ©'(r-™) from the formula 



g. Can you assign a meaning or a value to |n^when ji is fractional? 
Assuming it to have a meaning, deduce from the general formula for 
D' {X") the fourth differential eoeifieient of ^Jx, 
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7, Find the r'■'^ differential coefficient, and tht i-"' iiitegr;il, of 

8, MaA by successive differentiation the r"" differential eoefflcient 
of ar^'logfl^, ajid show that, if r is less than u, it can be put in the fonn 

A..-{,o.„.(i)-,{,4,)} 

it ff{ - I IB used to denote 1 + 5 + 5+ "i — 

9, Write down the )!"■ differential coefficient of x" log r. 

10, Form the aucceasiva integrals of K"loga:, and show that 



D-'-(j:"loga.)-jJ=_.-e»+'-|loga; + ff(i)-<-(^j^')]- 

which is of the same form as that of D''(iB''loga:), with the sign of i- 
changed. 

\/]n + h \ 

11, Show that the limiting value of tI Hr 1"), when h = 0, is 

^'& 

12. Find Hie value of D"(a:"loga:j by using the algebraic expression 
foe log a:, vIk, loga; = ^ — ^ — when A— 0, 

126. General formulae for the successive differential co- 
efSeients and integrals of certain other important fiinctions 
can also be obtained; sins, cosk, sin ma, eosm«, e', e" are 
among the simplest. 

Thus, if ^=sinK, 



DV = cos(.. + ;) = s5r,(., + ^), 
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This gives for the integrals of sins;, 



D 1 sin a; = sm ( a: - ) + a constant. 



D-'sma; = sin('«-y') + D-'(0), 



EXAMPLES. 

1, Show that D' cosx^oaJx^ + '^Y and that 

D-'<!oaa. = coa(=:-f)+D-'(0)- 

2, Show that 

and verify, by differentiation, that 

D-.,m„».,.-.,m(»i-|)+D-.(01 

— COS mx + a, where a i.t any constant. 

3, Show that lroosmx = m''c<is(mx + '^-^\, and dcduco its first in- 

4, Prove that 

(1) T)'-^=e. 

(2) D'-e^-a'e- 
i3)-D-.e'"=a-'e'^ + -D-'{0). 

127. To find the successive differential coeffidetds of tanx. 

The differential coefficients of tan a; become very complicated 
unless the work is done in a very systematic manner. It is 
not possible to obtain a general formula for the «"' differential 
coefScient, The best way of forming the successive differential 
coefficients seems to be as follows : 

Let y = tan k ; 

(This value of Dy will be continually substituted in the 
succeeding work.) 
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Tfhj = 2y Dy = % + if, 

D^ = (2 + 6|/3) D7/ - 2 + 8!/2 4- 6^, 

aiifl so on. 

The work in this way can be done quite rapidly, bat each 
stase must be gone through. We cannot write down Ify 
without differentiating n times. It will be noticed that all 
the even orders of difiereiitial coefficients have y (i.e. tana) ae 
a factor, whereas all the odd orders begin with a constant. 

The integral of tan x is log sec x, as can be seen at once by 
differentiation. 

128. To find the s>iccessive differential coefficients of secx. 
The differential coefficients of sec x also become complicated 
unless we work very aystematically. We shall be able to 
express them in terms of see a; and powers of tanje. To 
abbreviate these expressions take 

x = aQcx, and y = tan x ; 
.-. Ds = see a; tan K = ay, and D)/ = sec^a;-l +?/^. 
Hence D% = 3 Dy + y Ds 

=2(1 +2^,^), 
D% = 2.4yDy + (l + 2/)Dz 

=z{m\-^■f)^y{\^■2y^} 

= s(5y + 6j^), 
D*3 = z(5 + 18f)D!/ + (5y + 6»^)D3 

= z{(5 + 23f+18y*) + (5s2 + 6j/^)} 

= z{5 + 28/ + 24;y*(, 

We cannot obtain a general formula, but we can rapidly 
obtain any differential coefficient by the above method. It 
will be seen that secx is a factor of all the differential co- 
efficients, and tan a: is a factor of those of odd order. 
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129. To find the r* differential coefficient of f sin bx. 
The function e" sin bx is an important function in connection 
with electrical theory. 
We can find a general expression for the r"" differential 
f this function, which, by putting r= - 1, will give 



coefficient ( 

us its integ 

Thus, if 



Lot a. be ; 



Similarly, 



Bi/ = e°"(a sin bx + b cos bx). 
a auxiliary angle, such that - = tana, 
. __ 6 __a 

.-. Dfj = J(a^ + b^)e!" sin (ix-i- a) 

= k e"" sin (hx + a), where k = J(o? + ¥ 
D^y = F e'" sin {bx + 2a), 



inf te + J'tan"^- )■ 



D'"j/ = /fe^sin(&E + ra) 

= (a? + Wf e' sinfte + r tan"' 
This gives, as a particular case, 

""'»-V<»'Vr) •""'(''-'""?.) 

ivhict is easily \'erified. 

EXAMPLES. 

1. Write down tho r*^' differential coefficient of e^sin 3a:. 

2. Show that D''e"eoa6i! = ;f e'"C03(6K + >-tt) where h-^Hf^-i-h\ and 

3. Find the j-"' differential coefficient of e'^sinfra:, aiid deduce its 
first integral. 

4. Find the i*'' differential coefficient of e " "" cos ftar, anil deduce its 
first integral. Verify this last result by differentiation. 

5. Deduce the formulae for D'e"' and D'e""" by putting i = in the 
formulae for D' e-"^ cos hx. 

6. Deduce the formula for D''sin Jia^ by putting ie = in either uf tlie 
formulae for D' e^" sin 6a:. 
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130. Leibnitz' theorem. 

We have seen, how to form the succeseivc differeiitiii! co- 
eifieientB of various simple functions, and other examples will 
be found in the next chapter, which is devoted to methods of 
dealing with rational algebraic fractions. We wUl now establish 
a theorem by means of which the m'" differential coefficient of 
the product of two functions of a variable x can be written 
down provided we know the successive differential coeificiente 
of the separate factors. This theorem is known as Leibniiz' 
theorem. 

If u and V are functions of x, we require to find a formula 
for D"(«b) in terms of u and v and their successive differential 
coefficients. 

By Art. 23, 

D(Mw) = UM,«-t-«.Dw, 
and, similarly, 

I>\m) = (T>H.v + Dw.D!)) + (I>M.Dt) + u.-Ei^v) 

Proceeding in the same way, we find successively 
l^{m) = D%.j; + 3D%.IHi + 3Dm.D^ + i^.D^r, 
D*(m«) = T>Ht.v + 4D%.Dw + 6D%.D2!j + 4IM*.D% + M.D%, 

It will be noticed that the numerical coefficients in the above 
formulae are just the same as those which occur in the ex- 
pansions of the successive powers of a + 6 by the binomial 



1, 1 coefficients of (ffi + 6), 

1, 2, 1 „ {a + if, 

1, 3, 3, 1 „ {a + if, 

1,4,6,4,1 „ (a + i)\ 

and it will be readily seen that this is because the terms are 

formed in a very similar way. Thus 

and (a + bf = (ffl' + 2a% + ab^) + (a% + 2ab^ + b^) 
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This corresponds exactly to the process of finding I^(uv) 
from the second differential coefficient, V^m), provided we 
work as follows : we have 

Jfi{m) = D^u.v + 2DM.DW + m.D% ; 
to find Tfi{uv) we have to differentiate separately both factors 
of each term ; we may, therefore, Jirsi differentiate each of the 
factors D*w, Bti, u, and thm each of the remaining factors v, 
Dv, Dh), the result being 

+ (D^w.Dw + 2Du.D%i + M.D%) 
= D%.« + 3D%.D» + 3l>M.D% -f M-D^j;. 

The analogy between this process and that of forming the 
cube of a + 6 from a^ + 2ah + b^ by multiplying every term Jirst 
by a, and then by 6j and adding, is thus very apparent. 

It will be seen that, in each process, viz., the process of 
finding the successive differential coefficients of uv, and the 
process of finding the successive powers of « + 6, the resulting 
numerical coefficients in each expansion are obtained by adding 
together in pairs the numerical coefficients in the preceding 
expansion, and it is therefore not surprising that the results 
are the same. 

Hence the n"' differential coefficient oftiv is 






1.2 



This is I.oibnitK' theorem. 

131, Symbolical represcKtation of Leibnitz' theorem. 
If l>i bo used to denote the process of differentiating js and 
its successive differential coefficients, and Dj be used to denote 
the same operation performed on *■ and its differential co- 
efficients, the differential coefficient of uv may be represented 
by(Di + Dg)w; 

for D-^uv will denote Du.v by the hypothesis, 
and DjMj) „ ti.Dv ,, 
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Similarly, the exprrasion found above for B^iiv), viz.: 
Tfiu.v+2Dii.I>v + u.l>\ 
may be written in the symbolic form 

which may be condensed into the form 

and so on, the general formula being 

D"uv=(Di+Da) "wv. 

132. Let us, by way of illustration, find the n'" differential 
coefficient of x^e' by moans of Leibnitz' theorem. 

Let ^=:e'.x^; 

-,{.....^.»-fc»4, 



toO 
The rosult may be, of course, written 

The above is an Bxample of the following important theorem which 
results from applying Leibnitz' theorem to ft product in which one of 
the factors is 6°*. 

133. To prove that 

D"<ii.e«»)=e'™(D+a)"«. 



D"!/ = 



'^(d'u + 



u + a.nD"' 
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Thus^ 


, ill the above example. 




and, rao. 


■e generally, 






^e.'^fa''.i? + iM"-K2x + '^-^~~^\'- 


...) 




= a,"-^ef^aV + 2na^ + n{,i-\)}. 





134. The formula of last article will give us the successive 
integrals of itV by putting n successively equal to - 1, -'i, etc. 

= e^l -D + D"- ..,)a;^, by tlie binomial theorem, 

= e^l-D + D*-..-)(a:=-2!» + 2) 
= 6-1(^-2^+3)- (aK-2) + 2} 

or, more rapidly, 

= e-(l-2D + 3D=-.,,)3:2 
= e'(a;=-2.ac + 3.2) 
= 6^3'" -4a' + 6). 
TKe student can verify these results by successive differen- 
tiations, starting with e^x^ - 4(K + 6), so obtaining the series 
y =e"{^-4i! + 6), 

Dy = e*(3:S-4:c + 6 + 2j^-4) = e'(J^--aB + 2), 

T}»y-^3?-\-%:) =e^a;''+2a;) 

DV = e'(:i^+2i: + 2jT + 2J =e'(c^ + 4ic + 2). 
D=!/= e"(a^ + 4a: + 2 + 2j; + 4) = Ct*:* + Sa; + 6), 
DV=«"(»^ + 63;+e + aK-l-6) = e^a^ + S3; + 12), 

ufiing the formula Ite'/(a;)=fi'(l + Dy(x) each time. 
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By using the formula l}Vf{x) = e'{l+D}"f(x), the student 
may also verify the last result as being the 

6th diifereiitial coefficient of e*{^ -4:X + 6), 
or the 5th „ „ /{x^-2x + 2), 

„ 4th „ „ e\'A 

etc., etc. 
He will find the time well spent in using the above formula 
backwards and fonvards for different values of n until he is 
certain of being able to use it without error. The formula is 
very valuable in connection with the soUition of certain classes 
of differential equations. 

135. Successive differential coefficients connected by a 
differential equation. 

In some cases where we cannot actually find a formula for 
the w"' differential eoefliciont of a function, we may be able 
to establish a relation between its successive differential co- 
efficients which may oiten be of service. 

Thus, if y = tanx, 

Dy =- 1 + y2, 
-l+s-.;/. 
We can write down the result of differentiating this n times, 
using Leibnitz' theorem for the n."" differential cocfdciont of 
the product y.y. Thus 



Mn-K 



D" 'yTfy + nD" 'y.Dy + B'y.y, 



the latter half of the series being a repetition of the first half, 
but in reverse order. 

It maybe interesting to take special cases, writing y^, y^, ..., 
instead of Dy, !>% ..., for brevity. 
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etc. 

We shall find these series useful in connection with the 
expansion of tan x in powers of a (Chapter XL). 

Tlie differential coefficients of sec a; can be connected with 
each other and with those of tan a; in a similar manner. 

Let z = s6GX and 2/:=tan«, 
then s, = tan a: sec a; = yz. 

Hence, by Leibnitz' theorem, 

In these two examples all the differential coefficients up to 
the n"" are required in the expression for the n + 1"' differential 
coefficient, but in the case of many functions a much simpler 
relation can he found. 

Thus, if »/ = sm~^K, 

1 

■ ■■ (i-.^^)y.^ = i. 
Differentiating this, we obtain 

i.e., (l-iK>, = !CT/i. 
Heuee, applying Leibnitz' theorem to both sides, we obtain 

(} ~Ay.+2 + »( - 2a;)y„„ + ^^^^( - ^)y„ = xy„^,-\-ny„ ; 

.-. (l-K^)^„+s=(2w+l)iEy„+i + mV„. 
This series will also be referred to again in Chapter XI. 
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1. Prove by actual differeiitiation iif the identity 



that l)"-*-'{uv) = V+'ii.v + {n+l)'D'^.Dv + ^^'^f^D''-'u.Tf'v 



[Note. — The proof of this will establish the fact that if Leibnitz' 
theorem holds for n differentifttions it will hold forn+ 1 differentiations, 
and therefore universally.] 

2, Find the m"' differential ooefEcient of k log x ; also of a^log x. 

S. Find the 3^ integral of arloga:. [Use the formula 

(D5 + Di)-'(a!logiK) = (Da-»-8DiDa-*)a:logx, etc.] 

i. K y — e~^{x^-Sx + 4), find D°y and D'^y. Verify by deducing 
D^y diredly from the expression found for D"^, and vice versa. 

5, K i/ = 3:=ain2a;, find L^ and U'V- 

6, If j/—a\n{msm~'x), prove that (I - j^)^^ -xy, + !n'^ = (i. 

7, Rnd the result of differentiating the above differential equation 

8, If y=e"(Asin6a; + Bcoa&a;), prove that 
. If j/ = e="'""'^ prove that {l-x')y^=xyi + n?i/, and lind the result 
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CHAPTER X. 

SUCCESSIVE DIFFEEENTIATION— Owiimiiei;. 
EATIONAL FEACTIONS— PARTIAL FRACTIONS. 

136. Bational Algebraic Fractions. Proper Fractions. 
In the preceding chapter it has been shown how to find the 
successive differential coefBoients, and the integrals, of certain 
simple functions. Another very important class of functions, 
which are called Bational Algebraic Fractions, will be treated 
in the present chapter. The simplest form of such fraction 

is — , where the numerator is a constant and the denomina- 

ai+b 
tor IS an algehraio function of x of the first degree. 

In general a lational algebraic fraction is a fraction whose 
numerator and denominator are rational algebraic functions 
of ' (or '!ome other variable), i.e. are expressions all of whose 
teims aiB multiples of integer powers of a:. 

Thus /'"y + ^^"i^ and -J^ and ' J aie ill 
^-l)(W + ^ + l) -^^ 7 -> 

6+ -^ 

examples of rational fractions The hst it, a complex fiaction 
but any ccmplex rational fraction can easily be reduced to a 
non complex form also any rational fraction can be reduced 
to iti low est terms by cancelling common factors between the 
numerator and denominator Moreover if the legiee of 
the numeiatoi if. as hi^h as ci highoi than that of the 
denommitoi the fraction cm be expiet-sed ui the foim of a 
Quotient + a Remainder whoso nimeratoi is of lower de£,iee 
than the denoraii ator ju^t \-= an iritbuptical impioper 
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fraction can be reduced to the sum of a whole number and 
a proper fraction. In the greater part of what follows we 
will suppose that this has been done, so that the fractions 
we shall deal with will be in their lowest terms, and will have 
their numerators of lower degree than their denominators. 
Such fractions will be called Proper Fractions. 

Example. Reduce ea^^h of the above three fractions to the form of 
quoiietit +2>!-operJraction. 

137. Simple Fractions. The simplest form of proper 
fraction is one in which the denominator is of the first 
degree. Thus 

ia a simple fraction. 

ca + b 
It is easy to write down the «'" differential coefficient of 
such a fraction. For, let 

y = {ax + b)~^ j 
.-, ^/^-l.{ax + b)-'I,{ax + b) 

Similarly, D> -(-«)(- 2o){aK + b)-\ 



D")/ = (-([)(- 2a) ...( - na)(ax + 6)""-' 

The iirst integral of — ^ is llog{ax + b), as can easily be 
verified by differentiating log(aa: + 6). 

Next in order of simplicity come such fractions as ^- — j-^, 
The differentiation and integration of these 



present no new difficulties. The numerators need not be 
unity ; all that is needful is that they shall be constants. 

Other fractions which present more difficulty, but which 
must be considered as simple fractions, are 



(a,+«)a + r '{(x + a)2 + 6^P' 
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the peculiarity of these fractions bein^ that the quadratic 
expressions in the denominators are tireditdble, i.e. cannot 
be faetorized into real factors, and that the numerators are of 
the first degree. It will be found that all proper fractions 
can be expressed as the sum of such simple fractions as are 
indicated in this article. 

EXAMPLES. 

1. Find the «"' differential coefficients, and tlie first integrals of 

2. Write down the first integrals of 

1 3 2 4 

at! -3' (2a; -3)'' 2-63^' (2-6a:)^' 

3. State ivliith of the following fractions are simple fractions : 

3 3 .1 

x' + 2x' s^ + ^T + V 3^ + 2k + 2* 

4. Show that -^—^7— T- can be put into the form ,11 + 1 4.1 \i ' 

5. Showthat^ . a , ..; - can bepiit into the form 3, j - v JiVi ' s ' 



138. Partial Practions. To succeed in obtaining the 
m"' differential coefficient or the integral of a proper fraction 
which is not one of the simple fractions indicated in Art. 137, 
the fraction must, in general, be broken up into the sum or 
difference of simple fractions whose denominators will be the 
several factors of the given denominator. This process is 
the opposite of the process of adding together a number 
of simple fractions into one fraction, and like most reverse 
operations it is not so easy as the direct process. The 
greater part of this chapter will be devoted to explaining 
methods of doing this work. For purposes of integration 
such breating up into partial fi-actions ia essential, and it 
is important that the student should acquire some facility 
in the work. The idea is simple enough, but the details 
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are in some cases troublesome. The various methods of 
saving labour in the work will be explained by means 
of examples. We will start with one simple example and 
then explain the general theory. 
Eisample. Find the integral, and the ii'*' differential coefficient, of 

a 

The given fraction can be expreseeil in the form 



-5* ^*"l-^i(:c-2)-+l {x + 2r*^\- 

We proceed to consider the various cases which may arise 
in the treatment of any proper fraction. 

If the denominator is of the first degree, the fraction is 
already in its simplest form ; e.g. 
1 2 

x+S' Sx + i' 

If the denominator is of degree higher than the first, it 
can, in general, be broken up into factors. Several cases will 
arise, according to whether the denominator can be wholly 
broken up into real factors of the first degree or not, and 
whether any of its factors are repeated or not. For example, 
the denominators (a- ]){iK-2)(3r+ 3), {x~2y(x + B), a^ + x+l, 
(a^ + a + ly are all of essentially distinct forms, and will require 
somewhat different treatment. 

139, Unrepeated linear factors in the denominator. The 
first case which presents itself is that of a fraction whoso 
denominator can be entirely broken up into real factors of the 
first degree, all different. We have to show how to find the 
simple fractions whose sum will be equal to the given fraction. 
Their denominators must, of course, be the several factors of 
the given denominator : the problem is how to find their 
numerators. The best way of showing the various methods 
of doing this will be by means of an example. 
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can be made up of the sum of 

A B . C 

where A, B, C are constants whose values have to be such 
that when the three simple fractions are added together, the 
numerator shall be 2it^ - 3. 

Now, if the fractions are added together, the resulting 
numerator is 

A{x-2)(x + S) + B(x.-l)(x + 3) + G{x-l)(x-2) 

= (A + E + 0)^2 + (A + 2B - 30)a; - (6A + 3B - 2C). 
If this is to become 'ix^ - 3, we must have 
A + B + C = 2' 
A + 2B - 3C = 
6A + 3B-20 = 3. 
2^3-3 



1/1 4 3 \ 

^4(^ + ^+r+-3> 



■■ (x-l){x-2)(x + S) 
Therefore its n'^ differential eoeffieient 

J- irlnj 1 , < 3 1 

- i i{,-ir"*(i,-2)""+(i+3)™_f' 

and its integral is 

i(log(^-l) + 41og(^-2) + 31og(^ + 3)}, 

as can be at once verifled by differentiation. 

It will be seen by careful study of the above example that 
while there will always be as many constants as there are 
simple fractions, so that the number of constants is equal 
to the degree of the original denominator, the degree of the 
resulting numerator when the fractions are added together 
will be one less than the degree of the denominator. Con- 
sequently the number of constants is just sufGcient to 
satisfy all the conditions required to make this numerator 
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identical with the given numerator. Thus in the above 
exarapie there were three constante and three conditions to 



The method adopted above for finding the values of the 
constants is easy to understand, but it is not usually the 
simplest method to use practically. A better way in practice 
will be now shown. We had, on comparing numerators, to 
make 

A(x-2){x + 3} + B{x-l){x + S) + C{x-l)(x-2) = 2^-3 
identicaliy (N) 

Now, if the two sides of (N) are identically equal they will 
be equal whatever value we please to give to a:. It is easy to 
choose special values of x which will enable us to determine 
A, B, C separately instead of by solving three simultaneous 
equations. Thus if x= 1, the multipliers of B and will be 
zero, and we are left with - 4A= - 1, whence A = |. 

And if x^2, we find that 5E = 5; -■- E=l. 
Finally, if a;= -3, we find that 20c = I5j .-. C = f. 

We ought to verify the results we have obtained, either 
by giving another value to a, as for example x = 0, or by 
comparing the coefficients of the different powers of x on each 
side of (N). If these agree our work is right. 

Another mode of finding the constants will be found inter- 
esting and may be used when desired instead of either of the 



Let ua consider one factor of the denominator at a time. 

Suppose the given fraction is - — Ll L and that it is broken 
{x-a)4.{x) 

up into the simple fraction — — + a number of others whose 
'^ "^ x~a 

sum will be of the form -, — ^. 

Then _J1^1„ = ^1_ + -!^; 

and, corapanng numerators, we have the identity 

/W-A*(j;) + «(^-«) (N) 
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In this identity put x = a, and we find 
/(.)- A. *(<■); 

and therefore the partial fraction 

x^a {x-a)^{a)' 
i.e. the partial fraction corresponding to x-a is obtainable 
immediately from the original fraction by the simple plan of 
putting a; = o in every part of the fraction except the factor 
x-a. We will, however, deduce another formula for A which 
is sometimes slightly more convenient. Let the original 
denominator be ¥{x), so that 



Hence 


n^) = 4>{p) + {x-a)<^'i:^). 


Now put a: = 


= a in this identity, and wo obtain 




r'(«) = ■/'(«)■ 


Hence 




Applying this 


to the giveu example, viz. 


le values of a c 


ix-in^-2){x+3y 



which it can be split al 

Also /W=2:t«-3i .■. /(1)=-1, /(2)-5, /(-3) = 15, 
and ¥{x)=x'-1x + 6 (as seen Ly multiplying out) ; 

.-. Tlx] = S:i^-l; andI"(l)=-4, Fi2) = 5, F'(-3) = 20; 
.-. A=l, B= 1,0=1 as before. 

Note. — It must be remembered that the above method has 
been established on the supposition that the simple factors 
of 'B{x) are not repeated. If a factor is repeated, the method 
will tail in the case of that factor, but will still be applicable 
to such of the factors as are not repeated. 

The method is valid whether the given fraction is proper or 
improper, but it must be remembered that in the latter case 
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there ia a quotient in addition to the sura of the simple 
fractions. 

140. Eepeated linear factors in the denominator. — We will 
now consider the case of a repeated factor in the denominator. 



This can evidently be broken up into 

Similarly, if we have 

we may break it np into 

A B C_ 

where A, B, C are constants to be dGtermined. 

Adding the fractions together, and equating the numerator 
so obtained to the given numerator, we have 

A(x-lf + B{x-'i) + G = 2x^-Sx + 4 
identically (N) 

The constants A, B, C are just sufficient in numlier to enable 
us to satisfy all the necessary conditions. Several ways of 
finding the values of A, B, C may be adopted. Thus we may 
equate the coefficients of the different powers of x, obtaining 
three simultaneous eqiutions. The solution by this method is 
left to the student. 

Or, we may try the effect of putting £=1 in the above 
identity. This gives us = 3. 

We may now, if we like, transfer C to the other side, and 
divide both sides by a; - 1. 

This gives us A(«-l) + B=23;- 1 identically; whence, by 
putting a = 1 , we find B = 1 ; and, equating the coefficients of 
X on the two sides, we obtain A = 2. 

Or, again, having found C = 3, we may differentiate both 
sides of (N), obtaining 

•2A{x-l) + B-^ix-3i 
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whence, by putting x=l, we find B=l, and lastly A=2 as 
before. 

Another method may be shown by which all the constants 
can be determined simply. 

Thus, taking the same fraction 

2^-3x + i 
-(x-ir ' 
let x-l=p; 

then 2a^-3a! + 4 = 2(y+l)2-3()/4-l) + 4 

,■. the fraction = --^—-^ = - + -6 + -,i 

r n r r 

which becomes, on replacing y by its equivalent x-], 

This method is very powerful even in cases where the de- 
nominator has other factors besides the repeated factor. Thus, 
consider the fraction 

Putting a;- 1=)/, the iraction reduces to 3+4- i+2 
3s/^ 4- iy^ - y/ + 3 

If now we divide the numerator by 2 + 2t/ + i/'^ so as to 
obtain the quotient in ascending powers of y, till the remainder 
is divisible by y^, we shall have completely determined the 
partial fractions required, 

2 + 2y + y" 

viz 1_Aj--_ i'^'^y -3i/ +31/2 + V 

■ ^ WV f + % + 2 - 3y -3y=-|y^ 



{x-\f 2(x-\f 
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Note. — The last of the partial fractions has a ouadratic 
denominator which cannot be split into real fectors. We shall 
consider this kind of fraction more particularly in Article 142. 
Meanwhile all that is necessary to observe is that it is a proper 
fraction with a first degree numerator, its denominator being 
of the second degree and irreducible. It belongs therefore 
to the class of simple fractions (see Art. 137). 

141. Method of procedure in the ease of improper fractions. 
If the fraction is an improper fraction, i.e. has a numerator of 
degree equal to or greater than that of the denominator, it 
must be put in the form of Quotient + Eemainder, as stated at 
the beginning of the chapter. This work can often be con- 
veniently performed without actual division in the following 

Lot the fraction be ^i—^ -^ 

^-Bx + 2 

The quotient will evidently be of the first degree ; call it 
therefore Ax-t-h, where A and B are constants to be deter- 
mined. The remainder will be a proper fraction, and is 

required in the form ■ r--)-- — ^. We therefore assume the 

given fraction to be equal to Ax + B^- _ -. H ^■ 

The identical relation from which A, B, C, and D are to be 
determined is obtained by adding the assumed equivalent 
expressions into one fraction and identifying its numerator 
with the given numerator. The relation is, therefore, 
{A3> + B.){x-l){x-2}+G{x-2) + I>(x--i) 

= Z!)P-bx^ + 7x+2 (K) 

By comparing the coefficients of a,-^, we see that A = 3. * 

„ x^, „ B- 3a= -5, .-. B = 4. 

By putting a; = ] , „ C=-7. 



* It was obvious in the first inatance that the first term of the quotient 
mnat be 3a:, since it is obtained by dividing 3a:' by x^. We might, 
therefore, have asaumed the quotient to be 3j! + B instead of Aar+B. 
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7 20 

.*. the given fraction = 3ft,' + 4 - — T+': — »• 

Alternative method. Make the left-hand side of (N) divisible 
hy x-2 by subtracting D from both sides, and determine the 
value of D from the principle that x -2 muat exactly divide 
the right-hand side also, since both sides are identically equal. 
This condition will give us B-^^O, and the result of the 
division will leave us with the new identity 

(Ao: + B)(x- l) + G + 20 = dx^ + X + 9 ; 

.-. {Ax + B){x-~l) = Zx^ + 3^-{n+C). 

Now divide by a ~ 1, and we find = - V, and 
Ax + 'B=Sx + i. 

The student might practise this division method by adding 
C to both sides of (N) and dividing through by a; - 1. 

These various methods have been given to show that there 
are almost innumerable methods of working, ail depending on 
the faet that we are dealing with an identity, and that what- 
ever is true of one side of an identity is necessarily true of the 
other. 

EKAMPLSS. 






"■ (x-a){x-b)(x-cy °- {2x-$)'- 



a 



10. 






12 - -i^ 
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142. Irreducible quadratic Actors In the denominator. In 
the previous investigations, methods have been given for facili- 
tating the work of replacing a fraction by a series of equivalent 
simple fractioQs when the denominator of the given fraction 
can be split into factors of the form (x-a)'. The simple 
fractions corresponding to each such factor are of the form 



(«-o)-(a,-«)-----(i-<.)' 

In addition to this we have seen how in some cases to 
proceed when one of the factors of the denominator was of the 
second degree, and was not able to be split into two real first 
degree factors. The general type of such a quadratic factor is 
{x + a)^i-b^. In such cases the corresponding partial fraction 
has a numerator of the form Ax + S. ( See Art. 1 37, and the 
last example of Art. 140, where one of the partial fractions was 
^ — j-j. In the case referred to, the nurae at was fo 1 

incidentally as it were, in the process of fi I g tl e otl e 
partial fractions. It is not always possible to p oceed tl at 
way, however, and it is desirable to considei othe nethod 
of finding the numerators in such cases. These methods ne 
shall show by taking special examples. 

Take for example the fraction, . ^ . ^ — j^- 

This can be broken up into two fractions of the form 
Aor + B C(. + D 
3^+1 x' + i' 
wheie the t u constants ABC and D, arc to bo found by 
add ng the assumed fiictions together, and identifying the 
numerator so obtained with the numerator of the given 
iraction The lientity lequiied is thus 

*Thi3 ubeful symbol is often used to signify an identity, i.e. an 
equation in which the two aides are to be equal absolutely, whatever 
value X may have. We might have uaed it in the previous articles 



y Google 



156 DIFFERENTIAL CALCULUS. [chap. x. 

Method of equating coe^cienis. The fundamental method of 
finding the constants is to equate the coefRcients of the different 
powers of x on each side of (N), Thus 

Goeffki&ni of 3? A + C = 0. 

„ ic^ B + D = 3. 

„ X 4A+C= -S. 

Gonstavi term, 4B+D=L 

These four uquations are just sufHcicnt to determine the 
constants. On solving thom, we find 

5 2 5 U 

We may, however, just as in the previous jirtieles, adopt 
other methods of finding the values of these constants, all 
depending on the above identical equation between the 
numerator of the given fraction and its assumed equivalent, 
which we have denoted by (N). 

Meilwd of forced dtmsion. If 3(Ca: + D) is added to the 
left-hand side of (N), it will become divisible by s?-k-i, the 
quotient being Az + B + Cx + T}; and if the same quantity is 
added to the right-hand side to preserve the identity, it must 
also be divisible by a^ + 4. The modified identity is 

{Ax-i-'B + Cx + n){z^ + i) = 33p-5x + l + S{Cx + 'D) 

s33^-i-(3C-5)3;+{3D + l). 

Now, since the right-hand side must be a multiple of 'j^^ + i, 
and its first term is 3s:^ it must obviously he 3(3;'^ + 4), i.6. 
Bx^ + 12, hence 

3C-5= I 5 U. 

3D -I- 1 = 12 I ■■ "- 3' 3 ' 

and, on performing the division, wc have the identity 
AiB + B + CiT + D^S; 



B-)-D=3 j 

This method has taken some time to cxplai 
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rapid in practice, and it is well worth a little trouble to get 
used to it. 

The student might, by way of exercise, make the original 
identity (N) divisible by s^ + l, instead of by x^-t-i, by 
subtrauting a(AK + B) from both sides.* 

Method of substiMwTU If in (N) we put 3;^= - 1 (which, it 
must be noted, mak^ x imaginary), we shall be able to find A 
and B without being hampered with and D, since the 
coefficient of Ca; + D will be equal to zero. Similarly if we put 
a^ = - 4, we can find and B. (The fa«t that these substitu- 
tions make x imaginary is of great importance, as it enables us 
to find two coefficients at the same time.) 
"First, to find A and B. Since x^^ - 1, (N) becomes 
3(Aj;+B)= -5x-2 
5 2 
■■■^ + ^=-3^-3- 

Since x is imaginary, we must therefore have A = - ^ and B 



Secondly, putting k^= -4, (N) becomes 
-3(Ck + D)= -oa^ll; 

.-. Cx + 'D = '-^x + -g-, .-. C = ^, and D = -g-. 

Note. — In using this method, it is unnecessary to substitute 
for X its imaginary value; we keep the symbol x, merely 
remembering that it is imaginary, but we substitute for ^ 
wherever it occurs. The faet that x is imaginary makes the 
resulting equation an identity, so that we might write 
Ax + B= -^{&x+2), and Ox + 'D = ^{5x+U). 



It n t ^ t 


k tl tw d tly divisible : we 


y 1 d 1 th ies 
1 n te hflt th q t 


f (N) t ta da by th +4 or k' + I 




q 1 nd Ik ^ 


n t th tw nd P haps this is 


th neatest w f pe t 


g th pe t n 
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The original fraction, viz, 

IS therefore equa,! to 

1 /Ss+n. _ 6x + Z\ 

This is the simplest form to which it can be reduced. 

143, The jj"" differential coefficient of a fraction with a 
quadratic denominator is not simple, and as it is not practically 
of great importance we shall only give it at the end of the chapter, 
to be omitted on first reading if desired, The integral is not 
very simple, but it is important. It consists of two parts, and 
depends on the two following formulae which the student 
already knows, or can easily verify by differentiation. 

(1) The integral of -^^ is log (.r^ + fflS). 



Thus the integral of ^^ is ^log(a3 + 4). 



x^ + 1 

5, x^ + i 11, ,z 2, , 

In some of the following examples the integration is less 
simple, but this does not much matter, as it may well be loft 
till the student is working at the integral calculus and has 
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learnt how to treat all such fractions; the special object of 
this chapter is to show how to split up any given fractions 
into a number of simple fractions which shall be integrable 
by the proper methods, We shall, therefore, not attempt to 
integrate any of the remaining examples in the chapter. 

144. Bepeated cLuadratic lector in tbe denominator. 

ouch a fraction as .■ , „ , . - 

can bo broken up into the sum of fractions of the form 
A|a: + B^ Agai + Bg Aga 4- Eg _ 

for if we add the three assumed fractions together, the numer- 
ator will be of the fifth degree, and the identification of this 
numerator with the given numerator will lead to just six 
equations among the six constants, from which they can be 
determined. 

The equation of identity between the numerators is 
{AiX + B^)(x^ + x-\-lf + {A^ + B^)(x^ + x+l) + (A^x + -R^) 

s3x^-6x^ + 7x-9 ...(N) 

Using the method of equating coefficients we see at once 
that Aj = and B, = 0, since the coefficients of x^ and «* are 
both zero. 

Equating coefficients of a? 

A^ + B^== -5, .-.Bg* -8. 

■)-E2 + Ag = 7, .-. Ag^ia. 

B^ + B3= -9, .-.Bg^ -1. 

If the given numerator had contained higher powers of x, 

this method would have been troublesome. Probably the beat 

method then would have been that of forced division, dividing 

both sides of (N) by a;^ + a; + 1, This we will now do. 

The remainder on the left is evidently AgS+Bj,, and that on 
the right will be found to be 12a!- 1, the quotient being 3a; - 8. 

Hence A3a: + BgS 12^-1, 

and {A^x■^•-B^){x^ + x+l) + {A^'c-l-'B2)^3x-8. 



constant terms 
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A repetition of the same method shows obviously that 
AgK + B^^aa^-S, 
md A^s + BjsO; 

.-- the fraction may be replaced by 

3k -8 12a! -1 



{x^+x+iy^i^ + x+lf 
whose numerators are of the first degree only. The sum of 
these fractions is the simplest equivalent to the given fraction. 
The student will learn how to integrate such fractions when he 
comes to work systematically at the integral calculus. 

NoTR. — The values of Ag and Bg above could have boon 
found by the method of substitution, by putting 

and, therefore, ;«*=» -x^-x = l ; 

whence Agie + 63= 3 + 5 (a: + 1) + 7a: - 9 

-1211;- 1. 

This method is really a mere modification of the division 
method, not quite so good, usually, as actual division, for it 
gives the relation between the remainders only, instead of the 
relation between the remainders together with the relation 
between the quotients, both of which are simultaneously given 
by the division method. However, the method of substitution 
is interesting, and occasionally it may save trouble. 

145. General Summary. The denominator of every rational 
fraction can be, in theory at any rate, broken up into first degree 
factors, or quadratic factors, or a mixture of the two, such factors 
being repeated or not. This we shall not prove, but take it as 
a known fact. Any proper fraction can, therefore, always be 
replaced by a aeries of partial fractions of the types already 
considered, and the numerators found by means of one or 
other of the preceding methods. The number of arbitrary 
constants which have to be assumed is in every case equal to 
the degree of the denominator of the given fraction. 

An improper fraction can be replaced by a quotient + a 
series of simple fractions. 



y Google 



ARTS. Ui, 14.^,] PAIITIAL FIIACTIDNS. 161 

The general type of such eiiuivaleiit quantities may he 
represented as under. 
Let the given fraction be 

/w 

(s!-»)'...|(.,-4)= + ,'C.-. 
Then it may be replaced by 

Quotient + ( — '-- + . . . + t— -''-r^) + ■ • ■ 

/ B.i); + C, B,i: + C, \ 

The various methods of finding the numerators may be 



(1) The fundamental method of eqaating coe^cienis of the 

different powers of x in the equation of numerators 
which we have called (N). 

(2) The method of substituting special values of x in the 

same equation. 

(3) The method of forced division. 

(4) Differentiation of both sides of the equation (N), followed 

by use of any of the other methods. 

(5) The use of a formula in the ease of an unrepeated linear 

factor. (See p. 150.) 

EXAMPLES. 

oiis by tliuir simplest eqiiii'aleiit pa,rtial 



. 3x'-5j^+7a:-2 



x''-7s:-2 


3:5-7k-2 


ar' + g 
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146. To find the ii"* diifereritial coefiicieiit of —^ — -, 

This can only be obtained in a manageable form by an 
artifice. 

Let 3! = cot^, and therefore dx— -eosee^Si^S, 
whence D^= - sin^S, 

if D is used for — , for brevity. 

dx ^ 

Using this substitution, we hiive 
¥-^'--, =sin^O; 

^ JK^ + 1 ' 

.■. Dy = 2 3inflcose.D6' 

= -sin^^sinSe, 
DV= - 2 (sin e cos e sin 2e + sin^(9cos 2^)D6l 

= 2sin5^sin3^, 
1)3^ = 2'3 sin2(9(cos B sin 3f + sin 6 eos 3^)1)^ 

= -[3sin*^sin4(3, 



D> = (-ir[wsin-i6sinOi+l)(*. 
This is the formula. 

The first integral of ■ ^ ■- ^ , which we know is tan"^iE, or, 

more generally, tan'^a: + any constant, can be deduced from 
the above formula hy putting m = - 1, and remembering that 
wemay replaee sin(w + l}6 by (»+l)tf in this case. (Art. 32.) 
We shall obtain D"iy= - Q, the general integral being- 9 
+ a constant, which agrees with the above, since 

tan"'a = -- - d. 

147. To find the m"" differential coefficient of ■ - "' . . 
1 + a^ 
This can be found "ti^ the same substitution, viz. 
a: = cot^, T>e= -%-sa^d; 
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L -C ^ cot 6 1 ■ nn 

whence, tt z== == ^ = isin2tf, 

Ds= -sin^ecos2(9; 

n^z= - 2 sill S(cos 6 cos 25 - sin sin 2^)06 
= 2 3inSeco8 35; 

and, finally, D"^ = ( - 1)" ^sin-^'^ cos {n+\)6. 

The above result might also have been deduceil from the 
formula for D"f A by help of Leibnitz' Theorem. 

For, putting, as before, ii—-. :,, and n-^ -., we have 

,■. 3„ = 3!y„ + )iy„_, 

= ( - 1)" !« ain"^ (cos 0sin(m + 1) f - sin ne}, 
which is easily reduced to the previously obtained expression 

{-l)"i«.sin""£'eos{M+i)t', 
since cos f sin(T( + 1) fl - sin ^ cos(m + 1) S = sin nd. 

The integral of i-^-g is jlog(l+K^). This cannot be ob- 
tained readily by the artifice of putting )i= - 1 in the general 
expression above. 

148. Various other expressions of the form -— — — can bo 

expressed in terms of and -; and the successive 

differential coefficients of these functions, and thus expressions 
found for their m'" differential coefficients and first integrals. 
But other simpler methods of finding the first integrals of all 
such expressions will be given in a book on the integral 
calculus, so that the methods here given are rather interesting 
than important. Two examples are given below by way of 
illustration. 
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(1) To find the n'" differentiai coefficient of ■ -^ ■- - . 

By straightforward differentiation we find, after re 

■"""'■ r,^;___? 1_ 

#+1 («' + !)> «< + l" 

■■■PT1?-2U.+-1*V+T> 

and, in particular, 

(2) To find the n"' differenHai coeffidmt of _^— -— . 
We have at once, bj differentiation, 



(^i + iy (x' + lf 

1 

w 



— V^=-i--W 



EXAMPLES. 

Find the n"' differential coefficient of 



8. By differentiating ^"^ , find a forniuln foi the h" difTermitiLil 
coefficient of , ^ .„ , and find its integril 

149, The following list of most of the more import int 
results of this and the preceding clupter miy be of u'ie ai a 
summary, and be of help to the student in the process of 
revision : 
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!)-'« D-'a 


» 


Utt D'M 


j^"'" S 


." 


nx''-^ ,—-— !!!"-'■ 


+ ...+K ''™"'"' 










1 
a;" 




^[logl J-i- . -i] .(log. -11 


log:. 


1 i^-K-ir-i 


-(..-?) -(-1) 


.,4.=) ..,(„.=) 


i--'"(-¥) s-(-8 


smwi^ 


-'■(--;) »'-(-*¥) 


_amma; 


oos»^ 


.,„.(„,„!) „.„.(„„.^') 


n"'e™ le"- 


e"" 


ae" 0^6'" 


^-e"aia(i:c-ra) je'"siTi(6i^-a) 


e»^iiifia- 


kf's\a{bx + a) kV^itx (6a: + ra) 
where it=^(o=+6^) 
andtana = 6-;-cs 


llog(«3: + b) 


^ 




tan -'a; 

or -CQt-iar 


1 


-1x (-l)'-|!;siD'-nSsin(r+l)e 


ilog(3^+l) 


S^TT 


^1^, (-l)-ksm'+'Saos(r+l)a 


(D. + DaJ-'ttw (Di + D,,]-'aM 


«v 




e"(a + D)-'-M e'^n + D)-'M 


£"»,( 


e"(a + D)M ^"'(ffi + DrM 
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CHAPTER XI. 

TAYLOE'S AND MACLAUEIN'S THEOREMS. 

150. Taylor's Theorem. We know that when h is small, 
the formula 

is approximately true, being true to the first power of h. 

[See Chap. VI., also Chap. I., in which dx is used instead 
of ft, and powers of t^is beyond the first are neglected.] 

We desire now to find the complete expression for 

so as to be able to use it for finite values of h. This complete 
expression will have terms containing A^, h^, etc. 

Thus {a + hf-a?'=h{2o) + h^; 

and (a + hf - a' = h(3a^} + ft«(3a) + h\ 

We will establish a formula which will enable ns to deter- 
mine the coefiicients of the different powers of h in every case 
where such a series is available, t.e. in the case of all functions 
which obey certain conditions. 

The formula, which is called Taylor's Theorem for the ex- 
pansion of a function of a + h in powers of k, is 

f (a+h>=f (a>+lif'(a)+^f '<a)+j^f "<a)+... . 

The student should verify that this formula holds in the 
case of the above two examples, and, before proving it, he 
might make himself familiar with it by working the examples 
below. 
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EXAMPLES. 

1. Expand (a + h)" in powers of h by Taylor's Theorem. [It will be 
found that this gives us the Binomial Theorem, which in thus seen to 
be a particular case of Taylor's Theorem.] 

2. It x — a + k, arrange x'-Sifl + lx' ip powers of h by actual expan- 
sion, and show that the terms follow the law given by Taylor's Theorem. 

3. Expand 6"+* in powers of h, and compare the result with the 
expansion of ^ given in Chap. IV. 

4. Expand Ein(a + p) in powers of Ji, and hence deduce the expansious 
of sin p and cos /? in powers of ^. 

5. Expand loge{a + h) in powers of h, and deduce the expansion of 
log,(l + ^)- 

6. Expand log sin (3: + /i) in powers of h as fur as the term involving 
ft* inclusive. 

151. Mode of obtaining Taylor's Theorem. There are 
several instructive ways of obtaining Taylor's Theorem. The 
simplest way is to use the method we have before adopted 
to find the expansions of e", sin x, and other simple functions, 
i.e. to assume an expansion in powers of h with unknown 
coefficients, and then proceed to find what those coefficients 
must be. This method presupposes that such expansion is 
possible, which, we shall see later, is not always the case. 

Assume f{a + h)-f{a} = Ajk+A^'^ + Aji^+ {!) 

This, by supposition, is an identity, and therefore if we 
diiferentiate both sides the residting expression will also be 
an identity. 

Differentiate both sides with regard to k, keeping a constant. 
.■. f'(a + h)dh = (A-t + 2A^k + SA:^'^ + ...}dh; 

.-. f'{a + h) = A^ + 2Aji + 3Agh?' + iAjt'>+ (2) 

This being an identity, we. are again entitled to differentiate 
both sides with regard to h, obtaining another identity ; and 
so on as many times as we please. We thus find 

f'{a + k)=l.2A^-i- ■2.5A^ + SAAjfi + ... ; (3) 

f"'{a + k) = 1.2.3A^ + 2.3.iA^k-i-ZA.5Aji.'^+ ... ; (4) 

f%a + h)=l.2.3.4A^ + 2.3A.5A^h+ ... ; (5) 



yGoosle 



168 DIFFEKKNTIAL UALCULas. [chap. xi. 

Now, as these are, by supposition, identities, they must hold 
for all values of h. Hence, putting A = in (2), (3), (4), ..., 
we find 

/» = 1.2A,; 
/'» = 1.2.3A3; 
/"(o) = 1.2.3.4A^; 

These results give us the values of the successive coefficients ; 
and inserting these in { 1) we arrive at the required formula, viz, ; 

/(. + ») -/(«) - */» + g/"(.) + yIj/" w + - • 

Note.— In the above work we have assumed that all the 
differential coefficients of /(« + h) are functions which are finite 
when fe = and are continuous throughout the range of values 
of h, as if they are not continuous wo cannot differentiate 
them. If they are all finite and continuous throughout the 
range, and if, in addition, the terms of the series which contain 
high powora of h become unimportant, the theorem is both 
true and numeiically useful. 

152. Example illustrating the limitations of Taylor's 
Theorem. It is easy to give an illustration of an cxpaDSioii 
which is true and intelligible for certain values of h, but not 
for others. Thus 

1 -ft 
as can be proved by means of the theorem, or, more simply, 
by actual division. 

Now, this apparent identity is true when A is less than 
unity, but if h is greater than unity we get a negative quantity 
on the left-hand side and an infinitely great positive quantity 
on the right-hand side, so that the two sides cannot in this 
case be equal. It is noteworthy, in connection with the 
failure of the series when h is greater than 1, that, when A = l, 

both y-^ and its differential coefficients become infinite and 
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some of them discontinuous, having great positive values when 
h is just less than 1, and great negative values when A is 
just greater than 1. 

This discrepancy between the two sides is very curious in 
such a simple example. It shows how very careful we must 
be. We can find out how it arises in the present case, and 
will be able to apply a correction which will restore the identity 
of the two sides of the equation. 

For, if we go through the process of division, we find 






^(t^.) 



Here we have an identity whatever h may be. Moreover we 
have, not an infinite series, but as many terms of the series as 
we please, followed by a remainder which is not in the form 
of a series. 

Now, when h is less than 1, the remainder after n terms of 
the series can he made as unimportant as we please, by in- 
creasing n. 

But if h is greater than 1, the remainder becomes more and 
more important the greater ft is, and is moreover negative. 
The terms of the series together with the remainder are equal 
to the given function, although the sum of the terms by them- 
selves is more and more remote from the value of the function 
the greater we take n. 

We are led to the conclnsion that the infinite series re- 
presents the function properly when the remainder after n 
terms can be made as small as we please by increasing n, but 
not otherwise. The conclusion is consequently inevitable that 

the function and the series 1 -Hie-Ha^-i- ,., to <a are not 

idetiMcal, but are equal to each other through a certain range, 
and entirely unequal beyond that range. 
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In fact the real identity is 



being true for all values of n and all values of x whether great 
or small. 

If we divide this identity by af we have the identity 

From the first of these two identities we see that, when x is 
numerically less than 1, 

= 1 +x + x^ + ... to infinity, 

and from the second wo sec that, when x is numerically greater 
than 1, 



YZ^= -(5 + Ja + ^+ ■■■ t° infinity), 



showing that, when an infinite series of positive powers of x 
fails to vepresent a function, it may be possible to expand it 
in a scries of negative powers. In this case the expansion in 

negative powers could have been obtained by putting s = - 

in the function, and then expanding in positive powers of s. 

The student should draw the graph of , and also of 

l+x, l+x-hx^, l+x + x^ + 3?, etc. 

He will see that by taking more and more terms of the 
series the corresponding graph lies closer and closer to the 

graph of ~ between the limits x= ±1, but not beyond 

those limits. 

He should notice also that when x= -1, the ordinate of the 
function graph has the value ^, whereas those of the series 
graphs have alternately the values 1 and 0. 

In the limit when we take the graph of the infinite series, 
it will coincide with the graph of ,; between the values 
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a= ±1, but is infinite beyond those limits; and, when x= - 1, 
its ordinate is not I but either 1 or according to whether 
we suppose the last term to he an even or an odd power of x. 

The series therefore is equal to the function throughout the 
range for which the distant terms of the series are unimportant. 

The student might also draw the curves 

1 II, 

y= — y= etc., 

from which he will see that the more terms he takes the 
nearer will the graph approach the graph of the function 
bei/ond the Hmits x= ±\. 

This example has been dwelt on at some length to show 
clearly that Taylor's infinite series is not alvxiys identically 
equal to the function from which it is derived, hit only for a 
certain range of values of x, and to show tha,t the apparently 
simple proof given in Art. 151 slurs over a good number of 
difficulties and limitations. 

153. Second proof of Taylor's Theorem. Another instruc- 
tive mode of arriving at Taylor's series, which will indicate 
the need that f(x) and all its differential coefficients most 
be continuous and finite throughout the range of values of x 
contained between a and a + h inclusive, and that the end of 
the series must be unimportant, is by gradually building up 
the finite increment A by a succession of infinitely small equ^ 
increments dx. We will first take these increments small but 
not infinitely so, calling them Bx, and then find what the series 
becomes in the limit when they are infinitely small and infinite 
in number, their sum being equal to k. 

Denoting f(a) by t/ for brevity, and thinliing of the values 
of the function as ordinates of the graph of f{x), the ordinate 
corresponding to x=a + Sx will be j; + Sy, and the next ordinate, 
viz. when x = a + 2&B, will be 

which is written y + 2Sy + S'h/ (see Chap. VIII. , p. 121). 

Similarly, when x = a-i-dSx, 

the ordinate =y + ^Si, + &hi + S{y + 2% + S'y) 
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and, when x = a + mSx, the ordinate 



= 3/ + m 



-l),.,, ^»("'-l)(»'-2) . 



L2.3 



the coefficients being evidently the same as those which o 
in the Binomial Theorem. 
If, now, we make mSx=li, we obtain 









Now let 8ie be made infinitely small, and consequently m 
infinitely great ; the aeries becomes 

=/(<.)+*/(<.)+-^ /■(«)+ 

We here assume that neithei the function nor any of its 
differential coefficients become infinite or dnoontinuous be- 
tween x = a and x=a + li, inclusive, and that the mfinitely 
distant part of the series is unimportant 

If these conditions are satisfied, the genesis equal to /(a + ft). 

Note. — It ia not essential that the limitiiuj mine of f^{x) 
shall be finite when m = 30, so long as the limiting value of 
k''f"(x) -f [« is zero. But, of course, f"{x} must not be infinite 
for any Jinite value of w. 

In many cases the conditions will be satisfied for a certain 
range of values of a and A, but not for all values. So, to 
repeat the previous caution, we cannot say that the series is 
the function, but only that through a certain range the two 



154. In some cases we may not be able to form all the 
differential coefficients of a function, so that we may not be 
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able to tell, except indirectly, whether all of them are finite 
within the range of values required. 

But if the function and a certain number (n) of its differential 
coefficients do fulfil the condition, we can find an approximate 
expression for the remainder of the series which will enable us 
to estimate to what extent the sum of the first m terms give 
an approximate value of f{a + h). We shall find, by help of 
this approximate remainder, that, in practically all cases, when 
h is small a few terms of the series will be a real approxima- 
tion to the value of /(« + h). 

This discovery is of great importance, as one of the chief 
usee made of the series is to find, when h is small, but not 
small enough for us to be content with its first power only, 
by how much f(a + k) diff'ers from /(«). It is therefore very 
important to know to some extent the limits of the ap- 
proximation obtained when we use only a few terms of the 
infinite series. 

155. Taylor's Theorem with the Remainder after n terms. 

Suppose f{x) and its first n differential coefficients are finite 

and continuous between x = a and x = a + h. We shall prove 

f<a+h)=f(a)+hr<a)+Qf"<a)+... 

where 6 is a positive proper fraction, so that a + Bh is inter- 
mediate in value between a and a + h. 



/(•+;.)-/(i.)-*/-(«)-...-j„; 

We want to prove that 3=f"la + 0h). 

Let,(,W=/(o + >)-/(o)-?/'(«)'--^/-'«-J^H, 

and consider the changes in value of i^(s) and its dorivativef 
as z changes from to h. 
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By supposition, ^(s) and its first « differential coefficients 
are finite and eontinuoua between the limits 3=0 and js = A. 
These differential coefficients are 



^•'(^)^/"(a + a)-H. 

It is to be observed that •S>(s) and all its derivatives down 
to <j>'"'(^), inclusive, vanish when 3=0. 

But ^"(e) does not as a rule so vanish. 

Also ^(«) vanishes when z = h, by our original aaaumption. 

Hence "^(0) and iji{h) are equal (viz. zero) values of 4'(^)- 

But between two equal values of a function it must have 
a maximum or minimum value, therefore <l>(z) must have a 
maximum or ininimum value between s = and a = A. 

Therefore, since 4>'{z) is finite and continuous, ^'(s) must be 
zero for this intermediate value of s. Call this value B^h, 
where &, denotes a proper fraction. 

4>'{z) 13 therefore zero when z= d.h ; but it is also zero when 
£=0; therefore between 3 = ana «=^iA, ij>'{s) must reach a 
maximum or minimum value. Hence <l>"{z) = for this value 
of s, which we may call 6J),. 

Hence (^"(z) = when 3 = 0, and also when g = 0Ji. 

Therefore ^"'(^) must equal for some intermediate value 
of 3, say z=d^h. 

Proceeding in this way we find, finally, that i^''"'(s) = 
when z = and also when z = 6^,Ji, where 9^., is a proper 
fraction. 

Hence "P'lz) vanishes when z=6„h, or say z = 6h, where 6 is 
a proper fraction. 

.-. H=/~(tt + ffl), which was to be proved. 

It is to be observed that the form of Taylor's series thus 
proved is not an infinite series at all, but a finite number of 
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terms (of the same form as those of the infinite aeries) followed 
by a remainder. 

This remainder is not a perfectly definite expression, like 
that which was found in connection with the function of 
Art. 152, as we only know that 6 is some proper fraction, but 
nevertheless it is an indication of the error to which we are 
liable if we stop short at n terms of the series. The error 

cannot be greater than p multiplied by the greatest numerical 

value oi f{x) between the limits x = a and x — a + h, and it 

cannot be less than p multiplied by the least numerical value 

off"(x) between those limits. 

It must not be overlooked that the above proof requires all 
the differential coefficients of ff'(^) up to ■^"(s) inclusive to be 
finite and continuous, as otherwise we cannot say for certain 
that each one of them must be zero when the preceding one is 
a maximum or minimum. This requires that f(x) and all its 
derivatives as far as f^{x) shall also be finite and continuous 
throughout the range x=a to x = a + k, since ^(s) and its 
derivatives involve all these quantities. 

[Note. — It would have been sufficient, however, to assert 
that f(x) must be finite and continuous throughout the range, 
for a little consideration will show that if any derivative 
became discontinuous or infinite, all the succeeding ones must 
follow suit. Hence, if /"(x) satisfies the conditions, all its 
predecessors must also satisfy the conditions.] 

156. IfaU the derivatives of f(x) are finite and continuous 
for ail finite values of w, however great, and i^ also, by in- 
11 as we please 

(even though f(a + $h) may itself tend to be infinite), we may 
proceed to the infinite series for f{a + k). 

[JV.B.—li when x = x>, the limiting value oi /'{a+Oh) is 
itself finite, the above condition is afcikiori satisfied. 
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Hence, to recapitulate : 

If /(a) and all its derivatives to the Ji'*' are finite and con- 
tinuous between % = a and a = (H- ft., 

/(« + *) ./(«) + */(o) + , . , + 1/-(<. + 94) ; 

and if, further, by increasing )», we can make i— /"(a + Qh) as 
small as we please, we shall have '— 

/(« + ft) -/(a) + V'(«) + ^ /"(«) •>--•» infinity. 

The two series are not identical. 

One is called Taylor's series with a remainder after b terms, 
and the other, Taylor's series to infinity. 

157. Convergency of the series. "When, on increasing n, we 
can make ,— /"(a + i>h) as small as we please, the infinite series 

/(«)+s/(<.) + -^/» + --"'"°">' 

is said to be convergent. Its sum is finite and equal to /(a + ft). 

If the condition is satisfied for all values of a and A, the series 

is said to be universally convergent; if only for a particular 

range of values, it is said to be conditionally convergent. Thus 

the series for is conditionally convergent ; the series for 

e*, sin K, and cos x are all universally convergent. 

158. Use of Taylor's Theorem for Tabulation. Illustrations 
of the use of Taylor's Theorem will be given in next chapter. 
We will however give some examples in this and the two 
following articles. 

Suppose it required to form a table of valnes of a:[144-a^] for values 
of a;=l-5, l'6...to 2-5. We may work as follows : 
Let S{^)^x{\'A-x^y, :. /(2)=280; 

.■.f(:,) = i44-S^l .: fl2) = lS2; 
ri^)^-C,x; .-. /'(2)=-12; 
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Now, by Taylor's Theorem. 

.■- /{2 + A)^280 + 132A-W-'i'i 
.-. /(2-l) = 28O + 13-2-0-06-0'O0I=293-139, 
/(2-2) = 280 + 26 -4-0-24 -0-008 = 306-152, 
/(2-3] ^280 + 39-6 - 0-54 - 0-027 = 318 '033, 

Also /(l-9) = 280- 13-2 -0-06 + 0-001 =266-741, 

/(l-8) = 280-26-4-0-34 + 0-008 = 253-368, 
/(I7)=280-39-6-0-54 + 0-027 = 239-887. 

It is obvious that these calculations are much simpler than 
the disconnected work which would be required by straight- 
forward evaluation without the help of the series. 

159, Use of Taylor's Theorem for approximating to roots of 
ecLuations. As another example, let us find an approximation 
to the root of an equation f(x) — () when we know a first 
approximation x = a. 

Suppose f{a) = A, where A is small, and that J{a + h) = 0, 
where A is a small correction to be found. 

The equation is /(«) + kf'(a) + ^/"(a) -l- . . . = 0. 

or say, for brevity A + bA + Ch^ + . . . = 0, 

and let us not go beyond the square of /;. 

The first approximation, neglecting h^, is fe= - - ■ 

This is the approximation given in Chap. VI. 
An improvement can be found by writing the equation for h 
in the form 

Bk= -A-Ch^; 
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Now, on the right-hand side insert for h its ftrat approximate 
value, - A T B, and we obtain as a closer approximation, 



j, ,, ^ t-' /» 

/(«)" "1.2 (/»)■• 

In this way h could be expressed in a series of powers of A. 
The above is correct as far as A^. The next term would 
involve A^ but is not simple enough to be of much use. 

The root is « - ;^ - ^ ri£^.. 

where A=/(a). 

Probably in practice it would be better to express the root as 



Am. 4'913, 2-137, and -3'0492. 

160. Taylor's Theorem in connection with tlie theory of 
maxima and minima. In Arts. 106, 107, a method of deter- 
mining the conditions that /(a) should be a maximum or a 
minimum value of /(a), depending on the successive derivatives 
f(d), f"{a),... was partially indicated. We are now in a 
position to state the whole theory of the method. 

If /^d) is a maximum value of f(x), it must be greater than 
all neighbouring values, i.e. greater than both f{a + h) and 
f(a - h), for small values of h, and similarly if f{a) is a 
minimum, it must be less than both f(a + h) and /(« - h). 

Now /(« + *)./(a) + i/»+5^/»+., , 
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Hence whon h is small we have, approximately, 
f{a + h)=m^hr{a), 
and f{a-h)=f{a)-hf{a). 

One of these will be greater than f{a) and tho other less 
unless f'{a) = 0. 

Therefore, the first condition that f(a) shall be a maxiniiim 
or minimum value of /(s) is that f(a) = 0. 

In that case/(ffl + h) =f{a) + r^ /"(i), approximately, 

and jyj,- li/ =j \iy -r |2 V 

Hence, if /°(a) is positive, /(a) is a minimum, being obviously 
less than both f(a + A) and /(a - k). 
If, on the contrary, /"(a) is negative, /(«) is a maximum. 
But if /(a) = and also f"{a) = 0, then 

A* 
f(a + h) =f(a) + r^ /"(t), approximately, 

and 

Hence in this case f{a) cannot be a maximum or 
value of /(a) unless /'"(a) = 0. 

Proceeding in this way we see that /(a) cannot be a 
maximum or minimum unless the first derivative which docs 
not vanish is of even order, s&y f"{a). 

And then we have both 

f(a + k) and f{a - h) =f{a) + ^ f{a), approximately, 

and therefore f{a) will be a minimum if /="(«) is 

and /(a) will be a maximum if /^(tt) is 

This is the theory of the investigation by 
successive 
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161, Special case of Taylor's Theorem. Geometrical iUus- 
tration. If, in Taylor's Theorem with remainder, wc put b= I, 
we ohtain the equation 

f(a+h>-f(a)=hf'<a+6h>. 

Thia is an interesting equation as it shows that the 
approximate relation for small values of h, viz. 

/(■. + S) -/(«). 4/(«), 
might be improved by taking on the right, nobf'{a), but some 
value of the derivative f(z} between x = a and x = a + h. 

Thia fact can be illustrated geometrically, in such way as to 
indicate, in the case of a function whose graph is drawn, for 
what value o?x, approximately, the derivative should be chosen. 

If we draw the curve y'=f{x), and take on it two points 
P and Q whose abscissae are respectively a and a + h, the 
:s of P and Q will be f{a) and /(a + h), i 
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Consequently the gradient of the chord PQ wiil be 
f(a + h)-m 
h 

Now, evidently, if the gradients of the curve between P and 
Q are finite and vary continuously, i.e. with no break in the 
back of the curve, the tangent to the curve at some point 
between P and Q must be parallel to the chord PQ, i.e. the 
gradient of the curve at this intermediate point will be equal 
to the gradient of PQ. 

But/'(i + ^^)i where S is a proper fraction, just denotes the 
gradient of the curve at some such intermediate point. Hence 
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the equation with which this article started merely asserts the 
above geometrical fact, viz. that between P and Q there must 
be some point on the curve where the tangent is parallel to PQ 

162. Maclaurin's theorem. If in Taylor's theorem we put 
a = 0, and write x for k, we obtain the series 

f(x)=f(0> + xf(0) + |^f"(0> + ... 

+^I ^°" ****> + ^*"<^''*' 

when/{a!) and all its derivatives to the «"', inclusive, are fniito 
and continuous between and x. 
Also 

f(x) = f(0)+xf'(0) + ^f"(0)+...to mfinity, 

if, on increasing m, the remainder ,-f(Ox) can be made as 

small as we please. 

This theorem, in its two forms, is called Maclaurin's 
Theorem, which is thus seen to be a special case of Taylor's 
Theorem. It enables us to express any function of x, which 



)beys the necessary conditions, in powers o 
Thee " " - " 



e expansions of e', sinai cosa;, ... are illustrations of the 

theorem. 

A useful, compact, way of stating the theorem ie as follows : 
If */ is a function of x, and y^, y^, ... are its successive 

derivatives, and, if «„, a^, a^, ■■■ denote the values of y, p^, y^, ... 

when x^O, then 

y = a„-\-a^x + a^Yn'^ •■• to infinity, 

finite and the series is 



provided nc 


me of the terms are infin 


convergent. 




Example. 


To find the expansion of sin a;. 


Let 


y = Bmx; .: ci„=0; 




.-. j), = eosx, ti-l. 




y^^-Binx, «., = 0, 




3/^=-cos.i:, «,-- 



y Google 



DIFFERENTIAL CALCULUS. 



Contiiming, it will be found that y^, y^, y^, y-, 



.11 the 



a„=a4; 



=0, 



«3 = 






, finally, 



li li LI '" 

This eertes holds for all values of x, since sin^ and its derivatives 
ace always finite. Any function whose auooessive derivatives can be 
found can be expanded in the same we^, provided neither hhe fuuctiou 
nor any of ila derivatives become infinite when x—Q. The aeries so 
found will be a proper representation of the function for such range of 
values of x, from k — onwaids as include no infinite values of the 
function or its dern atn ea 

The student should foim Ihe seiie? foi logt(l + 3;| in the same way, 
and note that the aeiies will only properly represent this function 
between K= ±1 

As a harder example we may take the following : 






ii(J taxi. ^ 111 povii i cj t, tqj to iF inchieive. 
■ of forming the successive derivatives in 
rt. 127, in which, putting 



nlhc! 



y, = 2 + ^f- + Qy\ 

i/, = 16j/ + 40!/^ + 24ji''. 






efind 



+ 136/ + 240i/'+,.., 

j-, = 272+..,. 
!, by pntting x — H, and noticing that ^ — ivhei 



= 0, 

03 = 0, 



ai = 



=2, 



=0, aj=272; 



yGoosle 



ARTS. 103, 165.] MACLATJEIN'S TnEOEEM. 183 

Sometimes the process of forming the successive differential 
coefficients becomes very heavy and tedious, so that it would 
take a long time to find many of them. In some of such 
cas^ the difficulty may be avoided or diminished by special 
artifices. It must be remembered that we only require to 
find the successive derivatives for the sake of evaluating them 
when x = 0; this will often enable us to save a good deal of 
labour. Some of the artifices which may be useful will be 
exemplified in the following articles. 

163. Expansion by means of a differential equation. Very 
often tlio easiest way of obtaining the successive values of 
the coefficients in the expansion of a fiinetion y is to form an 
equation connecting y and its derivatives, and chen, by Leib- 
nitz' theorem, or otherwise, find the result of differentiating 
this relation n times. Then find the efi'ect of putting k = in 
the resulting identity, and we shall obtain an equation by 
which the terms of the expansion can be determined. 

To return to the ease of tan a. 

We found that y, = l + j/^. This ia a differential equation between 
j; and y,. If we differentiate both Bides of this identity n times, 
using Leibnitz' theorem to differentiate the right-hand side, we lind, as 
in Art. 135, p. lil, 

Hence, wlien x^O, 






«,.l(ftom ,, = !+»■). 
a notice that the expansion of tan x can contain only odd powers 
ncetan( - nl = - tan x (see p. 49|, we see that a,,, (1^, m, ,.. must 
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The student may in a similar way find the eKpansion of seca!, usiing 
the method indicated on p. 142, and making nae of the coefficients just 
found in expanding tana;. To avoid confusion, he had better use b^, 
61, ... for the sec* coefficients, leaving ag, a,, ... for those of tana;. 
The general relation will be found to be 

from which the aucce^ve coeffieienta can be calculated. 



Aa another example, find the expauEion of sin 'jt, where 
denotes the smatlest angle whose sine is x. 
I«ty = Biu-'3;, then, as on p. 142, we find that 

Now, put x^O, and we obtain a„+2=7(%„. 
We know that dii, Oj, 04 are all zero, since sin " 'x is an odd £ 
of X. Also a, — l, 

■■■ 08= 1. 



Here the law of formation of the successive coefficients is simple, 
and we oa,u write down as many of them as we please without difficulty. 
This is in great contrast to the expansions of tana and sec a;, where 
each coefficient had to be laboriously formed. 

Different functions difier very much, and very unexpectedly, in thia 
respect. 

we might have found the expansion of tan a; to a few terms from the 
eiiuation Ji = l+»/^ 

by assuming y =^ AiX + A^x^ + A^p:^ + ... 

(having no even powers, since tan x is an odd function of x), 

whence !/; = A; + SAjS;' + SA^lc* + 

Now, substitnting these values in the above differential equation, we 
must have 

A, + 3A3i2 + 5A6ir' + .., = l + (A,a: + Aai' + ABa:=+,..)l 
Hence, equating coefficients, 
Ai=l, 
SA3 = Ai==l, 
5Ai=2AiA^ = |, 
7A,^A/ + 2A^A^ = i + ^^U' 
whence to,Dx = x + W + ^^ + -i^x'' + .. . 

The same method could have been employed also to determine the 
expansion of sin'*x. 
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In many physical investigations a differential equation is 
arrived at whose solution is required. In such cases we may 
find the solution in the form of a series by one of the methods 
indicated above. Examples will be found at the end of this 
chapter. In most cases it wOl be found that the series will 
involve one or more arbitrary constants. 

164. Expansion by use of known series. Very frequently, 
when the direct use of Maclaurin's theorem would be very 
tedious, a few terms of an expansion may be readily found by 
making use of series already found. 

Thus, to expand e"'"' in powers of x, to x* inclusive, we have 

= 1 + a: + 5X^-^1:' + higher powers of x. 
Other examples iu which this method is useful will be founil below. 

EXAMPLES. 



1. 


Find the first 


.four 


■ terms i! 


n thet 


ixpansi 


2. 


Expand logst 




othetei 


■m involving 


3. 


If .V = sm-ix = 


= a„-r 


-a^x + a^ 


S-- 





prove that (1 - x'^)y.^=xyi, 

and deduce Uie expansion by the method of equating coefficients. 

4. Write down the expansion of S iii powers of aia6\i.e. sin"', 
powers of x\. 

5. If J( = tan-'3;^i[j4-ai3:+ . , 

prove that "7^+2= -«('i + l)a„, 

and write down the expansion o£ tan"'* ; i.e. express 9 in a secie 

powers of tan B. 

6. Expand e""'°"'' in powers of x. 

7. Expand e'"sin hx in powers of je to the tenn involving x^ indue 

8. Expand e"o03 h<K to the term involving 3? inclusive. 
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9, Find the expansion of ein'a; in powers of a;. 

10, Find the expansion of sin x cos Zx in ppwers of x, 

11, Find two terms of the expiuision of logl — — )■ 

12, Show that for Email values of 0, tho equation S = J(tan 



a very m 
Test the equation when S ia the circular measure of 20°. 

13. Show that fl = i(8sinie-8iBe) 
and ff=f(8sinja-5in^e) 
are good approximations to 8, for small angles. 

Teat the formulae for an angle of 20°. 

14. If ''i is the chord of a circular arc, and Cg is the chord of half Ihe 
arc, show that, approximately, 

tl.earc=J(8c,-c,). 

15. y ' A, B, C so aa to obtain the best approximation to the equation 

fl = Aaine + Bsm2e + Csiii4fl, 
when S is small. 

16. Expand \{6) in powers of S up to S^, 
[NoTE.-\(S) = log(secfl + tane) = logtan(^^ + 0]. 

17. Prove that X.(9) = 2(taii Jfl + ^tan=|e + J tan' je + ,.,)• 
13, Prove that li(9] + 8 = i{tani$ + iU,n^iS + ...). 

itaniS-ff when ia the 

20. Prove that \(e) is approximately J(2tan fl + sin S], and that 
^(lOtan J0-4sin Jff) is a better approximation. 

Test the formulae for an angle of 20°. 

21. Solve the differential equation (1 -a^^l;^ = ^ / ''J assuming 

22. Solve the differential equation -^ + xy=0 by using Leibnitz' and 
Maclaurin'a theorems. 

[We shall find a^=0, and a„+^= -(n+l)a„. These conditions will 
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EXAMPLES. 



25. Solve the equation j%+n'y^O. 

26. Prove that 

and illustrate by expanding Bin(a + j9) -sin (a -(3) in powers of ,9. 

27. If/(^) is an algebraic function of x of degree not higher than the 
fourth, prove that 

ihlf'(a + h) + if{c,)+f(a-h)]^/{a + k)-/ia-h). 

_J. Fii 
(1 + 



30. Expand (1 +a^)-', and deduce the ai 
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CHAPTER XII. 
INDETEEMINATE FOEMS. 

165. The indeterminate form ^■ 

In evaluating a function of any variable x, it sometimes 
happens that for a particular value of x the function assumes an 
indeterminate form. For example, in evaluating the fraction 

s H— ~ for different values of 3^ 

it happens that if we try to insert ic = l, the fraction assumes 

the form ^, which is indeterminate. It is not the fraction 

itself which is indeterminate, but merely the particular form 
in which it is presented. In fact x-\ is a common factor of 
both numerator and denominator, and must be cancelled 
before we can evaluate the fraction for this particular value 
of X. Another common fector is a + 3, so that the form of the 
fraction is also indeterminate when x= ~2. If, however, we 



minate for any non-infinite value of x. 

The object of the present chapter is to show various methods 
of evaluating a function when it assumes an indeterminate 

form, and more particularly when that form is ^. In the 

present case nothing has to be done but to divide by the 

G.G.M. of the numerator and denominator, giving us the identity 

x^-2x'^~ 5x + 6_ 



-=a-3. 



yGoosle 
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Hence the value of the fraction 13-2 when x=l, and -5 
when x= - 2. 

We have already had several important fraetiona which 

assume the form = ivhen x = 0, viz,, 

sin [C tan ic ^-1 a'' ~ 1 



whose values wc hate found to ho respectively 1, 1 1, log, a 

111 all these cases the evaluation was or could have been, 
eftected bj expiessmg the function'* m powers of (, and then 
dniding by x In fact, the flections are not in their lowest 
terms, the numerator and denommatoi having tho cnmnion 
factors; 

In general, if a Jradion ^tA lecomes of the form ^ when x = a, 

the fraction is not in its lowest terms, but either x-am- some power 
of x-a is common to both wwmerator and denominattyi; amd must 
iy some means he divided out before evahialion is possible for thts 
■value of X. 

This theorem follows at once from the following fundamental 
theorem : 

166. If f<x)=0 when x=a, either x-a or some 
positive power of x-a is a factor of f(x). 

This theorem may be taken as axiomatic, but it may be 
proved as follows in tho case of functions which can be ex- 
panded in powers of a: - a by Taylor's Theorem. 

Let X- a — h, so that x = a + h ; 

.• . m -/(o + s) ./(•) + */(») + ^jfio) +... 

since by supposition, f{a) = 0. 

Hence k, which is « — a, is a factor of /(a). 

Note. — If /(a) and f'{a) are both zero, (x-a)^ is a factor of 
f(x), and so on. 



y Google 



190 DIFFERENTIAL CALCUL-US- [chap. xii. 

167, Evaluation of tlio indeterminate form -.. 
Let M and v be two functions of x which both vanish when 
x=a. It ia required to find the value of - when x=^a. 

(1) Divisum Method. Evidently, if we can divide both 
numerator and denominator by x-a, or such power ot x-a 
as is common to them, the indetermiiiateness disappears. 
This is therefore one method of evaluation. This method is 
indeed the foundation of all the methods which can be adopted, 
though in many cases direct division ia not practicable. 

(2) Diffe^'ential Method. A method which is often the easiest 
to adopt is obtained by considering the value of the fraction 
when X is just greater or less than «, and finding its limiting 
value as x approaches nearer and nearer, without limit, to the 

Now, when x = a, m = 0, 

and when x = a + dx, u = (i + du; 

similarly, when x = a-\-dx, v=0 + dv; 

.-. the limiting value of - is -j-- 



_Q_ (3a^°-fct-5) rfa:_ aE'-to-5 _ „ 
"0" (QK + ljdK ~ 2a; + l " 

Note, that we have here divided both numerator and de- 
nominator by dx, which is the value oi x-\ when x=l+dx; 
consequently the essence of this method consists in cancelling 
the common factor x-\ and then evaluating the resulting 
fraction. 

If the square of a ~ 1 had been common to both numerator 
and denominator, the new fraction would havo also assumed 

the form j-, and could be evaluated by using the same method 
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(3) Expandoti method. In the differentia! method we assntned 
a value of a; differing injimtemnally from its critical value a, and 
so obtained for numerator and denominator their infinitesimal 
increments from zero. These increments were all that were 
needed for our purpose, hut were only partial increments, as 
we know that differentials are obtained by neglecting powers 
of dx higher than the first. We may, however, by help of 
Taylor's theorem, obtain the complete increments, in which 
case we need not in the first place assume the increase of a; to 
be infinitesimal. Let x = a + k, and for clearness let u=f{x) 
and v=<j>{x). 

Then 

*<"+*> *{<.)+if(«)+re*"(») + .- 4fC)+S*"W + .-' 

since, by supposition, both /(a) and ^(it) =0. 

Now we can divide out tbe common factor h (i.e. x~a}, so 
obtaining the equation 

Now, put h = 0, and we find 

This is exactly the same result as is given by the second 
method. 

If both/'(ffl) and 'j>'{a) — Q, the expansion method enables us 
to at once divide out by ¥> i.e. (x - of, obtaining finally in 
this case 

,/(s)_/>) 

III fact, if a high power at x-a is common to numerator 
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and denominator, the expansion method enables ns quickly to 
cancel the proper power, and evaluate the fraction. 

Note that the form of any fraction is only indeterminate 
as long as both numerator and denominator vanish for the 
particular value of x. If the numerator = 0, but not the 
denominator, the value of the fraction is zero; and if the 
denominator vanishes, but not the numerator, the value is 
infinite. 

168. Note on the case when the value of the indeterminate 
form is zero or infinite. 

It these t vo sj ecial cases viz when the trie value of the 
inletermnate torm f{a) ^(o) is zeio oi infinite there is a 

peculiinty m the equatit n ^^ = ~4r which though of no 

impoitancf practieillv is yet sufiiciently interesting to notice 
The test of perfect pquabtj of two expie^sions is twofold viz 
that their latio shall bo unity and then difteiencc zero 
There is however ai imperfect eqiality possible when the 
quantities them ehes are zero or infinite viz that they are 
both Kero or both infinite Vie shall find that the above 
equation is of this imperfect nature Of course if both 
flections are zero their d fttrence is zeio we shall piove that 
then rat o is not unity but merely finite When both are 
infinite w e shall prove that their ratio is finite but not unity 
anl consej^iently then difference must be mhnite so that in 
this case the e [uation sat sfies neithei the ratio test nor 
the difference test but just merely the condition (whii-h is 
all we hcie pi-ictically caie about) that both aie infinite it 
one IS 

Foi suppDse that f(a) f (a) f (i) aie all zero but nit 
/ (a), then by Tayloi s theorem 
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And suppose that i^{a), <j>'(a), ..., </!*"'(») are all zero, but not 
>i>'(a), so that 



Then, by taking the limiting 



on 

not UMhi 
Similai 




«») f{i) 



but the latiu t7~\^ jrV\ ei'ials -, which is finite but 



'y ^'(a) <!> (a) 






ignitude, 



All we want 



Hence, the fractions are ill oi the same mder c 
but are not equal m the full sense of the term. 

Of course, this limited equality is sufficient 
to know in such case is that the fraction is z 
as the ease may be 

On the other hand, if s = r, we have the perfect aeries of 
eijuationa 



i.e. the equahty is complete in the case in which < 
equality is essential, viz. when the value of the fraction is 
finite ; and though the equality is incomplete in other eases, 
it is sufficient for the purpose m view. [N'.B.—Ot course an 
equation between finite quantities must »e complete : if two 
fiTiUe quantities are equal, their ratio must be unity, and their 
difference zero. It is only in the ease of iniinitesimal or 
infinite quantities that an imperfect equation is possible.] 
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EXAMPLES. 

1, Prove that —5—"-' when 8-0, if S is in radiana. 

2, Draw the curve y = — '- between tlie limits x= ±1 radian. 

3, Evaluate —- ii — when fl = 0. 

6, Evaluate —^ whenx=:0. 

7. Evalu&te and . when m = 0. 

of X when x = 2i/. 

10. «v.ta...^(gj£±|),h.„x,-i. 



'^ .-c* - 5k= + 7a- - 10 " 



j^H3a^y-i-23y . 
X* - 2a^ - Zy* 



12. Evaluate'^ when E=l. 

13. Evaluate ^-i^^^-? when « = !). 

14. Evaluate - ^^T"^ "^ when iK = 0. 

15. Evak,ate _!2iiiE2£_ „hen S = l 

%iD8-^QQaB--J-2 ■* 

16. Evaluate j 5- — when n = l. 

17. Evaluate "||"'^~°'^°^ when a = !. 
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169, Other indeterminate forms. 

There are other indeterminate forms besides -, though this 

form is by far the most important, and the evaluation of the 
others depends sooner or later on the evaluation of thia form. 
The other forms are 

(2) — , J such as ■-"— when 5 = ^, or — £-- when iK=oo; 

(3) CO-GO, [suchas sece-tanP, or8ec"0-taii''e, when e = |i 

(4) X CO , aa, for example, a; log a; when 3^=0 ; 
and the exponential forms 

(5) 1", jsuahas (1 + -)" when}) = oo, or (1 + k)^ when x^O; 

(6) 0°, avich aa of, or x''"", when x-0 ; 

(7) co°, <siich as (tana;)"**, when ^=g. 

The general method of solving cases (2), (3), and (4) consists 
in reducing them to the standard form rr, and then making 
use of one of the methods already explained, though in some 
cases we may deal with these indeterminates in the form — by 
the method of next article before reducing to the standard 

In the eases (5), (6), and (7) their logarithms are all of the 
form X CO , and can therefore be evaluated as indicated above. 

Thus, if u = il+x)i, log.M-'-^t^^^t^, which is of the form g when 
x — O. The limiting value of this fraction 13 imity when x — Q. 
Hence ii = e, j',e. (i 4-3;]' = e when a: = 0, 

170. The form — : 

When the numerator and denominator of a fractional 
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function of a; both becomp infinite for ^ particiiln \ ilue otx, 
the form of the ftinction is mdetei minate 

In such caaei it ma\ be pisiiible to loiluce the Inchon to 

the standaid foim ^, and so eviluati, by methods ilready 

explained 

For example — '— becomes — when 3^ = 5- 

We can write this fmctioo in the form =- which Viecomea - for 

the required value of x, and on evaloation we find its value to be - J. 



i, however, this transposition may be inconvenient, 
ind the following theorem is useful. 

If ^ becomes — when x=a, it may be replaced by 

JH for this value of x. 



For ^ ~ 7 ~ — i — when x = a, 

since the transformed fraction is of the fonn -=-. 

Hence - = —-. -,-, 

V v^ dv, 

f, „ u dii 

■* V dv 



mplc, ''%'^^^. , when i=, 
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It is important to notice, however, that before we can 
succeed in evaluating the fraction, either it or one of its equi- 
valent iractions must as a rule be brought into the form ^ 

The only exception to this necessity is when the critical value 
of X is infinite. In such cases the differential method will 
often be successful without such transposition. 



Thus, 5^^e^, «'heiia: = o5, =^^ = -=0. 

171. If, in the process of evaluating an indeterminate form, 
one of the factors is finite, the value of this fiictor may he 
inserted at once. This will often save consideiable labour. 



EXAMPLES. 

1. Evaluate r and aeoa; -tana:, when x=^. 

2. Evaluate seo'a^-tan^ when 'x=-^. 

3. Evaluate xlo^x when 3: = 0. 

4. Evaluate —r when x = x . 

5. Evaluate — ~ — ^.^ when xt=-. 
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7, Evaluate, when K = 0, and also when a; = 2i 

(i) (l + sma;)™"; (ii) (I -sin:.)'"*- (iii) (oos^cf-; 

8, Evaluate (l+cos%)«" when x-'^. 

9, Evaluate /^L^j" and f ?^5^V' ^li^n 3; = 0. 
10. Evaluate (kg''^)* when x = v^ . 

U, Evaluate (3-iC)tan^ when x = Z. 

12. Evaluate d -^)'"Ka + ^') ^^^^ ^^^_ 



.m. 



172. Eraluation of a rational algebraic fraction —j^. when 
^isinflnite. '^^^^ 

This special case, wbieii is very important, is also very- 
simple, and does not need any of the ahove methods, the value 
of such a iraction ledncmg to the ratio of the highest term in 
the numerator to the highest term in the denommatoi, emco 
tbe other terms are unimportant compaied with the highest 
term when x is infinite 

when X ia infinite. 

This is too obvious to inquire formal proof, hut such pioof can be 
supplied by putting %■=- and muitiplying both numeiator and denomi- 
nator by j', bringing the fiai,tion into the form 
2 - 3i! + ^ - 5s-' 

which = § when j = 0, i.e., when x—i*t . 

It is obvious that the value of such a fraction is finite only 
when the highest terms in the numerator and denominator are 
of the same degree. If the numerator is of higher degree 
than the denominator the fraction is infinite, and if the 
numerator is of lower degree the fraction is zero. 

Note. — It may be noted that the differential method 
(Art. 1 70) is legimiiate here, and would lead to the right result ; 
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but the object of the present article is to show that such 
method is uimecessai-i/. 

173. Eelative values of functions of two related variables 
when the variables are infinite. 

It is frequently necessary, in the case of a fraction whose 
numerator and denominator are given as functions of two 
variables x and y between which there is a given relation, to 
ascertain the value of the fraction when the variables are 
infinite. 

Such fraetions present themselves for evaluation in con- 
nection with the problem of finding rectilinear and curvilinear 
asymptotes to a curve, and it is for this reason that they are 
introduced here. 

174. We shall, in this article, consider fractions in which x 
and ^ are connected by a linear equation, y = mx + c, and then 
take other lees simple relations. The theory is very simplej 
but there are some interesting points worthy of consideration. 

The first example will be the ratio of two homogeneous 
functions of equal degree. 

Thus : evaluate -- T . ''^"'" ^ . when x and y are infinite, 
2x' + xy~y' 
being given that y^mx + c. 

Substituting )/= WW -Hc in the fraction, it becomes 

{l-3m + 2m^) ga -h (4m - 3) cc+ Sc^ ^ 1 - 3m -H 2m^ 
(2 + wi-m2ja^ + (l -2m)cr-<^ a + m-m^ 

in the limit. 

If m= 1 or A the value is zero, since the coefiicient of x^ in 
the numerator vanishes; and if m= -1 or 3 the value is 
infinite, since the coefiicient of x^ in the denominator vanishes. 

In all other cases the ratio is finite. 

It is very useful to notice that the value of c has no efl'ect 
on the value of the fraction, and that it would have been just 
the same if the relation between y and x had been y=^mx, i.e., 
if c had been zero. 

This is because r, being finite, is unimportant compared with 
X which is infinite. In fact, although the differmce, between 
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y and mx is not zero, the ratio of y to ma is unity, in the limit 
when X is infinite. 

Evidently the ratio of )/ to ma is all that matters in evaluating 
the fraction, so that we may take any values of x and y that 

satisfy the ratio equation -^ = 1. 

Hence, if we put v,= \, y=7n, we obtain the value of the 
fraction, and with the minimum of trouble. 

This simple method of evaluation is of great use, but we 
must remember that it applies only to the ratio of two 
homogeneous functions of equal degree. 

If the numerator is of higher degree than the denominator, 
the fraction is in general infinite when x= ca , but an exception 
occurs when the relation between x and y is such as to make 
the highest power of x vanish in the numerator. 



Thus : To evaluate - 






Here i/-3; is a factor of the numerator, tho othei' factor being 



.-. tlicfrac 



p]^" 



the value of .. r'^'^ ^ ( = 1) being obtained at once by putting a^=l, 
y^Wa accordance with tlie method of Ictst article. 

Similarly, if the numerator is of lower degree than the 
denominator, the fraction is in general zero when x = 'xi , but 
an exception occurs when the relation between x and y is 
such as to make the highest power of x vanish in the 
denominator. 

If the numerator is not homogeneous, the fraction can be 
broken up into a number of separate fractions in each of 
which the numerator is homogeneous. 

If the denominator is not homogeneous, the terms of highest 
degree are the only important ones unless the relation 
y=mx + G is such as to make them vanish when the value of 
y is substituted, i.e. unless y-tm \s & factor of the highest 
degree terms. In such a case the terms of next lower degree 
become equally important. 
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The whole theory, in feet, depends on tho relative import- 
ance of the different terms when x is infinite. 

The easiest way of discovering whether i/-mxis a factor of 
a homogeneous expression is by finding whether the expression 
does or does not become zero when wo substitute x= 1, s/=m. 
If it does, v-mxisa, factor. 




and also when 2x-y — c. 

8. ^^!+2^ when ^^c. 

175. Orders of infinite quantities. 

We have seen that when y = ra« + i!, the evaluation of a 
fraction consisting of the ratio of two functions of a; and y 
when s and y are infinite is effected by attending only to the 
terms of highest degree in both numerator and denominator 
unless 1/ - mx is a fector of such terms, in which case the terms 
of next lower degree become of equal importance. 

We may express this systematically by saying that, if x and 
y are infinities of the first order, 
the sum of the terms of the first degree in any expression is 

an infinity of the first order unless y-mx is a factor, in 

which case the sum is finite ; 
the sum of the terms of the second degree is generally an 

infinity of the second order, but, ify-mx is a factor, the 

sum is an infinity of the first order, and if (y - nwc)^ is a 

factor, the sum is finite, 
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an(3 so on, the general result being expressed hy the st^tempnt 
that the sum of the terms of the to"" degree is an inhniti of 
the »"' order iinlesa some power of y - ma* 13 a factor, and if 
{y-mxy is a &itor, the sum is an intinitj of the (ft-fl'" 
order. 

With this understanding wo may aay that the ratio of two 
expressions is obtained by taking the ratio of the sum of the 
terms of highest order in each, neglecting all those of lower 
order ; and that the ratio is finite, if the order of the sura of 
the highest terms in the numerator and denominator are ei^ual 
or, a» we may say more concisely, if the numerator and 
denominator are of the same order of infinity , 
the ratio is 00 , if the numerator is of a higher ordci of 

infinity than the denominator ; and 
the ratio is zero, if the numerator is of i lovei oidei of 

infinity than the denominator. 
Note, — The order of any single teim in in expression is 
eijua! to its degree, but the sum of a number ot teims of anj 
degree may be of lower order by reason ot some power of 
y^wx occurring as a factor. 

176. In the above articles we have supposed a linear relation 
to exist between x and y, so that x and y arc of the same order 
of infinity : except in the special case when m = or a>, in 
which case they are not of the same order, and usually one 
of the variables is finite while the other is infinite. 

It is important to consider the case in which x and y are 
not of the same order of infinity, as such cases occur in con- 
nection with curvilinear asymptotes. We will suppose that, 
when X and y are infinite, x^ is proportional to y^, i.e., x" and 
y" are of the same order of infinity. The problem will be to 
arrange the various terms a^y" of any expression in order of 
magnitude when x and y are infinite. If A and B are unequal, 
it will no longer be true that the degrees of the various terms 
give their relative order. It may happen that fl^ is of a higher 
order of infinity than y?y% though of course such terms as x^y^ 
or x^y will be of a lower order of infinity than aiV whatever 
the relation between x and y, as long as x and y become 
infinite together. 
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Example. If a?— ay, where a is finite, the terms a^^ and xy' are of 
the same order of lu^nitmie, being both comparable n-ith x', the 
importance of the terms being eatimated by taking the index of k + twice 
the index of y, and associating together all those terms for which this 
quantity ia the same. 

Generally, if x' is of the same order of infinity as y", all 
terms x^t/" for which Bm-^-An is the same are of the same 
order of infinity. 

To fix the scale of infinities most conveniently, we will 
introduce a new variable s such that y/ and y^ are each 
comparable with z'^ and we will take the different powers of z 
as measuring the diff'eront orders of infinity of the diiforent 
terms. 

Then x is of the same order as a", i.e., is of order B, 

y is of the same order as is*, i.e., is of order A, 

and afy" is of the same order as s»™+'*'', ie., is of order Bm + An, 

i.e., the relative importance of the various terms a"'j" in any 

expression will be measured by the value of Bm + An in each. 

177. Eelative values of functions of two related variables 
when the Tariablee are infinitesimal. 

Another question of equal importance with that of discover- 
ing the relative importance of terms when x and p are great, 
is that of finding their relative importance when x and y are 
very small. As the two methods of investigation are in- 
timately connected, we will now consider the latter question. 

If X and J/ are infinitesimal, and a^ ie comparable with y^, 
the different terms nfy" will now be infinitesimals of different 
orders. Introducing s as before, and taking the powers of z 
as standards, we find 

X is an infinitesimal of order B, 

y ., „ .> ^ 

k"^" ,, „ „ Bm + An. 

Now infinitesimals of lower order are more important than 
those of higher order, so that here the smaller- the value of 
Bm + An the greater- will be the importance of x'^y". Hence 
the order of relative importance when x and y are very small, 
is the exact reverse of the order when x and y are very great. 
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EXAMPLES. 

1, If 3^ is comparable with i/, arrange tlie terms x^, x'y, ^, xip in 
order of relative importance 

( i ) when X and y are very great, 
(2| when, x and y are very small. 

2, If 'k'^ is comparable with y^, arrange the terms x^, x'y, spy^, xy^ in 
order of magnitude 

(1) when X and y are very groat, 

(2) when x and y are very small. 

3, If x' ia comparable with y", both being infinitesimal, show that ^ 



178. Graphic method of determining the relative importance 
of terms of the foim s^ij" when \' ii comparable with y", 
when X and y are \ery great or very small 

We have seen that all terms, whose indites are connected by 
the relation 

Bm + Aii = coiibtdnt 

are of the same ordei wt magnitude 

If, then, wo represent the terms by points whose 
are the values of m, and whose oidmate'? are the va 
in the various tetm&, the terms of equal importance v 
the straight line £/rt + .^n = constant 
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The diagram illustrates the relative importance of various 
terms when s? is proportional to y^. It shows the terms :^ 
and y^ connected by a line and the terms a^, s^-f, xy^ con- 
nected by a parallel line. It shows also the terms cc*y and 
a^, which are within the outer line, but iC*y is nearer to it 
than xj^ is ; hence they are both of lower order than any of 
those connected by the outer line, but ^y is of higher order 
than ^. Hence when x and y are very great, the terms 
connected by the outer line are of greatest importance, and 
those nearer to it are more important than those more remote. 
If, on the other hand, x and y are infinitesimal, the terms 
connected by the lower line are the most important, and those 
nearer to it are more important than those more remote. 
We shall refer to this again in connection with curve tracing. 

EXAMPLES. 

1, Write all the terms in an expression o£ the 4* degree in order ol 
importance when x and y are very large : 

(1) whenyS^o^K, {2) v/hen a^=a?, 

(3) when ay' = 3^, (4) ivhen y''=a'x, 

a being finite in each oaso. 

2, Is it possible that s? and m/' can be tlie most important terms in 



Aa:* 4- Bj^ + CarV" + Day 
when both x and y are either very great or very small ? 

Which pair of terms can be ot greatest importance in either case ? 

a If 2j(^+3ot/=!«^-3^ + 7, 

which terma can be ot greatest importnnoe ? Arrange the other terms 
in order. 

4. If y'^:x=Z, when a; and y are infinite, find the approximate value 
of „ ■ " g ■ when X and y are very great. 

5. Find the approximate value of - „ J under tlie same circum- 
Btinces. 
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CHAPTER XIII. 
PARTIAL DIFFERENTIAL COEFFICIENTS. 

179. Differentiation of a function of two variables. Partial 
Differential Coefficients. 

Wlien we have to differontiate a function of two variables, 
X and y, the most systematic way is to arrange the terms of 
the differential in two groups, according as they are multiples 
of dx or of dy. 

Thus, if 

M = dx^ - 5x1/ + 2/ - 16js + 6y - 8, 

instead of writing 

du = 6xdx~b{ydx-\-xdy) + iydi/'-15dx + Qdij, 
and then arranging the terms into the two groups 

du = {Qx -&y- I5)dx + {-6x + 'U/ + Q)dy, 

we can, at the first, arrange them in these groups by first 
differentiating u throughout as if j/ was a constant, and then 
differentiating throughout as if x was a constant, the complete 
differential being the sum of these partial differentials. It is 
obvious that we may always do this, for every term of the 
differential must have dx or dy as a factor, and no tenn can 
have both, becauise dx.dy is an infinitesimal of the second 
order. 

The coefficient of dx in the above groupings is called the 
partial differential coeificient of u with regard to x, being 
evidently what the complete differential coefficient would be ii 
X were the only variable ; similarly the coefficient of dy is 
called the partial differential coefficient of u with respect to y. 
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The notation adopted for these differential coefficients i 
(-^\ and ( J- )i 30 that the difl'erential equation runs 



*-(a)*+(©* 



Similarly, in the ease of a function of fchree o 

^ 11, '<■ 



'^" = (S'^^ + (|)'^^'KS'^^+- 



180. Case when % and «/ are independent varialileB. 

If a; and y are independent of each other, the ratio of in to 
(fc or to iy is an indeterminate one, inasmuch as the in- 
crements (fe and Ay may themselves have any ratio whatever, 
Thus, if IK and y are the coordinates of a point jn a plan of 
a district, and m is the elevation of the actual point above 
(say) sea-level, then An is the increase in elevation due 
to a slight movement away from the point, and this change 
evidently in general depends on the direction of movement, 
i.e. on the relative values of Ax and Ay. Thus, if the point 
is on the side of a hill, one direction (backwards or forwards) 
would cause no change of level, while any other would 
involve a more or less rapid alteration of altitude. We 
shall refer to this later. In Physics and Mechanics also, 
a quantity may be a function of several variables, some of 
which may vary independently of the others. Evidently the 
partial differential coefficients are the rates of change of the 
function when orie variable changes and not the others. 

The student should practise forming these partial differential 



N.B. — It is unnecessary in this ease to put the brackets 
round the partial dift'erential coefficients, and it is quite usual 
to omit them, as is done in the following examples, 

EXAMPLES. 

1. If «= - ■ - ' ■ " -, write down -;- and j~' 

x+y dx % 

2. H « = a^ write down ^ and ^'. 

~^ wit t — inatrad oi (—\ tc bein a leas umbroua diatlu utsh- 
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3. If «=:.i'y, write down *?, '^^. ^, and ^. 
dx ay dp dq 

i. It!i^iK=-3OT + 2«5-5<KC + 6(w-a^ writedown^', ^'. and ^'. 
dx di/ da 

c Ti 3^ V* 1 >i. 1 d« ** *' l''" n 

5. If M=-5 4-;-a, show that x-i- + y-r- +(ij- + o-n- = u- 

o> h*' cte ^liy da db 

6, In Example 1, show that Xj- + y-j-—-n. 

181. Case when )/ is a function of x. Distinction between 
total and partial differeutial coefficient. 

If, however, «/ is a function of x, as, for example, if 

where y = sinx, 

then du=y{2,x-Z)dx + (7fl - '^^)dy, 

= (3a; - 3) sin a + (s^ - 33;)cos x. 
Here we have (?« = ( -v- Wk + ( t- Mji, 



~ \dx} \^ 



dx \dx} \^) dx ' 
and it becomes important to thoroughly realize the distinction 
between the complete differential coefficient ,- and the partial 
The bracket round the partial differential co- 



(diC\ 



efficient is an excellent way of distinguishing it. Another 
method will be given below, which is often advantageous. 

As a matter of fact, when j/ is a function of x, any function 
u, of IK, might be expressed as a function of x and y in very 
different ways; and the value of the partial differential co- 
efficients would depend on the way in which y was introduced. 
Thus, taking another example : 
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we migiit write u^j^eoaa:, 

or v,=x'^'J\-y\ 

or ill many other waya, in each of which I -j- ] would be difforent, 
and so would ('^V though of course^' would be the same in every 

It is better in such cases to adopt a notation which recognizea 
that the partial differentia! coefficients depend on the form 
presented by the function, and we might say, \iii=f(x, y), 



=(i>"(l 



and 



dx~ dx dy dx' 
where /{x, y) denotes not only the function, but the form in 
which it is given, and -^ and J- obviously can then denote only 

the partial differential coefficients, so that the brackets round 
them are not absolutely necessary, and can be used or omitted 
as desired. 

If, instead of y being given as a function of x, both x and y 
are given functions of some third variable, t, the equation may 
be written 



dt^\da>) di'^VyJdt' 



N.B. — The brackets, though not absolutely r 
useful to emphasize the distinction between partial and com- 
plete differential coefficients. 

Similarly, if we are dealing with a function u=f(x, y, z, ...) 
of more than two variables, we shall have 

dt " \dx} dt ^ \dy) dt ^\dz)dr'''' 

182. Gradient at any point of the curve f(x, y)^ constant. 
There is another way in which y may be determined as a. 
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function of '£, viz. when the given ftinetion of % and y has a con- 
stant value; t.g. if m = is the equation of a curve, a^ y being 
the coordinates of a point on the curve. In such ease m = is 
itself the equation giving the relation between x and y. In such 

case the partial differential coefficients i-j-l and \-y-) ^^^ no 

ambiguity, but are perfectly definite in form. This is in fact 
the kind of case in which we most frequently require to use 
these derived functions. 

Since v, is constant in value, the complete difTerentia! co- 
efficient -^ is zero, and therefore the symbol for it is not re- 

m 
quired ; hence we may, if we like, omit the brackets from the 
partial differential coefficients. In what follows we shall some- 
times use the brackets and sometimes omit them. 

If we differentiate m = 0, we obtain 



©* 



y*^»' 



and thus obtain the gradient of the cuitc at any point (s, i/), v 
dy dx 



E.g. If the curve is Sx^ - 5x1/ -i- 2^^ - 1 &(; -t- 6y - 8 = 0, we find 
dy __ 6ai-5);-15 
t? ic " - 5« + 4j/ -I- 6 ' 
which gives us the gradient for any assigned point of the 
curve. 

It is rather interesting to see what would be given by the 
gradient equation if we inserted the coordinates of a point 
which is not on the curve. This may be left to the student, 
with the remark that m = is only one of a whole family of 
curves, u = constant, which have the same gradient equation. 

Example. To what curve of the above family of curves does the 
point (1, I) belong, and what is the gradient of that curve at this 
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183. Meaning of the ectuations 



(S=«. (|)=«- 



At points on tlie curve at which -^--d the gradient of 
M = is aero. 
Hence -v- = is the equation of a locus wtich goes through 



all the points on the given curve where the gradient = 0. 

Moreover, if we consider the whole series of curves given 
by the equation m = constant, the locus given by the equation 

-j- =0 cuts the whole series in points of zero gradient, i.e. it is 

the locus of points of zero gradient in the given family of 

curves. Similarly -^ = is the locus of points of infinite 



If at any point on the curve bolh j- and -j- are zero, the ex- 
pression for the gradient becomes indeterminate. Such a 
point is called a singular point on the curve. It may be an 
isolated point (called a conjugate point), or there may be two 
branches of the curve passing through it, in which case it is 
called a double point. (See Arts, 188, 194, 196.) 

A^lication to covic sections. 

if M = is a conic section, i.e. is of seci 

a straight line going through the points 
of zero gradient on the conic, i.e. through 
the points where y is a. maximum or 
a minimum. Thus, in the figure, the 

line AB is given by the equation ^ = 0. 

Since the tangents at A and B are 

parallel, it follows that 3- = is a diii- ' 

mekr. Similarly t- = is the diameter which goes through 

the points of infinite gradient, and therefore the centre of 
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the conic is given by the point of intersection of these two 
lines. 

The general equation to a diameter is ( j~) + '^(j~) = '^' 
where X is any constant. ■" ^ 



6a: -5j/- 15=0, 

-53: + 4j/ + 6=0. 

Any other diameter can be found by treating these ainiiiltaneoiisly, 

e.g. s-y -9=0 is a diameter, and so are the lines 

j( + 39=0 and aT + 30=0. 

Hence the centre is at the point ( - 30, - 39). 

Since the tangents at tlie ends of 63!- 6^- 15 = are parallel to tiie 
axis of X, it follows that 

6«-5y-15 = 
and 2/ + 39 = 

are a pair of conjugate diamoters. 

The equation of the curve may he written in the form 
(to - 5;/ - 15)= - (y + 39]" + 1200 =0, 
showing that the curve is a hyperbola whose asymptotes are 

6x-hy-\5±{y+Z9)=0> 
i.e. &c-iy + 2i=0 \ 

and &e-%-54=:0,/ 

i.e. 3iB-% + 13=0.\ 

trad 3;-j(-9=0./ 

The curve has a pair of horizontal tajigents given hy 
j( + .S9= isTSOO^ ±20^3= ±34-64. 
From these data the curve can be drawn. 



EXAMPLES. 

1. Find the centres of the following curves ; 

(i) 4a;S + 12a3f+10j(=-4a:-4j(-2=0; 
(ii) 3a;^-laESf + 93/= + 6a;-6j/-4=0; 
(iii) xy-Sx + '2t/-5^0. 

2. Show that the centre of the curve ^ -'kq/ + 4i/ -2x + Si/=^0 ie 
an infinite distance, and draw the curve. 
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3. If 'a=3^~4xJ/+''i/^+2tix-2a!/, draw tiio liuea given by the equations 
^:=0, j- = 0, and j-=0. What locus is rcpresonted by the equation 
u-01 

4, H 11=3^ + 1/'- Sax;/, draw tlie !oci represented by-j^ — and 3"" = ", 
and find where they out the cvirve u—0. 

184. Homogeneous Functions. Euler's Theorem. 
In the example of last article, the function 
3x^ -5x>/ + 2tf-l5x + et/-8 

contains some terms of the 2"^ degree, others of the 1", and 
the last term is of zero degree. Such a function is really a 
shortened form of the homogeneous function 

3K2-5Ey + 2/- IBflK+Gny-Sa^, 

where a denotes the unit of length. 

For, of course, every expression consisting of a sum of 
terms must really be homogeneous, i.e. every term must he of 
the same dimensions, for it is impossible to add square feet, 
linear feet, and mere numbers together. 

A function of any degree when rendered visibly homo- 
geneous, as above, possesses certain important properties, of 
which we will now prove one of the most important, called 
Euler's theorem. 

Euler's theorem is this : 

If u is a hoiaogeneons function of the n^" degree 
in X, y, and z, then ^g^+ygS+^^J ^ identically- 
equal to nu. 

For u consists of a number of terms of the form Kx'fz" 
whevep + q + r — n. 

If we consider the result of operating on the above typical 
term, we find it becomes 

which reduces to (p + q + r)Kaffz', 

i.e. n times Koi^ifz'. 
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[ci 



Hence, if we operate on the whole of u, we shall obtain 
n times ?(, which proves the proposition. 
Take aa illustration 









x(Gx-5y-15z), 



whence, by addition, 

which agrees with the predicted result, since here n=2. 

We shall make use of this theorem in the following 



185. Equation of the tangent at any point of the c 
u = 0. 



~dy 



If, then, we take (a, y) for the point of contact, and (S, Y) 



aa any random point 



the tangent, we find for its equation 

dii 
Y_-j dx 

dy 
whence 

du du_ du dit 
dx dy dx dy' 

This is one form of the equation to the tangent at (x, y), 
but it can be improved by help of Eiiler's theorem. 
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lus by taking a as unit of length, we 

cbi du 

and this is equal to 0, since (a^ y) is on the curve. 
Hence, finally, the equation of the tangent at {x, y) is 
_dn , ^du , „ du_-, 

Example. Find the tangent at any point of the curve 

aK^ - fliji + V - 15a: + 6s(+ 20 =^ 0, 
Making the equation homogeneous by taking a as the unit of length, 

33;= - Sa^jf + V - 15«»: + 6"!' + 20a= - 0. 
The equation of the tangent at any point [x, y) is 

X[to-5j/-15n] + Y[-53: + 4j/ + 6ii] + a[-153; + 6j( + 40a] = n, 
i.e. again putting a = \, 

X(to-6y-15)4-V(-6ii; + 4y + 6) = 153;-%-40. 
If we want the tangent at any special point, 6,3. (2, 1). we have only 
to insert the special values of x and y in the above equation. Thus the 
tangent at (2, 1) is 

-8X--ie, ;.e. X=2. 

N.B. — It is essential that the point {x, y) should really be 
on the curve. If not, the equation does not represent a 
tangent. The student should see tbat the point (2, 1) does 
satisfy the required condition. 

186. Equation of Normal. 

Since the normal is peipondioular to the tangent, it follows 
that if (X, Y) denotes any point on the normal, it satisfies the 
gradient equation 

Y. -y Jdy 



or, as it is often written, for symmetry, 



W \dy) 
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187. Polar of a Point. 

The equation of a tangent at any point {s:, y) of the curve 

ax ay da 
if a is the unit of length. 

If we fix on any special point (X, Y) on the tangent, the 
above equation is satisfied by the coordinates (x, t/) of the 
point of contact. 

If more than one tangent can be drawn through (X, Y), 
the equation is satisfied by the coordinates (a:, y) of every 
point of contact ; i.e. the equation is the equation of some 
curve which passes through the points of contact of all 
tangents drawn from (X, Y). This curve is called the polar 
of the point (S, Y) with re^rd to the curve m = 0. It is easy 
to see that it« degree is in general = m - I if « = is of the 
«* degree, so that if m = is a conic section, the polar is a 
straight line; and if m = is of the 3'^ degree, the polar is a 
conic section. 

188. Condition that an equation of the second degree shall 
represent straight lines (real or imaginary). 

I^et M= be the equation of the locus. 

Its centre is given by 3- = "i and ^ = 0- 

If the centre is on the locus, the locus must be either a 
single point, 01 a pau" of straight lines intersecting in this 
point; i.e in eithei case, the locus must be a pair of real 
or imaginary stiaight lines passing through the point. 
Now M = If,, by Euler's theorem, equivalent to 
du du du J. 
dx dy da 
The condition that the centre shall lie on the curve is 
obtained by substituting its coordinates in the equation. 



Hence, if the -centre is on the Jocus, its coordinates must 

also make -r- — 0. 
aa 
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The condition, therefore, is that 

*'.0, t-0. r-0 

oie dy da 

shall be simultaneously true, 
If the equation is 

ax^ + 2fe3:y + 6/ -f- 2sa: + 2/y + c - 0, 

the simultaneous equations are, on dividing by '2, 

ax + hy + ff = 0, 

kc + by-\-f=Q, 

gx+fy-\-c=(i. 

EXAMPLES. 

1. Find the tangent and normal at any point of the following curves; 

(1) 3^ + 3/'=a=; (2) y^^iax; 

(3) Aji' + Bj^^a^; (4) ^=(i,K 

2. Find the tangent at any point of tlie oirelfe 

ir' + j/' + A.'K + By + C = 0. 
[Insert a as unit of length.] 

3. Show that the curve 3?-i-y'^o? outa the axes at right aiiglca. 
Find the polar of [a, a) with regard to this curve. Diaw the part of 
the curve situated in the positive quadrant. 

4. Find the poiar of (ft, k) with regard to the curve 

xy'^-'iay^-\-ah:=(l, 
and, in pBrticnlar, find the polar of the origin. Find where this polar 
outs the curve, and draw the tangents from the origin to the curve. 

5. Show that the equation u?-ixy + 3y'-i-'2ax-2ay=li represents 
straight lines, and draw them. 

6. Show that the equation 3;'-a^y + i/'-2ii;-Sj' + 4 = 
pair of imaginary straight lines, intersecting in the point (2, 2). 

189. Successive partial differential coefficients of a function 
f{x, y) of two variables. Proof tliat 



dy\dx) dx\dy)' 
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The partial differontial coofficionts ot f{x, y) with regard to 
X and y respectively, namely -j- and -i are themselves, in 

feneralj functions of both x and y, and therefore have partial 
ifferential coefBoienta. 



These will be j-(h^) ^^^ 



dy\dx) 



dx\d,y) dy\dy) 

The fii-st and last of these are called -J^ and ^ n 

The second and third are equal to ea«h other, as we shall now 

show, and are called ', % or -,-4- as we please. 
amy dydx 

Imagine the function to be expanded in powers of a and y, so 
that it consists of a series of terms of the form Kaf y'. 

Then the corresponding terms of -^ and -^ respectively will 
be pKiif "^y' and qKx''if~'^. 

Hence the corresponding terms of -^-f-^ ) and -^ ( -^ ) ivill 

each be pqK3f~^f~\ which proves the proposition. 

This is easily extended to any number of differentiations, 
and any number of variables, the result being that if a function 
of two or more variables be differentiated a number of times 
with regard to one variable, and a number of times with regard 
to anoflier variable, the order of performing the work is 
immaterial. 



190. Homogeneous functions of two variables. Extension 
of Euler's first theorem. 

Jff(x, y) is a homogeneous function, of the m'" degree, of two 
variables x and y, we have proved that 
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Now evidently -^ and -^. are two homogeneous functions 
of X and p, of the n ~ 1'" degree : hence 

dxdy ^dy^^ dy 

Hence, multiplying the first by k, and the second by y, and 
adding, we obtain 

191. Successive total differential coeffioients of a 
fauction of two variables x and y, which are them- 
selves functions of a third variable t. 

Let n =/(k, y), then 

du _ fdf\ dz /df\ dy 

df^\dx) dt'^\^)~dT 
Denote, for brevity, 

dx dy , 

*■ i- ^^ "'• 'J^- 

and similarly 

d^x dhi , 

dW W ^^ -^^ ^- 

and so on. Then 

Ar^^dff.y^d)) * ' 

This may be written in the form 

|/(^,j)-(>^,S + !',|,)/(^. A 

indicating that if we wish to find the differential coefficient of 
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a function of z and y with regard to t, the operation indicated 
by -J must be replaced by the operation indicated hy 



'^dx 



'Pa. 



These expressions themselves are called operators, indicating 
certain definite operations to be performed. 

There is nothing new in this, except the systematic way of 
considering and expressing the work which we Itnow has to be 
performed when we differentiate such a fiinction. 

Evidently this equals [see Art. 24] 

/ d/d/\ dx, df\ i d/d/\ d^ df\ 
Y'dAdxJ'^li -^j^V'^W dt -dy]' 

since i^ is a function of a; and y. Tiiis equals 

— '^ il(|)=(4-4)(l) 

fP/ i'f 

Also ^.^ and *-,,. 

Hence, on substituting, and arranging the terms, we find 
(Pi( / J^f „ d^f „dj\ I df df\ ,„, 

SimiWly ~, ... could be formed, but they rapidly increase 
in complexity. 
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If we are dealing with tie curve « = constant, all these 
total differential coefficients are zero, and the above equations 
then give the connections between the partial differential 
coefficients and the values oix^, y-^, x^, y^,.... 

EXAMPLES. 

1. If a=3!=-3i-V + 4(C!/'-j(», 

fad #f^) «^^ K^'V 

dx\dyj dy\dx) 

2. It u = 3^, find -f-^j- in several ways, i.e. by vaiying the order 



3. Ill the function of Example 1, test the formula 

by going through the operations, 

4. Sho. ttat «^H.2.,^„*! ,. .„. .„. .„e .. 

r d dy 

Find tbo valiiea of the two quantities m the cise of thu function of 
Example 1. 

5. Show that /fi~^ + 2hk:r-r +^ j-i ^ the same as ft j-+i'j- «. 

dx^ dxdy dy^ \ ax dy j 

if k and k are constants. 

6. Find what the formula of Ait 191 foi -^ becomes when ( = x, 
j. e. when y is a given function of a:. 

7. Find what the same formula cednoes to when a = y. 

8. Find what the same formula reduces to when -^ and ^ are 
constant. Take, for esaniple, x-a,=ht, y-h=kt, and compare Ex. 5 

9. If ?i = conatsJit, find the value of -^ in terms of the 
pnrtlu.1 differential coefficients ; 

(1) by means of the formula obtained above (Ex. 6); 

(2) by direct differentiation of the equation ^= - f ^ 1 "^ ( rfS )■ 
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192. Connection between rectangular coordinates and polar 
coordinates. 

The position of a variable point in a plane may be given 
not only by means of its rectangular cooriJinates % and ?/, but 
also by means of what are called polar coordinates, viz. the 
distance of the point from the origin, or some other fixed 
point, and the angle that this line makes with the axis of x. 
These are called the polar coordinates of the variable point, 
and are usually denoted by the letters r and Q. 

If )■ is measured from the fixed point (a, S), the connection 
between x, y and )■, 6 is 

P,(x.y) X -a = r cos $, 

y--b = rs\nO, 
and the reverse relations are 



The diff'erential relations between x, y and r, 0, if is 
ixpressed in radians, are 

dx = QosOdr -raindde, 
dy =sin.6 dr + r cos 6 d6 ; 
md dr — iiOiiOdx + Bin Ody, 

rdO— - sin 6 dx + COB 0dy. 
From ttese follow the partial differential coefficients : 

\d~e) 



'costi, J7, = - 
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It is important to rehli'/.e exactly what the partial difl'ercntial 
coefficients denote, 

^' (iFl ^^'^ i'ij) '^^^^^ ^^^ rates of change of x and t/ per 

unit change in r when x, y and r vary, but not d. 

II. f -j-j ) and I -=1 J denote the rates of change of x and y per 

unit change in 6 when x, y and 6 vary, but not r. 

III. ij-j and f T-J are formed on the supposition that r, 6 

and X vary, but y does not. 

IV. ( T- )> ( T- ) assume r, 0, and j to vary, but not x. 

These changes are shown in the following diagrams, where 
the point is supposed to move from P to Q, where PQ is 
infinitely small, but the direction of movement is in each case 
such that on& of the quantities x, y, r, 6 remains unaltered. 



<i\Q, 





193. Application to factions. 

K M is a function of x and y, it can also be expressed ii 
terms of r and 0. 
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Hence, if we treat u as a function of r and not of d, i.e. if 
we Iteep d constant, we find 

(s)-(S-^-©""» <') 

Similarly, if we treat d ae the variable, r remaining constant, 
we find 

(»)=-(S"'»«KI>"'"- « 

Again, since w is expressible as a function of r and d, 

^- (S)^©»«-©''" ('> 

©=(S^"-(S)l»« « 

From these relations tbe second partial dift'erential co- 
efficients can be obtained. Thus, for example, from (1), 

This relation is of importance in connection with the 
maximum and minimum valu^ of s. function of two variables, 
as we will proceed to show. 

194. To find the maximam and minimum values of a given 
fiindion of two vimabks. 

Let M denote the function of two variables x and y, it is 
required to find for what values of x and y the value of u may 
be a maximum or minimum. 



^ Ucos^ L^ «os^+ 3-.-^ 
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Wb can obtain a geometrical picture of the function by 
supposing X and y to be the rectangular ooori^inates of points 
in a horizontal plane, and the values of m to be denoted by the 
lengths of vertical lines drawn from those points, so that the 
tops of these vertical lines lie on an undulating surface lite a 
tract of hilly country. At the top of a hill, m wiU be a 
maximum, and at the bottom of a valley n will be a minimum. 
To fix the ideas we will suppose the axis of k is drawn in the 
east and west direction (positive towards the east), and the axis 
of y in the north and south direction, positive towards the north. 

Evidently in general the surface is horizontal at a point 
where li is a maximum or a minimum. 

Hence i-^ and {^-\ must equal zero at such a point. This 

is the first condition to be satisfied. 
We must therefore solve simultaneously the equations 

to find the values of a; and )/ for which the surface is horizontal. 

Let a; = ffl, y = 6 be a solution of these equations. 

If these values of ic and y make m a maximum, it is evident 
(from our investigation of the conditions for a maximum value 

of a function of one variable) that t-r-s|and f-^,) must be 

\M^) \dy-J 
negative, as the conditions ensure that an east or west move- 
ment from the point, or a north or south movement from the 
point, shall be aownhill. 

This, however, is not sufficient, for if we are really at the 
top of a hill, any movement in cmy dwediiM must begin to take 
us downhill. To investigate the necessary analytical condition 
for this to happen, take a - a = r cos S, and y - 6 = r sin S, and 
consider the movement through a short distance along a 
direction making any angle 9 with the K-axis. If we are really 

at the top of a hill we must have ( t-) = and ( -j-^ ] negative, 

whatever Q may be. 



= 0, 
■du\ ^ 
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Now 



(©=0»»-©"°^' 



ao that the first condition, via. ( 3- )= 0, ia satisfied whatever 
6 may be, since, by supposition, both \-^j and ( j~ ) = ^'^ 

Henco, if (-r-j) is to be negative for all values of d, we muab 

negative for all values of 0. 
The needful condition is that -j-g and -5-^ shall be negative, 

Top™vetM.,.eno.e(g),(^),„a(*)VA,B. 

and C, and denote tan $ by t. 

We have to find the condition that 



shall be negative for all vahies of (. 
The expression is equal to 

i{(C()' + 2B(CO + AC} 

=^{(0( + B)« + AC-B^}. 

This can only be negative for all values of ^ if ia negative 
and AC - B^ is positive. Q.B.D. 
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Cor. These conditions, of course, involve the condition 
that A ahail be negative aa well as C. 

Similarly, the condition that u shall be a minimum for 

values of x and y that make -=- = and ^- = is that 

' ax ■ ay 

A and C shall be positive, 

and AC-B^ positive. These conditions ensure that (t-s) 
shall bo positive for all values of 6 

We see, therefore, that when (t-) = and (7-) = and 

\dxV ■ \dyy^\dxdy) ' 
li will necessarily be either a maximum or a minimum, and, 

further, that u will be a maximum if (— , 1 and l-r-A are 
\d3?/ \dfj 

negative, and a minimum if /-j-^j and ( j-j) are positive. 

positive for some values of $ and negative for others, with 
two intermediate directions for which ( t— ) will be zero, viz. 



Such points on a hilly surface occur on a neck between two 
hills, or between two valleys, 

195. Extension of Taylor's Theorem to a function of two 

variables, 

I^et u=f(x, y) denote the function. It is required to find 
the connection between f{a + h, b + k) and f{a, b) when a, i 
are any pair of values of a:, y, and a + k, b + h are any other 
pair. 
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Let x-a = rco69, y-b = ramO, 

80 that when x = a-\-h, !/ = J + J,we have rcosfl = fe, rsinfl=i. 

Then u=f{a,-\-rcos8, S + reinS), which is a function of r, 
if we tafee ^= constant, i.e. if i, i are in a given ratio. 
(With this understanding, we may dispense with the brackets 

round ^, -j-^, ... in the following work). 

Hence, by Maclaurin'a theorem. 



. . , denote the values of i 



Wow we have seen tbat -f- = cos f , +sinfT-; 
ar Ax dy 

du ,du ,dv, 
' ' dr dx dy' 

,1 dH ^ndH „ „ . ndH . „„(P 

Also J „ = cos^ d-ri, + 2 cos ^ sin P-;— ^ + sin^S^ 

«rs dx^ dxdy m 



which may be symbolically exj 



Hence 



.-/(.-^M^-i)-...(/.^^tg..tl(A|..|)'..„H. 
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wliere on the risht-hand sido Un, ^, -^, etc., are the values 
° ax ay 

of fiz, y), ^, ^, etc., when x^a,y = b. 

This may be more conveniently represented in the form 

f(x + h,y + k) =/(^ y) + (a^ + h^^f(x, y)+..., 

and may be briefly d^ignated symbolically as 

/(„*,,+t)-{i.(/.,^+*|)+i(4+4/+...}/(.,,) 

This formula is the extension of Taj-lor'a theorem to a 
function of two variables. It may be similarly extended to 
a function of any number of variables. 

EXAMPLES. 

Discuss the mtutimum and minimum values (if auy) of 
1, i3?+l2xy-i-l(iy^-ix-iy-2. 2. a:" - 4*^ + %^ + 2c - ^ + 6. 
3, afl + y^-^. 4. teV-^°-^'- 

6. Show that the maximum and minimum values of (-j-:i)i '■*■ "£ 



Aoos=fl + 2BcoaflBirn? + Csin=<9, are J{(A + C] ± \/(A-CF + 4B^), and 
that they occur when tan 2fl — -i _f^ - 

7. Show that these maKimum and minimum values have the same 
sign when AOB^, and that they are respectively A + C and when 
AC=Bl 

8, Deduce by 
hy giving any 
given by tan '. 



eoa'fl - 4 cos e sin e + 3 sin^S = 0. 
Explain this geometrically in connection with the point where ( -r- \ 
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10. If « 
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f3u + 6 . ., ^ dv. 2-2ux , ,, . 

— 5—; 1 snow that -J-— 5 arTT' "^ 



Hence find the 



^i — , and is therefore the same for all values of S. 

12. By using Taylor's theorem foe the expansion of /(a; + A, y + k) ir 
poivera of h and k, deduce the conditions for a maximun; 
value of /(a;, y). 



[operate suceessively by A^ + t|, i(A^ + i|), i(Ai + i|;)....] 

14. Expand the functions of Examples 1 and 2 in powers of x and y, 
and determine h, k so that the coefficients of the lirst powers of x and ^ 
disappear. [Use Taylor's theorem for the expansion, merely inter- 
changing X, y with h, it.J 

15, Plot on a diagram values of the function u^if + y^-Oxy, for 
integer values of x and y between ± 5, using 1 inch as unit of length. 
Drow (approximately) on the diagram the curves corresponding to 
K = 0, « = 27, and u— -8, noting that in the last case the locus breaks 
up into a straight line and a point. 

196. Contour lines aad lines of flow. 

If we coriBider a point atjywhere on the side of a hill, there 
is always one direction in which motion is neither np nor 
down. If we walk round the hill in such direction that we 
keep at the same level, we traverse what is called a contour 
line or line of level. 

In the ease of the surfece repiesenting the function u, the 

level direction at any point is given hy {-j-\ ~ 0, 






/M' 



^ ain6' = 0, 



\dy, 



dx 
dy 
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This, as we have before proved, is the direction of the 
tangent to the curve w = constant 

In fact the curves i* = constant are the equations of the 
contour linos of the given surface. They can he drawn on 
the map. [For the cases when a contour line reduces to a 
point, or contains a double, or crossing, point, see Art. 191.1 

The direction at right angles to the above value of 6 is the 
direction of steepest slope, the direction in which water would 
begin to flow from the point down the surface. 

This direction is given by 

du 

to 9.5. 



s thus found to be 



The maximum value of ( ~j i 

with a + sign if we go uphill, and a - sign if we go downhill. 
[See Ek. 18, p. 109.] 

If we travel continuously in the direction of steepest slope, 
we traverse what is called a line of flow. These hues and 
their traces on the map are at right angles to the contour lines 
M = constant. 

If )) = constant is the trace of a line of flow, its direction at 
any point is given hy , 



tan (3= - 



Hence the curves satisfy at every point the differential 
equation 



dv 



du 



dx dy 

dy dx 

^ d/v ^ dv du _ 

" dx dx dy' dy~ 
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1. Prove that the parabolas i/^ = a2-2itc, and 1/3-534. sftj: intersect at 
right ajigles at the points lMa-6), ivaft). 

2. Draw the parabolas for a = l, 2, 3 and 6 = 1, 2, 3. 

3. Prove that tho curves i^- 8i/S=a= and x'^ = V out each other at 
right angles. Draw them for the case a-=5, 6 = 1. 

4. Prove that the curves 2j^ + j/^=(t' and y^^hx out each other at 
rightangles. Draw them for a=l, 2, 3; 6 = 1,2,3. 

5. Prove that if «=/(Ai:»-B^), and u = F{!cSi/*), the curves m^ooq- 
Btant, and v — constant, cut each other at right angles. 

6. Prove that the confoeal conica 

out each other orthogonally at the points 

Draw them tor the case a = 5, 6 = 3, e = 4. 

7. Prove that the cycloid 

a; = B(e-sinS], y = a(l-cose) 
cuts the cycloid K = a(fl-3in^), y = a{\+fJ>al)) 
at right angles. 



;, If 



,_ ^+y^- 






show that the curves 11 = 0, w=6 out orthogonally. Draw them for 
a=c, 2c, Sc; b = c, 2c, 3c. 

9. Show that the feet of the normals drawn from any point {h, k) to 
tho curve m=0 lie on the curve 

10. If « = is a conic, and (h, &) its centre, show that tho equation 
given in No, 9 represents the axes of the conic. [This tlieorem follows 
at once if we refer the conic to its principal axes,] 

11. Show that tho axes ot the conic 

are given liy the eqnatioii 

at' + 2a^ - V + 378a; - 3301/ - 765 = 0. 

12. Show, by the method of Chap. XII., that the gradients of the 
tangent at a double point are given by the equation tanP— - ^ „ ■ ■ ■ 
leading at once to the last equation of Art. 194. 
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CUEVE-TEACING. RECTANGULAR COORDINATES. 

197. It is important to be able to draw a curve from its 
eijTiation. For this purpose a certain amount of experience is 
necessary to enable the important characteristica of the curvo, 
and its genera] shape, to be reaflily ascertained. We shall, in 
this chapter, consider cnrvos given by rectangular coordinates, 
and, in the next chapter, those given by polar coordinates. 
In the former case, there is a distinction between those in 
which «,' is given as an explicit function of is (or sc as an explicit 
function of y), such as 

and those in which x and y are implicit functions of each other, 
such as x^ -vy^ — 6a^ = 0, x^ + y^- 'iax = 0, ... 

We already know how to plot a curve when y is an explicit 
function of x, via. by making a tabular list of values of x, y and 
-X and plotting a series of points and gradients, and drawing 

the curve through those points at the proper gradients, paying 
particular attention to the points where y is a maximum or 
minimum, i.B. where the gradient is zero. So also if s is given 

as an explicit function of y, we must tabulate x, y, ■,- and plot 

similarly, giving the axis of y the post of honour instead of the 
axis of X. Or, again, it may be possible to express x and y as 
explicit functions of some third variable ; e.^. in the case of 
the parabola y^—iaw, we may write x=c^, y — 2al, where tie 
any variable. In such cases, we can easily also express -^ 
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s of the third variable, and then find as many fioints 
idieiits of the curve as we please by simply making a 



of the variable on which they depend, 
allowing of this method of treatment will be found i 
sequel. We shall say no more here about these particular 
forms of equations, but confine ourselves to the general case (of 
course including the above simple cases) in which the equation 
is in the form /{x, y) = 0, i.e. in which x and y are, in general, 
implicit functions of each other, 

198. Algebraic curves. Degree of a curve. Equations and 
curves may be claasiiied into Algebraic and Transcendental ; 
e.g. y = 2x-x^ is algebraic, and so are y = ^i2x — 3?) and 
y + ,7{2a;-y) = 0, while j» = sins, y=logiK, are transcendental. 
We shall confine our attention solely to algebraic curves whose 
equations have been cleared of roots and fractions, i.e. in 
which every term is of the form Aafy", where r and s are 
positive integers or zero, and A is any numerical coefficient, as 
for example, 

(!) ^?+y^ + 3x-2y^O. 

(3) n^-xy^-hif-i — O. 

(3) a?-Gf + f = 0. 

(4) iey = a?(x^-y^). 

(H) x?{x-y) + a'{x + i,) = 0. 

The studei t ca h th h mind while reading 
the followi t 1 1 h Id lea our to trace them 
gradually h d 

The deg f th 1 ^h 1 1 t in the eqi\ation is 

called the d t; f th qu t If the curve. Thus the 

first is of th d d th t h f the 4th degree ; and 
the others aic of the 3id doj^ree. 

199. Curve passing through the origin. If the equation 
contains no constant term, the origin is on the curve. In this 
case, the approximate shape of the ciu-ve near the origin can 
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be discovered by neglecting the terms of high degree, and 
retaining only those of low degree, since, when x and ij are 
small, the lower degree terms are more important than those 
of high degree (see Arts. 177, 178). And, in particular, if 
only the lowest degree terms are retained, we obtain the 
tangent or tangents to the curve at the origin. 

If the lowest degree terms are of the first degree, there is 
one branch of the curve passing through the origin ; if of the 
second degree, there are in general two branches passing 
through the origin, since on equating these terms to zero, we 
have in general two tangents. In this case the origin is called 
a dovhU point on the curve. The two tangents thus obtained 
may be coincident ; in such a case there are, in general, two 
branches passing through the origin and touching each other 
there ; but in sjiecial eases the two branches may stop at the 
origin instead of going through it. The curve is then said to 
have a cu.'ip at the origin. (Examples will be found below.) If 
the lowest degree terms cannot be broken up into real factors, 
the tangents are imaginary, and in this case the origin is an 
isolated point on the locus, separate from the rest of the curve. 
Such a point is called, a conjugate paittt. If the equation giving 
the tangents at the origin is higher than the second degree, there 
may be several tangents, i.e. several branches of the cufve 
passing through the origin. It is then called a multiple point 
on the curve. If all the taugente are imaginary, it is, of course, 
an isolated, or conjugate, point. 



1. Find the tangents at the origin in the case of the curves (1), (3), 
(4) and (5) above. 

2. Draw the cnrve k' — 6^^ in the neighbonrhood of the origin. 

3. Draw the oun'eaay=:i^,o^=3^, t/'=iKi?, y*=a'a?, between j:= ia. 

4. Show that the carve ^ (3k + 2y) = 4^^ + 90;* lias a conjugate point 
at the origin. 

5. Show, by the graphic method of Art. 178, that near the origin tlie 
shape of the carve »^ + ^-2aicj/'-3a%*=0i8 approxiraately given by 
the equation ^-^'s}^-ia!^:»?=f}, i.e. by the parabolas j?-3ok=0, 
and ^+CKB=0. [Notice that in this case there are two coincident 
tangents at the origin, given by the equation ai^^O, and the curve has 
two bi'iuiohes, both touching the axis of y at the origin.] 
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200. Double and conjugate points in general If we care- 
fully study the system of contour lines u ~ constant in connection 
witt Arts. 194, 196, we see that a conjugate point occurs as 
part of the locus whenever w is a majdmum or minimum, i.e. 
■whenever the top of a bill, or the bottom of a valley, is on the 
level of the particular contour ; and that a double point occurs 
when a neck between two hills or two valleys is on the level 
of the contour, which then, in general, crosses itself at this 
point. A triple or higher multiple point is far rarer and ia 
not so easily pictured to the mind. All these points are 
classified as singular points. 

We saw in last article how to discover and distinguish 
between conjugate and double points when they occur at the 
origin. The investigation in Art. 194 shows that at such 

points, in general, we must have -j-=0 and -t- = 0; and, 
further, that the directions of the tangents at such a point are 
given by the equation 

so that if the roots of this equation are real, it is a double 
point, which may be a cusp if the roots are equal ; and, if 
they are imaginary, it is a conjugate point. 

We have only mentioned this matter here because of its 
geometrical interest in connection with contour lines, but we 
shall not trouble the student with examples, as it is somewhat 
beyond the scope of the book. 

We should note, however, that if, to assist ns in drawing 

any curve u = constant, we draw the auxiliary curves ;;--. = 

and -T- = 0, the gradient is zero where the cui-ve ^-=0 cuts 

dy " ax 

the given curve, and infinite where -t- = cuts the given curve, 

unless it happens that the two auxiliary curves intersect each 
other on the given curve, in which case the point of inter- 
section is either a double point or a conjugate point on the 
given curve. 
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Of course if we are considering the whole swies of curves 
M = constant, the positions of these double or conjugate points 
are of great importance, as some of the series are bound to 
contain them. The centre of a hvperbola and the centre of 
an ellipse are, in this sense, examples of double and conjugate 
points respectively, the one being the crossing point of the 
asymptotes of a series of hyperbolas, and the other coinciding 
with the infinitely small ellipse belonging to a series of ellipses, 
the series in each case being obtained by giving different values 
to the constant in some second degree equation u = constant. 
See Examples 5 and 6, p. 217, and draw several curves of 
each series, by equating the respective fiinctions to different 
constants (such as 0, 2, i, 6). 

201. Simple eases of symmetry. If only oven powers of 
y occur in an equation, the line y~0 is a line of symmetiy 
(as for example in the case of the parabola y^ — iax), since for 
every value of x the values of y must be equal in magnitude 
and opposite in sign, so that for every point (a/, ^} above the 
line there must be a point (nf, — y') at an equal distance below ; 
hence, if the upper part is folded-over round the axis, it 
will coincide with the lower part. The knowledge of this 
symmetry will be of great assistance in drawing the curve. 

Similarly, if only even powers of x occur, the line ^ = is 
a line of symmetry. 

Thus, in (2) □£ Art. 198, y=:0 is a line of symmetry ; and, in (4), both 
axes are lines o( symmetry. 

If all the terms in an equation are of even degree, as in the 
case of curve No. 4 above, or if all the terms are of odd degree, 
as in the case of curve No. 5, the origin is what is called the 
centre of the curve, i.e. all chords passing through the origin 
are bisected there. To prove this, it is merely needful to see 
that if a point (a/, y') is on the curve, the point (-yl, - y') is 
also on the curve, which is the case since the equation will be 
unaltered if ( - x', - 1/) is substituted for (a^, y'). 

If the equation is unaltered when x and y are interchanged 
(e.g. ^~Sim/-^^ = h^), the curve is symmetrical about the 
line x=y. For if (a/, )/')is a point on the curve, (y', i>f) must 
also be on it, and these points will be found (by folding or 



y Google 



238 DIFFERENTIAL CALCUIATS. [uiiap. xtv. 

otherwise) to be equidistant from the line x~y, and situate on 
a line perpendicular to it. 

202. Curves which extend to infimt; — ^Asymptotes. 

An asymptote to a curve is a line which is infinitely close 
to the curve at points infinitely distant from the origin, i.e. 
at points whose abscissa and ordinate (or one of them) are 
infinitely great, Not only must the ratio of y : iK be the same 
for the line aa for the curve, but the difference of the ordinates 
of pointa on the line and curve must be zero when the abscissa 
is infinite, and the difference of their abscissae must be zero 
when the ordinate is infinite. 

All lines parallel to an asymptote at a finite distance from 
it will satisfy the condition that the ratio oi y.x will be the 
same as tbat of the curve, but they will not satisfy the diff'or- 
enee condition. The asymptote is the line which satisiies both 
conditions. 

The direction of this system of parallel lines is said to be 
the direction in which the curve extends to infinity. 

In many eases the curve extends to infinity in more than 
one direction. The direction or directions of the infinite 
branches are found by neglecting all the terms in the equation 
except the highest, since, when 'x and y are great, their highest 
powers are more important than their lower powers. By 
equating the terms of highest degree to zero we obtain a 
homogeneous equation of the n,'" degree representing m straight 
lines (of which an even number may be imaginary) through 
the origin stretching in the direction of the infinite branches of 
the curve. If all are imaginary, the curve does not extend to 
infinity in any direction, and is a closed curve. For example, 
in the hyperbola h^x^~aY^aPh\ the lines 6V-ay = 0, i.e. 
bx ± ay = 0, stretch towards the infinite parts of the curve, being 
in fact the asymptotes. In the ellipse b^x^-i-a^f^a^'^ the 
corresponding lines are i%^ + a^y^ = 0, and are imaginary. 

As a rule, the lines through the origin are not the asymp- 
totes themselves, but are parallel to the asymptotes. 

To find the asymptotes we have to make use of the next 
highest terms as well as the highest, and approximate by 
taking in succession the difl'erent factors of the highest degree 
as constant. The method of determining the value of the 
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constant in each case has been already explained in Arts. 173, 
174, and will now be illustrated by the following examples 
(taken from the curves of Art. 198.) The equations so obtained 
will be the equations of the asymptotes. 

Examples. 

(1) Let the equation of the curve be ^-6y'^+y°'=0. 

The terms of highest degcee are x" + y', therefore there ia an asymptoto 
in the direction x + y — l). 

Writing the ociuation in the form ^ + ¥-- ^_ , ai Bud approxi- 
mating to the right-hftnd side hy the method of Act. 174, i.e. by putting 
37=1, 51= -1 (equivalent to mining the ratio ^ ; cr= - i), we find t)ie 
value of the fraction is 2 ; .-. the asymptote ia a: + 3/=2. 

(2) Let the equation of the curve be x^'^^a^x^-y''). 
The infinite direotione are y—0 and *— 0. 

Considering first the asymptotes in the direction y — 0, we find 
y^ = — i--^ £-' = ((' when a: is infinite (;/ heing finite) ; 

.'. y~ ±(t are a pair of parallel asymptotes. 

Again, a;^= '——--= -a^ when y is infinite. 

These lines, x'' + a'' = 0, are imaginary, hence the curve does not go K> 
infinity in the direction a;=0. 

(3) In the curve a^i;-s() + ffi^(K + ji)=0, we have 

»?=: -0.^ — ^=0' when y is infinite, 
and x-y— -a^ ■ - ^ —0 when x and y are infinite. 

.', x=±a, x-^=0, are all asymptotes. 
Note.— By putting the equation in the form y = —^-—^ we can find 
as many points and gradients aa we please, and so draw the curve. 
(See Act. 197.) 
The tangent at the origin ia cc + y^O. 

ame way show that the asymptotes to the 
= 1 and3;±y=-4. 

203. Parallel asymptotes. 

In some of the above cases there were a pair of parallel 
asymptotes, the finding of which was done in the same way as 
in the case of a single asymptote, with the peculiarity that the 
parallel asymptotes were sometimes imaginary. 
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The ease of parallel asymptotes requires, however, furtter 
consideration, as may be shown by the following example. 
Let the cnrve be 

.i.e. (x-y){x + yy+2y(x + y)-3x + y=0. 

There is one asymptote in the direction t~^=0 and a 
possibility of two asymptotes in the dire to + / — 

The first presents no difficulty, and is ea Ij een to be 
■a; - y + 1 = by the method ex.plained al o e 

To find the other two, divide by a - y an 1 an rox nate by 
the method of Arts. 174, 175, rememler g that th ,,1 
and t/ are infinite where the asymptotes n eet the c rve yet 
x+yk finite. 

The equation is 

(x + yY+- "^ -^- - — ° = 0. 
^ ^' x-y x-y 

Now, in the first fraction, the numerator is of higher degree 
than the denominator, so that, in general, the fraction would 
be infinite when x and y are infinite. It happens, however, 
that the numerator contains the finite factor x + y, hence the 
limiting value of this fraction is -{x + y\ since the limiting 

value of — -— under the given conditions is - I (Art. 174). 

The limiting value of the second fraction, viz. — ■ — , is 2 ; 
.■. the asymptotes are (x + yy - (x + y) -^ = Q, 
ie. x + y+l=0 and x + y-2 = Q. 

N.B. — 1{ x + y had not been a factor of the terms of highest 
degree but one in the equation, the asymptotes parallel to 
x + y = would have been at an infinite distance, and therefore 
useless. It is usual to say in this case that the curve has no 
linear asymptotes in that direction. The simplest case of tMs 
sort is the parabola y^ = iax, where the highest degree term 
indicates two asymptotes in the direction y = 0, but on investi- 
gation they are found to be at an infinite distance from the 
origin, Wc shall recur to this again under the head of curvi- 
linear asymptotes. 
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The reason why the above difficulty did not arise in the 
lase of any of the specimen curves of Art. 198 was because 
!J(os. 4 and 5, which hiid repeated factors in tiie terms of the 
["' degree, had no terms of the n - 1"' degree. 

204. Desciiption of the general method of finding linear 



The general method of obtaining the equations of the linear 
asymptotes may thus be described. 

Let the equation of the curve be arranged according to the 
degrees of the various terms, and let the terms of the )■'" degree 
be denoted by it^ Then the equation is of the form 

Now (1) let ax + by be a factor (unrepeated) of m„, so that 

Then, dividing by w«_„ we have 



The asymptote is ax + b^ + c = 0, where c is the value of 

?^ when aa;+Sy = (Art. 174). 

The remaining fractions all become zero when x and y are 
infinite. 

(2) Let {ax+byf be a factor of «„, so that 

Then 
, I vo M„_, M,,_5 / terms which vanish N „ 
K-'i %i-2 \when x and y are miinjte/ 
Now Jf^ is in general infinite, and there will be no linear 

asymptotes in the required direction unless either ax+iy is 
a factor of m„_i or the terms represented by m„_j are non- 
existent, but in that ease, the method of approximation gives 
an equation of the form (aa; + &y)^ + E(aa; + %) + C = 0, giving 
two parallel asymptotes in the required direction. 

[Note. — B will be zero if the m„_i terms are non-existent, 
and C will be zero if the ii^., terms are non-existent.] 
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Similarly, if u„ contains (ax + hpy as a factor, there will be 
no linear asymptotes (i.e. none at a finite distance) unless 

«„_i contains the faotoi' (ax 4- bi/f "', or is non-existent, 
and also m„_s ,, „ „ (ax + byf'^, „ „ 

and so on. 

If these conditions are fulfilled, there will be r parallel 
asymptotes given by an equation of the form 

(ffiK + Sj()'- + B ((KC + %)-'+ C (ot + ?^)" -'+... = 0, 
where any of the coefficients B, C,... will be aero if the cor- 
responding terms are non-existent in the equation of the curve. 
Of course even in this case some, or even all (if r is even), of 
the asymptotes may be imaginanj : but this is quite different 
from the failure by reason of any of the terms becoming 
infinite. 

If all the asymptotes are imaginary the curve does not go to 
infinity at all in the specified direction ; whereas if a term 
becomes infinite, the curve does go to infinity, but with no 
linear asymptote, just as a parabola does in fact. 

This gives rise to the consideration of what are called 
curvilinear asymptotes, but before proceeding to the considei'a- 
tion of these, we will approach the theory of linear asymptotes 
in another way which wiU be instructive.. 

205. Intersections of a straight line and curve. Another 
method of finding asymptotes. 

A straight line cannot cut a curve of the w"' degree in more 
than n points ; for, if we eliminate y by solving simultaneously 
the equation of the curve and the equation Aa+Bj/ + C = 0, we 
shall obtain {in general) an equation of the w'^ degree in x 
whose roots will be the abscissae of the points of intersection 
of the line and curve. This equation has n roots, of which any 
even number may be imaginary. Consequently, if a line cuts 
the curve in leas than re real points, the deficiency will be an 
even number. [Similarly if we eliminate x. we shall obtain 
an equation in y to which similar remarks apply.] 

Hence, a curve of odd degree must cut every straight line 
in at least one point, since it cuts it in an odd number, of 
which an even number may be imaginary. Consequently a 
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curve of odd degree must extend to infinity in one direction 
at least. 

A curve of gvgu degree may or may not extend to infinity. 
A curve which does not so extend is called a closed curve. If 
it does go to infinity it is called an open curve. 

InfinUe roots. If Aai + By is a factor of the highest degree 
terms in the equation of the curve, the equation giving the 
points of intersection of the curve with the fine As + Bj/ + C = 
will be of the n - 1*" degree.* We do not say in this case that 
there are only n-1 roots, but that there are n roots, of which 
one is inlinite. (For the only way in which an equation of the 
n"' degree can have an infinite root is by the coefficient of its 
highest term being zero ) Hence in this ca&e eveiy line 
parallel to Ax + Bi/ = cuts the curve in one point at infinity. 

If we choose C so that the coefficient of the next highest 
term is zero, we shall have a line which cuts the curve in two 
points at infinity (or possibly more) This hue will be the 
asymptote in this direction. '[See also Ait. 207a on p. 249,] 

By solving the equation giving the finite points of inter- 
section of the asymptote with the curve, we shall, in general, 
find ?i - 2 points, of which an even number may be imaginary. 

If (Ax + By)^ is a fector of the highest degree terms in the 
equation of the curve, and if also As + Bj* is a factor of the 
terms of the »- !"■ degree (or if these terms are not present), 
the equation giving the points of intersection ofAx + By + G=0 
with the curve will be of the n - 2"' degree, and every line 
parallel to Ax + By^O will meet the curve in two points at 
iniinity. If we then choose C so that a third root is infinite, 
which in general is possible for two values of C, we shall have 
two parallel asymptotes, each of Which cuts the curve in at 
least three points at affinity. 

If (Axi-Bj/y is a factor of the highest degree terms, but 
Aii + By is not a factor of the terms of the n-1"' degree 
we shall have no asymptotes at a finite distance. This case 
^ves rise to curvilinear asymptotes, which we shall investigate 
m the next article. 



*Tti some oases the equation will he of lower degree, say of degree 
i-r. In thia case every line parallel to Ak + Bj/^^O meets the onrve 
n )■ points at infinity, and the asymptotes will meet it in r + l points, 
>v possibly more. 
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EXAMPLES. 

1, Apply the aliove method to find the asyraptotes to the curves of 
Art. 19S, aiid to fliitl where the aayraptotoa cut their respective cnrveB. 

2, In the curve (aiE + fi^ + c)a„-i + !t,i-a + terms of lower degree^^O, 
show that ax + by + c^O is an asymptote unless u,t-i contaiua oic + Sj/ 
as a factor. 

3, Show that the asymptotes of 

{x-y + lKx + i/ + l)(x-2y + 3] = Ax + B!/ + C 
are K-y + l=0, x + y+\^0, 3;-2i/ + 3=0. 

4, Show that, in general, if a curve of the 3rd degree has three real 



5. Find the line in which the curve x^-xy^-hy'-i — O outa its 
asymptotes. [Find the compound equation of the asymptotes, and 
solve with the equation of the carve.] 

206. Curvilinear asymptotes. In some (not infrequent) 
eases it will be found that the method of finding the asymptotes 
in some particular direction gives an infinite value to the 
constant, instead of a finite one. In such cases there are no 
straight line asymptotes in that direction. The simplest case is 
that of the parabola j* = ax, which as we know goes to infinity, 
but has no asymptote. Another case is (y-x)^ = a{x + i/), 
which is also a parabola, but with a slanting axis. 

In such eases we shall usually be able to find some simple 
curve {e.t/. a parabola), which will be asymptotic to the given 
curve in the required direction, that is, which will approach 
infinitely close to the given curve when x and y are infinite. 
Such asymptotic curve is called a curvilinear asymptote. The 
drawing of the simpler, asymptotic, curve will much facilitate 
the drawing of the required curve. 

The discovery of curvilinear asymptotes can be facilitated 
greatly by making use of the diagram of powers explained in 
Art. 178. This diagram will also serve to indicate linear 
asymptotes, and is of great use in many ways. 

We will illustrate by an example. 

Let the equation he y^{2y + 3^:) = 4y^ + fti^. 

On consulting the diagram ol powers, we see that, when x and y 
are infinite, 
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(1) y" may be proportional to xy"^ (see line AB], i. 
This lends to the linear asymptote, viz. 

y' Js— 8 

(2) 3^ may be proportional to ar^ (see line BC), i 
^ proportional to x, the first approximation beiu 
therefore, y^—^. 

Hence the equation, with the tarma arranged according 
to degree, and the temns of each degree aiTanged in order o£ ir 
for thii9 relation between y and x, as 

^={31 + 23/1 = 9*= + %=' 






By a 1 d vif, ou ad pp iting 

in the tb d sta e of tl e i s on by 
mak ug use of tl e relat o y' 3 =\ 
(wh ch we have seen holds for this 
direction when x and y are nfin te) we 
find y^=3x 2y + S neglect ng terms '^ ^ 

which vanish when j; and y are infinite. ™ 

This equation, therefore, represents a curvilinear asymptote. 

By arranging it in the form 

(y + l)«=3{* + 3) 
we see that it is a parabola with vertex at ( -3, - 1], and with the 
horizontal axis j/ + l = l), and can easily draw it. 

Note. — In the above example, the repeated factor of the 
highest degree terms which gave the direction of the curvi- 
linear asymptote was the simple term y\ 

If the repeated factor were of the form (ax + by)\ or, more 
generally, (osb + byY, the work would not be so simple, but by 
ttie artifice of putting aa) + bi/ = z, and arranging the equation 
in terms of x and z, or y and g, the same method would be 
applicable. This is true whether the factor corresponds to a 
curvilinear asymptote or to parallel asymptotes, though in the 
latter case the artifice is not needed, as the method given in 
previous articles is simpler and more straightforward. The 
student might, however, verify its applicability by putting 
IK + y = s in Sie equation of Art. 303, and working with x and z 
by substituting y = 3-x in the equation. He will find the 
division method gives 2^ = a + 2 as the equation of the 
asymptotes. Or he may work with y and z by substituting 
x = z-i/, which will lead to the same result. 
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EXAMPLES. 



1, Find the points in whiuh the curve y\'2t/ + ^) = 'iy'' + f)x^cat& its 
linear and its onrvilinear asymptote. 

2, Find at what points the gradient of the same curve is (1) zero ; 
(2) inlinite ; (3) equal to that of the linear asymptote. 

3, Show that the origin is a conjugate point of the same curve. 

4, Show tliat no other part of the above curve lies to the left o£ or 
below the line to + 2!/=4. 

6, Show that the line 3s! + 2!/-i — fi cuts tlie curve in points given 
by th. ooorfinat.. {g±|, t« j. 
6, Draw the curve. 

207. General hints for drawing a curve whose equation is 
given in rectangular coordinates 

(1) Find its linear ai d 1 e. r i. v ptotes f t his, a y 

(2) If it goes through the o g n £n 1 te approximate aha} e 

there. 

(3) Find at what po ts tl e ^ ad e t a zero or i fa te 

[If the curve is a closed o rve we bti n bj thia mea s 
a rectangle enelos g the u e ] 

(4) Note whether there are any obvious hnes of sjTniaetry. 

(5) Note whether the origin is a centre of symmetry. 

(6) Find any special points on the curve : e.g. where it cuts 

the coordinate axes, and where it cuts its asymptotes. 
Find the gradients at such points, 

(7) If y can be expressed as an explicit function of x, or 

vice v&rm, or if x and y can both be expressed as 

explicit functions of a third variable, make a table of 

values of a;, j/, and gradients. 

N.B. — Plot each piece of information as it is obtained, and 

so gradually arrive at the knowledge of the shape of the 

curve. Some practice is necessary, as experience makes a little 

information go a long way. The student will find that when an 

algebraic curve has linear asymptotes there are always two 

branches approaching each asymptote. Most frequently these 

two branches approach the asymptote on opposite sides and at 

opposite ends, as, for instance, in the case of a hyperbola ; but 

this will not always be the case. 
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Sometimes a curve may be deiived from a simpler curve by 
some simple geometrical construction : a few instances will be 
given in the following oxamplos. 

Drawings of the curves of Arts. 198 and 206 will be found 
at the end of the boob. The student should compare these 
carefiilly with hie own attempts at drawing the same curves, 
and earefiiUy verify his work, before proceeding to the exercises 
below. His drawings should be on a larger scale than those 
in the book. 

EXAMPLES. 
Draw the following curves : 
1. jfl«-o)+a=ii;-0. 2. y'{x-i)-a^x=(}. 

3. y=(ai-K)=3^. [This curve is calleil the ctssojU] 

4. jfl3;-2a)=a?. 5. y^ = a?[x-5a). 

6. a?x=yi,3:~af. 7. (x + a]y^=^M-^)- 

8. {,x-^-a)y^=!^x-a). 9, ^y'^a^x-a). 

10. a^"=a^o-x). [This carve is called the wiiic/t.] 



12. a'^=x{x - a)ix -^). [Show that it has a curvilinear asymptote 
ay'^ix-af, and that there is no part of the curve between x — a and 
ir=2((.] 

13. a'i/^x^x-af. 



15. ay''=x{v:~af- 16. x'^y'-iaxy. 

17. aV=a^K-^). 

13. Show tliat in the equation of Ex. 10, we niay put 
K-fficoa°fl, 1/— a.tatiO. 

Hence show that, if a line be drawn through the origin to out tli 
circle 'j?-vy''=ax in P, and the line x^a in Q, the point which lias th 
abaniaea of P and the ordinate of Q is on the locus. Plot the locus b 
thia method. 



19. Draw the curve (iK-a)V=^2c[-iB). [This 
conchoid. ] 

20. Show that, in the conchoid (Ex. 19), if y^wt 
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Hence show that if a line be drawn through the origin in any direction, 
it outs the curve in two points P, Q, such that PQ = 2a, and the middle 
point of PQ is on the line x=a. 

Plot the curve hy this method. 

21. Plot the curves 

(1) a.Y = ^(a^-^\ 
{2) aY^^ia'-x'). 

22. If PN is the ordinal* of a point P on the circle x' + y'^d". and if 
PM be drawn parallel to the axis of a: to meet the line x=a in M, show 
that the point Pi wliere PN is cut by OM (0 being the ori^n) is on the 
first curve of Ex. 21, and that a similar construction starting from P, 
(instead of P) will give a point on the second curve of Ex. 31. Plot 
the curves by this method. 

23._ If the poll 

ined by ... ... 

'e ay = :^ix], and the locus of Pa is the curve a^—xYix). 
21. Show that if a line drawn from any point (a', y) t 
0) cote the line 3:=a in a point M, OM v " 

• 4Y 



{'■m 



25. Draw the cycloid »i=a(fl-sine), y=a{l- 
tangent and nornuil at any point of this curve pi 
the points {aS, 2a) and (aS, 0). 

26. Draw the carve x(a:-yp=2oV + y)- 

27. Draw the curvea;(ic-y)'=a(3; + j/)^ 



provided x' is not less than a'. 

29. Show that the equations y(a? + 3?) = ax^, and y{a^ 
represent the curve of Ex. 10, in different positions. 

30. Drawthecurvea^-5iry + V=a'. 



31. Draw the ei 
S2. Draw the ci 






34. Draw tho curve (ic-2)3/* = (v-lla=. 
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207a. Linear asymptotes parallel to the axes. By the 

method of Art. 205 we see that, if thei'e is an asymptote 
parallel to the axis of*/, every line in the direction ic= constant 
will meet the curve in at least one point whose ordinate is 
infinite. Hence, if we put k=c iu the equation of the curve, 
the resulting equation in y must have fewer than n finite 
roots, i.e. the highest power of y in the equation must be of 
less than the w'" degree. If we choose such value or values 
for X as will make the coefficient of this highest power of y 
vanish, we shall obtain the asymptotes themselves, since in 
such case there wil! be still fewer finite roots to the resulting 
y equation. Similarly any asymptotes parallel to the axis of 
X will be obtained by equating to zero the coefficient of the 
highest power of x in the equation of the curve. 

Take for example the equation 

iry - 4a^ - 9j^2 + 3a - 2?/ = 6. 

In this equation the coefficient of the highest power of y is 
x^ - 9, and the coefficient of the highest power of a; is y^ - 4, 
hence the asymptotes parallel to the axes are !E±3 = and 
f,±3 = 0. 

The student can easily practise the use of this quick method 
of reading off such asymptotes by studying the curves given 
in the foregoing set of examples 

207b. Imaginary asjrmptotes. The student may have 
noticed that in many cases when on first inspection there 
appear to be Ivm asymptotes in any given direction they turn 
out to be imaginary [v. Ex. (2) on p. 239]. It is usual merely 
to say in this case that the curve does not stretch to infinity 
in this direction. This as a fact is quite true, but is hardly a 
complete statement, for as the number of finite points in 
which any line in this direction cuts the curve is less than n, 
there must be infinitely distant points in sufficient numbers to 
make up the full total. Hence, the correct algebraical state- 
ment is that, in the case supposed, the infinitely distant 
points arc imaginary. 
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POLAB COOEIUNATES. 

208. Inclination of tangent to radius veetor. In tracing 
a curve whose equation is given in polar coordinates, all that 
is necessary is to make a table of values of r and d, and to 
plot the corresponding points of the curve. The labour, 
however, will often be much diminished, and the accuracy of 
plotting increased, if we can also find the direction of the 
tangent at each of the points so found. This is done, not 
by finding an expression for the gradient of the tangent, but 
by finding the angle made by tne tangent with the radiua 
vector to the point of contact. Let ^ denote this angle : we 
shall find an expression for tan tji. 

Let P, Q be two adjacent points on the curve, with the 
coordinates (r, 0) and (r+dr, 6-i-dd), 
I respectively. 

Draw, OP, OQ and from OQ cut off 
OB -^ OP ; join PR. 

Then, evidently, RQ = (ff, and, ulti- 
mately, FR = rd$ (Art. 32) ; therefore 

tan (OQP) = -r-, ultimately. 
Now evidently the angle OQP is, in the limit, the angle 
which the tangent at P makes with OP, i.e. OQP = ^j ultimately. 



'6 denote -j-- by r', the formula becomes tan i^ — r-i-/. 
3 often convenient to have a symbol ibr the reciprocal 
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r. It is uaua! to denote it by u. It is easy to see that 
1^= — i, where m' denotes -y^. For 



209. Polar eiiiuitions of straight lines and circle. It is 

convenient to recognine the polar equations of straight lines 
and circles at a glance. Their chief forms are 

(1) Straight line 6 = (called the initial line), 

l' = asec (perpendienlar to the initial line), 
= a (any line through the origin), 
!( = ^ COS ^ + ii sin ^ (any line not through the 
origin). 

(2) Circle r = a, 

r = «cosei, 

r=acosfl + JsinS, 
?-2 - 2j- (fl cos fl + i sin 9) + e = 0. 
The student should draw these for different valu^ of the 
constants. Ho should also find their Cartesian equations 
by writing x=r cob 6, )/=rsin $, x^^-if — r^. 

EXAMPLES. 

1. Show that, ill any curve, the tangent is at right angles to the 
radius vector when ^ = 0. 

Find for what value of 8 the radius vector goes through the centre of 
the circle r=acos0 + &sind, and find the diameter of the oirele. 

2. Show that, in the equation ra-2r(aoose + 6sine) + c=0, r is a 
maxiinum or miuinium when tan6 = b-i-a, and show that the centre of 
the circle is at the distance ^/{a' + 6^) from the origin. 

3. Show that the length of the tangent from the origin to the same 
circle is ^Jc, and that the radius of the circle is ^(i^ + V- e). 

4. In the carve r=fi(l+ooBS) ahow that tan^^-cotJP. Draw 
the onrve, which is called the cardioid. 

5. Show that if the equation of a curve is of the form /(r, coEfl)=:0, 
the line S = is an axis of symmetry. 

6. If the equation ia of the form /(r, sinS)=0, the line ^ = = is an 
axis of symmetry. 
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ouly even powers of r, the origin i: 



7. If the egiuitit 
centre of symmetry. 

8. Draw the cur 

9. Draw the cur' 

10. Show that, ii 
luiiiimum, tan ^= -tan C. 

Exemplify in the caae of the oitrvea r = 

11. Show that, when the absciasa is a 

tan ^ = cote. 
Exemplify in the case of r=:a(l + cos fl). 

12. Draw the curve i--([co8i9ooa2e. 

13. Draw the curve i-=osin'ie. 

14. Show that, when the focus is the pole, the eqiis,tion 
can be put in the form r(l -qo30)—^. 

Prove that tan^= -tanjeat each point of the parabolt 

15. Obtain the eciuation of a conic in the form 



Prove that, at the highest point of the curve, cosfl — e. 

16. Show that « = A + Beo8fl represenfa a parabola if B^=A^, an 
ellipse if A^ > W, and a hyperbola if B= > A=. 

17. Draw the ourve)^=Q.=sin3e. 

18. Draw the curve r^aff [the spiral of Archimedes]. 

210. Perpendicular drawn from the origin to the tangent, 
Let p denote the length of tho por- 
peni^iculsir OT drawn to the tangent 
, at P. 

Then, evidently, 

p = r sin 4>. 




■—, = —, cosee^ii) 
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ABTS. ai0-314.] POLAR COORDINATES 253 

Thi» may also be wiitten in the form 

where )( denotes -, and u' denotes -^, as before. 

211. Pedal equation of a curve. If 6 is eliminated from 
the polar equation of the curve by means of the above 
equation giving the value of p, an equation is obtained which 
gives the relation between p and r for every point on the 
carve. This equation is called the pedal equation of the 
curve. It is useful in connection with questions of curvature, 
and will be referred to again. 

212. Polar sub-tangent. The line drawn from the ongin 
to the tangent at any point, in the direction peipcndicular 
to the radius vector of the point, is called the polii sub 
tangent of the point. If the length of the polar sub tangent 
is denoted by q, it evidently satisfies the equation 

g=rtan<^, 
which may be put into either of the forms, 
_ ^ , I _ du_ 

This last is usually the most convenient to use in connection 
with finding the positions of asymptotes (see below). 

213. Tangents at the origin. If the curve goes through 
the origin, there must be some value or values of & which 
make r = 0. These values of 6 will evidently give the 
direction or directions in which the curve goes through the 
origin. 

214. Asymptotes. If the curve goes to infinity, there will 
be some value or values of 6 which will make r iniinite, or in 
other words, will make w=0. These values of 6 ^ve the 
direction or directions in which the curve goes to infinity, 
i.e. the directions of the asymptotes. The actual position 
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254 DIFFERENTIAL OALCTJLU-S. [chap. xv. 

of each asymptote is given by the length of the polar 
sub-tangent j (which is easier to find than ^, and, when r is 
infinite, coincides with p). 

It is evident from the formulae of Art. 312 that q is 
positive when r' is positive, i.e. when )• increases with 6. 
From this it is easy to see that if we stand at the origin 
looking in the direction, parallel to the asymptote, for which 
r is positive, q must be drawn to the right if it is positive, 
and to the left if it is negative. 

[Note. — It is often a good plan to transform the equation 
to rectangular coordinates, and to find the asymptotes by the 
method given in the last chapter,] 

If J is infinite {i.e. if «' = 0) for any value of which makes 
M=0, there is no linmr asymptote in that direction. 

There will be a curvilinear asymptote, but polar coordinates 
are not very convenient for finding curvilinear asymptotes, 
and it is not usually very important to do so, as the curve 
itself can in such cases be, as a rule, sufficiently well drawn 
by means of the table of values of r and 6. 

215. Circular asymptotes. In some polar curves, r tends 
to a finite value, or to zero, when 8 is infinite. In such cases 
the curve goes round the origin an infinite number of times, 
gradually approaching a circle whose centre is at the origin 
and whose radius is the Hmiting value of r. Such a circle 
is called an asymptotic circle or a circular asymptote. If the 
limiting value of r is zero, the asymptotic circle reduces to 
a point circle at the origin. 

The curves rd^a and (r-<^)fl = a are illustrations of such cases. 



1, F dti 

geomet oally 




EXAMPLES. 


pdal 


1 ation of the circle r — aoo&9. 


2. Find tl 


pdal 


quation of the parabola 2cEU' 


ita truth ge n 


t all) 




3. T th 




= aBeofl + &, 


4. T tl 




^asecfl + ttanS, 


5. T a tl 


u 


16w = 5-3coafl, 


6. T 1 


u 


i6?i^3-5cos0. 
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9. 


Trace the 


10. 


Traci! the 


11. 


Trace the 


12. 


Trace the 



POLAR COORBTNATES. 
rva 5"= j5- -j. the value of 6 being 



off' 
~^-l' 



13. Trace the curve r^oeW. 

Show that the ai^le between the tangent and rii.dins vector is 
constant. [The curve ia called the equiangular, or logarithmic, spiral.] 
Show that different valuM of a give the same spiral, only altering its 

216. To find the rftdius of curvature. 

Referring to the figure, p. 251, let C be the centre of cur- 
vature corresponding to P, so that CP = p. 

Now, in considering the euiTature, we may replace the 
curve by the circle of curvature for an infinitely small change 
in the position of P; i.e. dr, 46, and dp will have the same 
relative values for the circle of curvature as for the curve itself 
(for dp depends on d<l>, and the very essence of the circle of 
curvature is that rft^ shall be the same for it as for the curve). 

Hence, if we change (r, 6) into (r-i-dr, + dO) we may 
consider p and as unchanged by considering them as 
belonging to the circle of curvature. 

Now OC^ = CP2 + Op2 - 3CP.0P cos OPC 

= p^ -f- r^ - 2pr sin ^ 
= p^ + r^-2pp. 

Now change )■ into r + dr, and let p become p + dp: we shall 
have OC^ = p^ -I- {r + dry -2p(p + dp); 

.-., by subtraction, 

= 2rdr - 2p dp, 
rdr 

From this simple formula p can be easily calculated if the 
pedal equation of the curve is known. 
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256 DIFFERENTTAI, 0AI/3ULUS. [chap, xv.] 

217. Of course 00 and p do change as we go from poinb 
to point <m the mirve. The above inveatigation shows that 
infinitesimal changes in r and p may be considered, regardless 
of the induced changes in 00 and p, by the simple artifice of 
considering the circle of curvature instead of the actual 
curve itself. Hence, if we do consider the changes in all the 
quantities involved in the above equation OC^ = p^ 4- r^ - 2^, 
■we see that there must be two independent differential equa- 
tions, viz. 

O0.d{OC) ='{p-p)dp, (1) 

and rdr = pdp ■ - ■ (2) 

The first of these is easily proved geometrically if we realize 
that, to the first order of small quantities, the new centre of 
curvature must lie on CP; for then d(00)-r dp = cos OCP (as 
can be seen at once from a iigure), and so also is (p -p) -r 00. 
The second of them is the equation giving the value of p. 



1. I>raw the parabola ?• — ■■_, „■ 

Find its pedal equation, and deduce the length of the radum of 
curvature at any point. 
Find the value of p at (1) 'j'ls vertex; (2) the ends of the latus rectum. 

2. Find the laclias of curvature at any point of the curve r'^ap. 

3. Find the pedal equation of the oardloid r=a{l + cosd), and deduce 
the radius of curvature at any jioint. 

4. Find the pedal equation of the curve r' = o^0OH2ff, and the radius 
of curvature at any pomt. 

5. Find the radius of curvature at any point of the curve r"=a"co8)ift 
Sliow that the cardioid and the paralrola are particular caaes of this 
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ANSWERS TO EXAMPLES. 

Pages 16, 16. 




Denoting one of the numbers by %, the product \s,y—x(^-x). The 
table of values is 

X I 0, 1, 2, 3, 4, 5. 6, 7, .^ 

ylo, 4, 6, 6, 4, 0, -6, -14, ... 
from which the graph can be drawn, as shown. The greatest value o£ 
the product ooenrs when x — 1\, i.e. when the two fajstors are equal. 

No. 2. 



:^-'¥ 


ff-ffjl-fft;-^ 


iW 


■■'■'^■\ 


£i:|i;i 




■iiitiSi; 


h'^m 


m 



If y = -, the table of values, from which the graph can be dra 
a;| 0. -5, 1, % 3. 4. 5, ... 
y|», 2, 1, -5, -3, -25, % ... 
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258 DIFFEKENTIAL CALCULUS, 

No. 3. 




When x h large, the curve is only a very little above 
the line y^x, aince tlie ter 



The line y^x is callecl an asymptote. It is shown by the dotted line 
in the diagram. 

The curve is a hyperbola, Ita other asymptote is the line x — O {i.e. 
the axis of y). The minimum ordinate occurs when »= 1. 



'W« 


No. 4. 


1 






1 






km-^m 


n 


liiailS 


si?M^ 


ii 
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ANSWEES (p. 15). 259 

If valaea of n are taken aa absciasa,e, and values of 2" as ordinates, 
the curve ia roughly aa shown. Tho vertical scale has to be very small, 
as the ordinates grow rapidly. 



Nos. 5. and 6. 
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DIFFERENTIAL CALCULUS. 
No. & 




If X denotes any temperature in centigrade degrees, and y denotes 
the same temperature m Fahrenheit degrees, ^=^32 when x — H, and 
y=212° when x — \Qfi. The graph ia ft straight line joining these 
points ; its equation is 



le readings on the two scales ate equal for a temperature of - 40°. 
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AN8WEES (p. 16). 
Na 10. 




No. 11. The graph 

a;, measured in feet I 0, 
y, measured in foot-lbs. 



points corresponding to the 
itraight line going through the following 



0, 10,20,30,40, 50 



No. 12. If w mea 
in lbs. perpeii h 1 
^=10. Theg ph 



itl 



gtl 



No. 13. Sin th f 

stretch, the a fc 1 i 

final force, and la th f 

prodnct of th g t 

triangle coutL m d I tw th g ph t th f 

the hiial ordin te sp d g to th 1 f 

n ill be so m y foot U tl has p tii 

lepiesentmg lb 

If the work d 
oiduiate, its gi jh 11 



unf mly T 
* t^ w k' 



y t t 1 
] 1 dp 
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262 DIFFERENTIAL CALCULUS. 

No. 14. Since bd is constant, where 6 ia the breadth and d the depth, 
and the strength is proportional to bd\ it follows, on eliminating d, 
that the strength is inversely proportional to 6. Therefore the graph 
of T will show the changes in strength. This curve is shown in the 
answer to No. 2. The theorem dora not hold for very thin beams nnlefiB 
they can be prevented from lateral buokling. 

No. 15. The half-pBrimeter = 6 + (i = 10, and the strength is propor- 
tional to 6(P, which=6(10- 6p. The graph ia therefore ^=a!(10-3f\' 
where x represents the breadth measured in inches. 



Ho. 16. y=x[Ui-x\ 
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ANSWERS (pp, 15-2 



263 



by equating the gradient to 0, as evidently the curve has zero gradient 
at the required point. By next chapter, or by Art. 18, we find the 
gradient is given oy the VE^ues of 144 - Zx', and this is equal to when 
^=48, i.e. when a; is juat leas than 7- The cliange in length of ordinate 
is so slight about here, however, that there will oe no appreciable error 
in taking x equal to 7 for the maximum value ot y, i.e. the strength ia 
greatest when the breadth is about 7 inches and tiie depth— \/95 or 
nearly 10 inches. 

No. 18. From the diagram of No. 15, we see that j/ is a maxiomtn 
when a: ia a little greater than 3"2 inches, which would make the depth 
a little less than 0*8 inches. So you might gueas 6 = 3J, il=6§, i.e. the 
depth double the breadth. K by help of next chapter, or Art. 18, we 
equate the gradient to 0, we shall find that this guess is correct, 

FagB le. 



6. 3,.(=s4.)^ 
Pages 32-24. 






1. 33^-40^ + 100; zero gradient when 3; = 3i and 10. 

2. 144-33;^; zerogradient when ji=±^48. 
„ 3 15 Vie 1 7 3 /^ 
^ 2:^5 2 W^- '■ 2^ 

10. ix{x-l)ix-2). X -10 12 3 

fix) 9 10 9 

f{x) -24 24 

11. ->,-=«-.^.-. 12. -g. 

13, The graph is a parabola whose highest point ia at (li^, ISflxs)' 



15. (1) -2(ftK-5)(3K=-5j;4- 
,„, ac-3 



ix 



4x 



{x^-6f^ix' 



17. Gradient in each caae=2Aj>+B. 
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DIFFERENTIAL OALCULUa 



3ar 
(4) l(te + 28J:' + 18iE»; (5) ^^U^^ 



(^::^=' '^' 2-lji^)'' '^' (^ + „)^(^-<.)^^ 



2 -2.3 2.3.4 -3^3.4^ 



. -^S . ^^-" 8. (a:-3)(:B + lp(123.= -63ic + 43). 



a'C.i^-y^) 



10. /'W.f(^]. 



11. 24(3;-l){3!-l)^/(32'-22 + 5). 12. 



2coe'w' 
5, aeca;(seeaT + tftn3;). 6. cos 2a! = oos^a: - sin'a!. 

7. ain3a;=4coa'KBma;-sina; = 3sinx-4sm%. 

8. {4860^- 12Bao*a; + 4sec'a;) tana;. 9. ISsec^a;. 

^(l - ix^) 

16, y=Owhena;=0, 2, 4, ...; and at theao pointa -^= ±-j-, alternately. 
y- = when tan-g-= - -^-. The curve is symmetrical on either 

aide of tho axis of y ; i.e. the axis of ^ is a line of eymmetry. 

17, ^ — TT when x — (applying Art. 32). -^=0 when tan -^ = -3-. 
p-0 when.a;=2, 4, 6, ... ; and at these points ^=T — 

The curve ents the axis oi y at right angles (the proof of this ia 
not easy till after wo know how to expand sin-=- aiid 00s -g- in powers 
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ANSWERS (pp. 30-63). 265 

18. (1) Similar to No. 16, but on half scale. 

(2) The ordinates are double, and tlie abscissae are half, of those 
which give the corresponding points in No. 17. 

19. !;.±?wh.D:,.l),2,4, 8 *.0 wh,» »tf - -f . 

y=0 when aT=l, 3, 5, ... ; and at these points -^= T-. 

The left-hand portion is an inverted copy of the right-hand 
portion, BO that the origin is a centre of symmetry. 

20. !/=±ia;whena:-0, 2,4,6, .... ^=0 when cot ^-^. 

y=0 when x~l, 3, 5, ... ; and at these points ^—^-r- 
The gradient at the origin is J. The origin is a centre of symmetry. 
Pciges 48, SO. 
1. .4^4^. 2. l+i.'+i>.'. 

6,7. Calculate the ordinates and gradients for x=l, J2. 2, JS, 3. 

The corresponding values of sin at are '84!, '688, 909, -638, 'lil ; 
and those of cosx are -filo, '156, - -416, - 770, - -990. 

It will he fonnd that the respective series graphs approximate to 
the above more closely as more terms are taken, but that each ci 
ia rather too groat. 

Pages 62, S3. 




23. log.3=0'69SI47.... 
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DIFFREENTIAL CALCULUS. 



, Population in x years^IO*. 2'^'^^, 
Rate of growth pdc 1000 per aimum = 6-93( + ), 
1,148,700; M14,200i 1,741,100. 



i. 


50,000 lbs. weight. 






5. 


a, = 10; 05 = l-443, or about V^ or Jf ; 

ag = l'O064, or about HI- 




6. 


(1)3-16,..; (2)1778 






7. S='366.,.. [9tudentH of djnamics will know that this is the 
coefficient of friction between the c^ble and post.] 


8. 


A little ovei 40 feet 






14, A little less than 3b pei cen 
absorfitionl. 




selective 


15. 


90-44 per cent. 


16. 1^ seconds (nearly). 




17. 


About 22 minutes. 






18. 


5 minutes 28 seconds (nearly) 


i 47J aooonda (nearly). 


Curve of 


fall i: 


i y={-9)i if x is measured ii 


1 seconds! the sabtange 


nt is 47i 


Beconds, The curve of rise is 1 - { -9)^ It is an image of the curve of 
fall with respect to the line u = i. Both curves orosa this line when 
!C=33 seconds (nearly). 




Page 


83. 




1. 


2sinhaTooB3;. 


2. 2coshi«oos^. 




3. 


tanh X. 


4. 2sech3!, 





Miscellaoieous Examples. Page 83. 

2x-y-2a 2 

■*■ x-iy + Ga "■ 1-ic'' 

3. {l-(log:E)2J^.e'(loga:+tj.eos(e'log:«) 

-il-(logx)r^. i^. sin(£'log^). 

4. -e-'"(acos3K + 3sin33;). 5, 2a;(siii2i(i + 3:cos23;). 
- 2pg'VH.^+^ + r^) 2;iV' 2p'g^ 

°- iF+??f^+^^' {j^+gmi^+'^y {p'+w'){i^+'>^f 

7. 0. 8. -Btall0sece-^^/(cos2fl). 

9. {l-x)^(l+Kr^. 10. cot^fl. 

, -Sto?-42ja + 64zg ; 84j^' - 32ja - 5Sa' 
"- (4a;-7a)« (4i»:-7J)' ' ^' 
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ANSWERS (pp. •;4-123). 

Page 84. 

2. 1-325. S, r423fi. 

4, The oircalar measure q£ 49" ir 364". 5. 1-37129. 

6. SS'lV^lT. 8. ■000287656. 

9, The roots are 075736 and 9'24264. 

10. The roots are 10'6569 and -0-6569. 

11, The roots are 0-7386 and -4-7386. 

Page 109. 

1. Height = 1 foot ; volume = -^ oiibio feet. 

2. h=r. 3. ft = 2n 

i. mTfi=-2r^; (2)h^ = &rK 5. /t' - JJ^ ; i^ = gP. 

6. f^^o'^S A'^s'*'; volume^-^ of volume ot sphere. 

7. Width = twice depth. 8, 16 feet 6J inches ; 46° 4- 
9. Max., I2{whena;=0}i min., -20 (when a! = 4). 



11. 2V(ai). 12. (3, i), (0, 0), ( - 

13. Max., 4 (when «=0) ; min., (when k=2). 

4(whena;=i). 



fl'one. The curve is a. hyperbola with asymptotes x^g and x—1, 
ijiigate hyperbola has a maximum ordinate at (0, - 1), and a 
ordinate at (2, 3). 



17. Max. valae=54! min. =-71. 

Faee 13 a. 
1. If a, b are the lengths of the horizontal and vertical ui 
p = -5-aec'^, where tan0= "77- 

Hence, (l)p=4-37i (2) p = r46 = 2-8a, 
a (l)p-^; (2)p=l-46=2'8a. 3. J. 
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268 DIFFEEBNTIAL CALCULUS. 

4. ,- '"'y' . 5. ,=?#.; wh,.,..!.". 

6, ,=|''.,„o*,,to.s.o*.J. 7. i. 8. jgjjj. 

9, „, 115^ , ,2, ■^. m ,.g=f , .. »=h point. 

12. (a=9in=e + &2co3'fl)^-rai. 13. (atan'fl + 6^eo*e)^-fo6. 

Page 125. 
1. dtiO. ^, ^gs; jgK 2^ ■ 

pages 133, 133. 
I. (11D>.24; D-<, = jg,-^ + |;-| + D-(0). 

») i>.,.!f -f +|, D-v.i.(f -.)log.+i.-(0,. 

(J) D"j/-( 1) 2« '^ ' ^^^ 1.3.5... (2n-l) 

6, If the graph of [n is plotted by drawing a, curve through the 

points corresponding to positive integer values of n, the ordinates corre- 

eponding to fractional values of n may be taken as the corresponding 

values <rf \n. 

The second part of the question is solved by visiiig the formula 

Thus r|^ = J(i-I)(4-2)(i-3)=-H- 



yGoosle 



ANSWBBS (pp. 123-146). 
Page 13S, 

i. Deduoible from (3), by writing cos fta^^Hin f 62: + ^ V 



Page 143. 
(-lf-2|«-2_ 2(-l)"-'|7t-3 



Proved either by Leibnitz, 



by direct differentiation. 

3. fl;I>-Sioe«-3D-''loga! = ete. = |^^log»;-g-3-jj. 

4. -STe-^ito^-ST^c + lOI}; -^e-^-ja^-cE + gy 

5. (32a!»-160)ooa2a;+1603;ainaB; i{(3!2-3)co92K-3:esir 

PagB 145. 
(1)1 — ^3^1-' '2)4»'+^_j^. 

Page 146. 

i-»rkt.-i -1 

(2) The aaine as (1) with the sign of a changed. 
3, The two last. 
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270 DIFFERENTIAL CALCULUS. 

Faga 1S4. 

2. 3'-, = 31og(a;-2)-log(:E + l}. 

3. y-i = ~j+21og(a; + 2)-log(a^H-l), 

4. y-,=log(a;-3)-|log3r-|log(3; + 3). 

5. y-, = {c-b)log(x-a) + {a.-c)\os(x-b) + {b-a)\og{x-<:). 

6. ,_,4log,2.-3)-2-A^-j^. 

7. 3/_i=i^ + i*HiaE + ^)2511og(a^-4)-971og(:^ + 3)}. 
- 37 , x-S 2 f 7 , 12 \ 

ft 2, x-1 1 

9- !'-' = 3'''S^^-2(^^TT=- 

1 7 44 44a; + 69 

^^- ^'^3(a;-2)*"'"27(a;-2)="243(K-2)"'"243(K' + a; + 3)' 
7 43 89 , , „, 



6(^-2)= 18(r-2)'^216 



"27' 

3-235, 



:S{x + i)~-^log{x + 2). 



(This integral can be verified by differentiation.) 
FagB 161. 
1 If ^-3 5x-l ) 

'■' 2\x^ + x + l'^^-x+\y 
„ J^{^+J2__ X-J2 1 
^ 2^/2\ic' + ^^/2 + l a^-ic^ + lj' 
„ 1 ( x + 2^ x-2^IS \ 

fi %*j!-2 &K-2 2 
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ANSWERS (pp. 154-167). 

5 2 6ig + 7 iE + 3 

■ 9{a:-l)'' 3(iB-l)'''9(^+a; + l) 3(3~' + a;+l)= 

2(^ + 1) 5a 

6 ac-14 __^^ 

r'+ie+l (:t;» + x + l)'''"|a^ + ^ + l)'' 

1 ae_ 65 

— ^J^ain"+'Sam(!i+l]fl, where x 



binfed 



i«+ie 003(11+1)5 



"+'e3in(ii+I|e, wherea 



_ 1 _3 , 3a: X 

.. U «-|Kul »' + 8(»^ + l) + 4(a:=+l)=' 

Page 167, 

(2)Putt(=l, andA=K, in (1). 
6. log aiax + k oot a^ - Jft^oosec^a; + P^cosee^ eot x - 
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272 DIFFERENTIAL CALCULUS. 

Pages 186-187. 

1- ^ + 2'^+2/ +720^^ ^■■•- ■ 2^^ ^12" ■■m"*-- 

3. The eoeffieients of the even powers of x are all zero. Also a, - 1. 
The equations giving the other terms are 

whence «,= !, %=3=, a^=5=,3S etc. 

6, The funotion satisfies the differential equation ya^a'y + a^yi + ^'yj, 
whence, finally, 

^"1^ |3 + -^ ■ +-; 

the general relation being a„+a = (a^ + n')a„. 

Both (7) and (8) oonld have been obtained by equating the real 
and the imaginary parts in the identity e^foosftai + j sin 6ie) = £<"+''(', 

I The general terms of (7) and (8), respectively, may be written 

10. i|.m3»-.m«) = .>-tj!rf+tj',.-..,. 
11- -k-ra"^. 
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al. 4.15. ,.l 

7. (l)log,;c-log,a;{2)log„^. 8. |^l 9. ^^ 

10. 0. [Evaluate under the root.] 11. 2. 12. -1 

13. 2. 14. 2. 15. 2^2. 16. i^csma;. 17. |^^J 

FCIE«E 197, 19B. 
1. ratio^l, diference=0. 2. "- 3. 0. 



8. 1. 



4. ». 




5.i.. 


7. (1) e, 1 


; (2) e-' 


, li (3)1, 1; (4)1, 


9. (l)e^; 


(2)«-*. 


10. 1. 
Page 201. 


1. o. 




2. 6-1. 


i 8c-3 




5. (l)<: + 2; (2) 
FaECe 204. 



1. y' is comparable with a^. 

i?y and ^^ are comparable with sfi. 

2. a;^ and ai'y' are comparable with a". 
3^ is comparable with ?"*. 

x^ is comparable with a". 



y Google 



274 DIPFEEENTIAL CALOULUa 

Page ao». 
1. (1) a;*, ^, ic' + arV' 'c'y + xf, x'' + xy^ + y\ xy + y', x + y^, y. 

(2) ji*, 3^, xY, a^V+S''. a^+a^'. a^. a^ + y", '''y. »^, y, ic. 

(3) ^, icj', :i^, 'J?y, X' + y', xy', j%, or', y\ xy, a?, y, x, 
(i) X?, aA/, a?, aiV. a;^. ^^^ ^> ay, xy, x + y*, !/^ jf", j/. 

2. Asauming that » jraiV of terms are to be of equal importacc 

igram will show that the only poe "'"' ' '" " ^ — ' 

eat i either ai' and n^, or a%" an 

either a;' and a^, or sfiy and iEy». 

3. a;^ and y^ are of greatest importance ; then, in order, xy and <^. 

4. 2t;-8. 5, 3a:-2!/ + 8. 

Fagea ao7, SOS. 
^ a;^ H- 2a!^ - 2;/'' 4a^ + 2xi/+i/' 
^' (^+iP ■ " (*+!')'' 
2. itlog^a; Mx^fo. S. iiu/a:; gu/!/; itlogjai; »log,^. 

4. 2a;-32/-6oi; -3a! + 4y + aa; -6a; + 6y-2c(. 

Fag^s 31S, 218. 

1. (i)(2, -1}; (ii)(l, l);[iii)(-2,3), 

2. A parabola passing through the origin, whose axis is the lino 
6a!-10y-4 = 0, and whose vertes: ia at ( -sf. "oe)- 

5. The lines are a;-22/ + a=0, 2a:-3y + oi = 0, x-y^O. They aU 
meet at |a, a). The U>eu& conaiste of the linea x-3y + 2a — 0, and 
x-y = 0. 

4. The loci are the parabolas a:' = (ty, Mid j'=ox. The firat outs 
the curve in (0, 0} aud (2^o, 4*«), and the second enta it in (0, Oj and 
(4*a, 2^ffi). 

Page 217. 

1. H) a:X + j/r=a=; a.y-yX = 0. 
(3)yr-2o(X + x); 2a(y-y) + y(X-^)-0. 

(3) .da;X + Byr=(tS; %(Z-^) = .^a^(y-y). 

(4) yX + a;F=2a*; xX-yF^a^^-y*. 

2. (2a! + -l)X + (2y + B)r+{.4x+Bj(+2CO = 0. 

3. Polar of (a, a) ia a^ + jc^=((l The curve lies outside thia circle, 
touching it at (o, 0) and (0, a). 

4. {i/^ + a»)A+{2xy-4(ty|fc=2ay=-2a%. 

Polar of (0, 0) ia y^=ax. It cuts the curve at (0, 0) and (a, ±a>. 
The tangents drawn from the origin are x = and x- ±y. 
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ANSWEES (pp. 205-230). 27f 

F^e 221. 

1. 8y - 6x. 2, 243;j(^ 4. Su ; 9ji. 



9 (c.iy<y liy /ii/Ytp/ (d/yd^f) ./try 

\ dx dy dxdy \dxj dy^ \dyj di^j ' \dy) 
Fages 228, 230. 

1. MinirauTit bX {2, -1); via, -4. 

2, Critical point at (1, 1), but the function is neither i 



n there. (We shall call such a point a dovMe point. ) 

3. JfinimuTO at (2, 2) ; viz. -8. JJoiiMepowi at (0, 0), 

4. Maximwn at (3, 2) ; via. 108. DaiMe poira at (0, 0). 

5. JKoHsmam at (0, 0) ; via. zero. 

Minimum at ( J3, - ^/31, and at ( - ^3, ^) ; viz. - 18. 
Minimum at (1, 1) and ( - 1, - 1); viz. -2. 

8, The series ai ellipeeB are ooncentric, and all have the same axes, 
and evidently for a very email ellipse of the series the directions in 
which ti increases most rapidly and. least rapidly from its minimum 
value at the centre (2, - 1) are the directions of the minor and mMor 
axis respectively, and are given by the max. and min. values of — -^, 
since -=- is zero. These occur when tan2ff=-T — p, which in this case 
is eiinal to -2. 

9, u is constant in value ( = 6) in the assigned directions, starting 
from the point (1, 1) where ~ and ^ are both aero. That is, the lociia 

u — 6 consiata of two straight lines crossing at (1, 1) and lying in tlie 
assigned directions. The lines are a;-3y + 2=0 and a; - j/=0. [For ail 
other values of u, the locus is a hyperbola having these lines as 
asymptotes.] 

10. J«<mmani at (~, j|'\ ; via. i|. 

Mimm'U'm a,t {-2, -3); viz,-^- 

12. (1) '1%+^% must be iiero for all valnos of h and h; i.e. ^ 

and -f- must both vanish. (2) ( A-=- + i-;- ) fix, v) must not bo able 

dy ^ ' \ dx dyj ■" "" 

to change sign, whatever the relation between h and In. 
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276 DIFFERENTIAL CA1/!ULUS. 

13. Lot the BuccBsaive terms in each espansioD be denoted by 
II, «i, 5tj, .... Then 

(1) V3=a'+12Afc + 10H 

(2) Uj=fe^-4A*: + 3P. 

(3) Ua=3(A^ + JV)-6ftt. 

(4) Wj=-2A%+;i'J?(6-43;-%)-3ra%. 

14. (1) 43;*+12i^ + 10j/^-4 when7i=2, i= -L 
(2) x'-ix>/ + 3if + Gvrhenk=l,i:=l. 

15. When m= -8 the equation of the locus can be written in the 
ionn{x + 7j + 2)f3?-xi/ + y^-2x-2i/ + 4)^0. [SeealaoEx. 6, p. 2i7,] 




1, (2) The curve outs the eloping asymptotes ixi the points (6, ±^]. 
It does not out the vertical asymptote. 

(3) Outs the asymptote at (f , ^). 

(4) 111 no finite point. 

(5) In no finite point. 

4, If the compound equation of the asymptotes isii^O, the equation 
ot the curve must be of the iocm u— An: + Bp + C. Therefore the points 
of intersection lie on kheline Ax + By + C—0. (See Examples 3 and 5.) 

Page 24a. 

1. Outa linear asymptote at (S, 2) ; currilinear at (0, 2). 

2. Zero gradient at 18tYv/2, -iiivS), le. at (0-46, 1'66), and 
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AN8WEB8 (pr. 929-256). 

4. The equation can be written j(^|3iC + 2y - 4) = 9^^ so that 3x - 
cannot be negative, unless x and y are both zero, 

6, The curve has two braachea, on one of wliich are the 
(-1, 5), (0, 2), (J, 2), and (10, 5), and on the other branch i 
points (13, - 13), (13J, - 10), (20, - 10). These data, togethe 
the asymptotes, and the points given in Ex. 2 will be sufficient ' 
ft very good idea of the curve, which is shown below. The f 
should draw it to a larger scale, from his own calculations. 



ire the 




1, tan-ifr/o; V(«^4-6=). 

4. Points on the curve caji easily be found by drawing the circle 
r=aao»ff, and adding the length a to each radius vector. The curve 
has a cusp at the origin. 



Fage 354. 



1. r^ = ap. 



Page 286. 

1, i^^ar. p=2pr-i-a = 2ria'-^. (!) 2a ; (2) 4q.,/2. 

2. in (the curve is a circle). 
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278 DIFFEEENTIAL CALCULUS. 




Graphs op Cuevbs given in Art. 198. 
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4^ each; VI. and VII., sewed, ^d. each, 

Teat'Oai-da in Arithmetio (Scheme b), 
ByC.PBHi)i,BBDRY.M.A. FoiStandards U,, 
III,, IV., V,, VI, and VII. ii. net each. 



Examination Papers in Aritlimetic By 
xeroisea in Addition' (S I mpie 

odl. ByW. S. BSARD. IJ. 
jra. By W. M. Bakbb, M.A., 
,VBHS, MA. II. M.; orwilh 



Graduated Exeroiaea in Addition (J 

and Comoooodl. By w 5 H..=„ 
A FiTBt Alsehra. " 



Algebra 

W. M, 

Triganometrr, 



OBOpllV, A Compendium of Facta an 
Revised br J. McDowBLL, M, ' 
Euclid, The Elements of. 1 



Hvdtii-iiatlcs. iSi. 
HydiYidynamiCB, A Tteatlss on. 
Basset, M.A., f.E(.S. Vol. I. 

HydrodTnimilca and Sound, At 

tary Treatise on. By A. B. B»bbi 

F.R.S. &. 
PLyaioal Optics, A Treatise on. 

B^ssBTMrA., F.R.S. i6i. 
Elementary Treatise on Cubic and 

QuartlC Corvafl. By A, B. B*sr-- " ' 

Analytical Oeometry. By Re 



Book-keeping 



Book-keeping by Double Entry, Tiiet 



BOOk-keeidng, Examination Papers In. 
Comnii^d liy John T, Medhurst, A.K.C, 
F.S.S, i<. K£f,3!.t,d.net. 



BODk-kseping, Gradoated Eterdses and 
Esaminalioi Pacers in. Compiled by p. 
MirRRAY, F,S.S,S, F.Sc.S.{Lond,), 3i. 6rf. 

Text-Book Of the Principles and Prac- 
tice of Book-keeping and Estate- 
Office Work. By Ptof. A. W. Thomson, 
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ENGLISH 



Flrat Hation! 

leamerE, u. 
Firat Steps In Englisli Qrammtu-, fi 

Junior OlaKsea. ". 
OutUnea of EngllBtL Orammaj^. for tl 

Deb of Jnnlor Claama. u. 

BnSllahOraminiir: incindlngtheprincipl 
<rf GrammBttoa-l Analysis. 31, ii. 

A Sborter EngUah Orammar. ». m. 

Ptaotics and Help in the Analysis ■ 
SenCenoeS' f- 

English Grammar Practice, consisii 



Preparatory English Orammar. By 

*: BiNBOH, m.a7 u. 



AnalTBiB. By Khjjest Arams, Ph-D. 
Examtues for Analysis in Verse a 

Prose. Selected by F. Ebwards. ii. 
The Paraphrase of Poetry. By Edmu 



Precis and Pr^oia-Writing. By A. w. 
Element of the English Langua^. By 

Ea^EST Adams, Ph.D. Reused by J. P. 
DAvia, D.LiT., M.A. ii.ki. 
Hlstorr of taie English LaaignaBe, By 

Ten BrlnlE's Early EngUah Uterature. 

j/ 6.(, each. "vol. L <1Q widro. %Z°\\. 
ranee).' Vol. ilf. {tolhe Deathof Sutrejl, 



Introduction 1 

By HkkevS.P..._ ,.. 

Handbooks of Ei^llsh Uteratnre. 



I EnsUsh Uteratnre. 
^Ush '' ] 
Th.: Age of Chaucer. (1346.1400.) By F. J. 

Thb Am of Trxnbitioh (i^oo-isSd). By 

F. J. Skill, M.A. 1 vols. 
The Age of Shakespeare (ijji)-!«ji|. By 

Thomas Sbccombs and J. W. All.v. 

Vor^il. ntamk. ""^^ ^" 
The Age of Mlltoo. (1^31—1660.) By 

the Set, I. H. B. hiASTERMAN, M.A., 

with Introduction, etc., by J, Bass 

The Age o£ Diyden. (iSSa-iJoo.) By 

R. Gabnett, LL.D,, C.B. 

The Age of Pope. (iJoo-iJ44.) By 

TheAgeofJohnaon. (1744-1)98.) B-, 

The A^ of Wotdsworth. (1198—1832.) 
By Prof. C. H. Herfobd, tiii.D. 

TheAgeotTennvson. (1830-1870.) By 
Prof. HUQS Walker. 

ITotes on Shaksspeare'E PIa;nL with 

. .... ^ Notes (Etymologi. 

-jJy, Gtammati. 
T: Dup7 B*a- 



.atory). li«,s 






idaurocoer Nirfif s Dteam. - 
Cffisar. - The Tempest. - Ma.„.„,.- 
HenryV.— Hamlet .—Merchant of Venice. 
-King Richard ll.-lCing John —King 
Richard III.— King [.ear.— Cotiolanus.— 
Twelfth Night— As You Like It— Much 
Ado About Nothing. 

Bell's Englisli Texts for Secondary Schools 

Edited by A. Gutiikelch, B.A. 

Ballads. Edited 
Life of Johnson. 



. EdltedbyL.H.PosD, 



by A, GuTi! 



Scott's Ivanhoe lAbrldged), edited by F.C. 
Lougfcllow's Hiawatha, Edited by 



Charles Lamb, Selected Essays i 
LetlciB. Edited W A. Gothkelch, B 

Paradise Lost. Selections chosen to r 
the Stoty of the whole Poem, Edited 
A, P. NicHoiLS, B.A. 

Chaucer, The Prologue to the Legend 
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George Bell ^ Sons' 



Bell's English Classics 



Bacon's Easaya. (Selected.) Edited by 

A. E. RoBtRIs, M,A. II. M. 

Browning;, Seleotlona from. Editad by 

'■ Strafford.' EdiVcd by E. H. Hic^ev. 

Burked Letters on a Begiolde Peace. 
I. and II. Edited by H, H. Kkehe, M.A., 
CI.E. «. i aewed, Ji. 

Byron's Siege of CortntOi. Edited by p, 

Byiin'rCWiae Ha^d.' "Edited by H. 



— Hero as Divinity. By Mjbi 

Ohancer^ Minor ' Poems, Beiectlona 
from. EditedhyJ. B, BitDERBECK, M.A.. 

Db Qui'noe^s 'Revolt ot tae Tartars 
and the Engliah Mail-Coaoh. EdiLed 
by Cecil M. Babrow, M.A„ and Mark 
MuHTBR, M.A., t:. , sewed, ii. 



— (^lun Batar, 
HuHT>H,r/ ' ■- ' 
Ooldsmlth'i 



Good-Natured 
to Conquer, a 



V The two playa together, sewed. 

- — Traveller and Deaerted 

Edited hy the Rev. A. E, Wo.> 

Irvine's sfeetcli Book. Edit, 
Johnaon's'lJlB Of Addiaon. 

'■ life of' Swift. Edited by 

"UfO of Pope- Edited b; 

%* The Lives'of S»ift and P< 

sewed. 21. &d. 
TBimysoii — The Princess. 



York Readers, f 

Readers, with Co 

'pJi'merl. )S. 
Primer II. 4<t. 

Introductory Re; 



'fse*.d' 

■nilage. 

by R. G. 
Edited by 



Johnson'B life of MUton F,di 

— LifeofDryden. 

M.A - " 



byF. B 



V Tlie Lives of Milton and Dryden, 

— LiTea of 'prior and OongreiJa. 
Edil.d by F. Rvlakd, M,A. «. 

Kingsley'8 Heroes. Edited by a. e, 

LarnVS EMaya. Selected and Edited hy 



Macaulay's Lat^a of Ancient Rome. 



wa of Ancient 



MaBslnger's ANe wWay to Pay Old Debts. 

Ediieil by K. Di.iaKTOM. 31. ( ww^d, a.. 
Milton'B Faradiae Lost. BooltsIII.s 



lited by K. 

ilted by K. 
gd. 

Edited hy 



Pope's Essi^ on Kan. B 
Pope, Balectlona ttom. E 
Scotf a lady of the Lake. 



ShaKeapeare'a JuUas GisBar. 

T. DilfFRARHClT, B.A.d.ond.) 

—^ Merchant of Venice. 



Wordswortii'a _ 

ted by iDryden's BasaysontheDiama. 

,i, I by WlLLI/iMSTRU!iK,jun. l6mo. J 

Readers 

^iter,iiy : Books for Yoimg Readers. Illuai 
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Readers — coniiniied 



Beading Boots. 



Marryaf B Cbildren of the Ne 
Dickens' OLivei Twist 
Dickens' Little NelJ 
MaBtennan Ready 
Marryafs Poor lack 
Aabia« Nights^ 
GBUi.'er'B Traveia 
Lyrical Poetrv for Bova and 
vicar of Wak<;fieid 



a GeograpMcal Reaflera, By m. j 



Round Wotid. (Statidaj^ 11. 
,t Engird. (Standard III.; 



:rated by HiK 



■II ProiPi 



^^Pflic^ 



Abbey HiBtOTyBeaderB. 



--. sed by the 

t. Rev. F. A. G.souET, D.D. Fully lUus- 

Earlv English History (to 1066). 11. 
Stnriea from English History, ioiM-i4Ss. 

The Tndot Period. (i^SS-idoj). if. ji. 
The Stuart Period. (1603-1714). n. 6if. 
Tlie Hanoverian Period. dTiJ-iSj)). 

Eell'3 History Beaders. Wth numerous 

Early Englleh Hietoty (to 1066). li. 



MODERN LA.NGUAGES 
Trench and German Class Books 



Bell's French Course. By R. P. Ath 



Bell's First Freach Eeader. By r. p. 

Athi.rtojj, M.A. Illiistraled. u. 
Frenoh Historloal Eeader. By R. t^. 



h Boolcs, 

Fretioii. Fables for Beginnera. i'. M. 
SlBUnxoB Amnsantea et InstTuctlves. ^t. 
Praotloal Buide to Modem Freucli 

Conversation, u. W- 
Franoli Poetjy tor the Young. With 

MaterlilB for RBnch Prose Oom- 

pWdtion. Ji. Key, 6j. net. 

ProsatonraCfontemporaiDa. 31. 6(J. 

Le Petit CJompa^non; a French Talk- 



Frencli Primer. - 

Prlmsr of French FhilologT. 1.1. 

Euelish Paasagea for Translation into 

French. H.Sil. Key, 41. net. 

A Oerman Qrammar for Public Schools. 



and Idioms, i. 
Eeclts MiUtalres. With Introduoilons 
and Notes. 3>. 

Bell's First Oermim Course. By L. B. t. 
Materials for Qerman Prose Com- 



Hilltary and Naval Episodes. Edit 
History of German Literature. 1 
Haiidboolc of German Literatiure, 1 
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Gasc's French Dictionaries 

FEEHCH-ENGLISH AHD ENOLISH-FKEHCH DIOTIONARY. 8th E 



French and German Annotated Editions 

JyJ. BoIelle, 3J. EberB. EineFtage, By F. Stokb, B.^ 
Freytag. Die Joumalisten. By Pro 

SollmdHaben. By W. Hanbv Crump, 



F^nelon. ■ 
OTSville. 



Point. By J. BoJeile, B.-ts 

Saintlne. Piccioia. ByOr,^ 

Voltaire. CharlBXlI. BjL. 
i French Dranu 
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U 


Stft^rt-^EkJe 
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W. WA.t 


Maria Stnai 


■t. ByV. Ka 
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WildsnbnioJi. 


Ein Opter d 
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Bell's Modern Translations 


A Series of TrausJations from Modern Languages, with Memoirs, 


introductions, etc. Crown 8vo. is. each 


Dante. Infano. Translated by the Rtv, 


LeBBing. Minna von Bamhelm. Translated 


H, F, Cart. M.A. 




Fiireatorlo. TransUited by the R=v. 

H. F. Cart, M.A. 


8 vols. The Misanthrope.— The Doctor In 


Paradiso. Translated by tbe Rev. 


SplieofHimself.—Tatlnffe.— The Miser.— 
AHeoted Ladles.— Tlie Learaed Women.— 


H. F. Cart, M.A. ^ 


Goetlie. Egmont Translated by Anna 








Ea«iae. Translated by R. Bbuci Bosweli.. 


SWAMWICH. 


M.A. ; vols. AthaUe.— Esther.- Ephi- 


;GoelivodBeriIchtngen. Translated by 


SoMller. William Teli. Translated by 


Hermann and DoroUiea, Ttanslated by 


Sir TH.ODORB Martik, K.C.B., LL.D. 




Htw cdUim, mllrity rtvUid. 
The Maid of Orleans. Translated by 


Hanff." 'rh'e''cflravan. Translated by S. 






The Inn In the Spcasart. Transla.led by 


Wallcnstein'a Camp and tfie Piccoln- 




mini. Translated by J. Chukchtll and 



* For other Translations from Modern Languages, see the Catalogtie i 
Eohn's Libraries, which will be forwarded on application, 



SCIENCE AND TECHNOLOGY 



Blementiiry Botany. 



B POOtBt-BCM)S. By V, 



AMajwal of Zoology. ByRi 



of Zoology. ByRiCH.sDHcaT- 
mslated by Pro/. J, S. Ki«Gai.ET. 



ts 



An Introdnction to Chemistry. By D.S. 
Iiaboratcriea for Schools. 



Elementary Inorganic Ohemistry. 



Introduotion to General 

ClieraistiT. By Dr. Aleia 


Inorganic 


First Yaar'a Conrae In 

PhlBiCH. By lAME! SlT.-Cl,A.R 


Practical 


Turbines. By W. H, Stuab 


Gar.e,t. 
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